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Abstract 


The electric and magnetic field solution associated with a sheath helix surrounding 
a lossy coaxial rod is investigated. (The sheath he/ix is a model of the physical helix 
which consists of an anisotropic conducting sheet in the form of a circular cylindrical 
tube. At the surface of the sheet, there is infinite conductivity in the direction parallel to 
the windings of the physical helix, but there is zero conductivity in the direction 
perpendicular to this.) Three distinct regions are associated with the configuration. 
Region 1 consists of the lossy rod material, region 2 consists of the air gap between the 
surface of the lossy rod and the sheath helix surface, and region 3 consists of the air- 
filled region extending from the sheath helix surface radially to infinity. The configuration 
extends to infinity in the direction of the sheath helix axis. The electrical properties of 
the lossy rod are specified by a (real) permittivity ¢, a permeability equal to that of 
free space, Ug? and a conductivity, o- 

Due to the geometry of the configuration, the circular cylindrical coordinate 
system is used in order to obtain the field solution. It is assumed that the electromagnetic 
field is spatially dependent on the radial and axial coordinates but not on the angular 
coordinate. Equations for the electric and magnetic field components in each of the three 
regions are derived. Furthermore, equations which must be solved in order to calculate 
the radial and axial wave numbers are obtained. These wave numbers determine the 
spatial dependence of the electric and magnetic field components. 

A direct solution of the previously mentioned equations for the wave numbers 
could not be obtained. It was necessary to represent the Bessel functions appearing in 
these equations by simpler functions in order to calculate an approximate wave numbers 
solution. Graphs showing the radial dependence of the electric and magnetic fields in all 
three regions, making use of the approximate wave numbers solution, are presented. 

Equations stating the time-averaged power dissipation occurring within the lossy 
rod are derived. It was not possible to directly evaluate these power dissipation 
expressions because of the difficulty involved in solving for the radial and axial wave 
numbers, which appear in these equations. Two different major types of approximations 
were made to the power dissipation equations. The first type involved using the 


approximate wave numbers solution. The second type was a perturbation procedure, 
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making use of the electromagnetic field solution associated with two simpler 
configurations -- the sheath helix surrounding a perfectly conducting coaxial rod, and 
the sheath helix surrounding an ideal dielectric (zero conductivity) coaxial rod. 
Appendices are included which are based on the empty sheath helix, the sheath 
helix surrounding a perfectly conducting coaxial rod, and the sheath helix surrounding an 
ideal dielectric coaxial rod. In each of these three appendices, the electric and magnetic 
field components are listed, numerically calculated values for the radial and axial wave 
numbers are given, and graphs showing the radial dependence of all the field components 


are presented. 
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Small argument solution for hoa when “the lossy rod is not a good 
GonduGtor kala Didian= 0.900, Foe er On0:s o/weg = 

1.00x107*, 10.0, 1.00x10%, 4 1.00x103 are the 
variables employed. 


Small argument solution for hoa when "the lossy rod is a good 
conductor”. bla = 0.100, 0.900; g/we, = 1 ¥OOX TOW" 


1.00x10°9; and wp = 10.Q° _ are the variables used. 
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10.09 are the variables employed. 


Curves of the radial dependence associated with the normalized 

electric field magnitudes for the large argument case, when “the lossy 

rod is not a good conductor”. ka cotany = 10.0, bla = 
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1.00° are the variables used. 


Curves of the radial dependence associated with the normalized 
magnetic field magnitudes for the large argument case, when “the 
lossy rod is not a good conductor”. The same variables mentioned in 


the preceding figure are employed. 


Curves of the radial dependence associated with the normalized 
electric field magnitudes for the large argument case, when "the lossy 


rod is not a good conductor”. The variables used are ka cotany = 


10.0, bla=0.900, €, = 1.00x10°, a/weg = 10.0, 


and y= 17,002. 
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Curves of the radial dependence associated with the normalized 
magnetic field magnitudes for the large argument case, when “the 
lossy rod is not a good conductor”. The same variables mentioned in 


the preceding figure are employed. 


Curves of the radial dependence associated with the normalized 
electric field magnitudes for the large argument case, when “the lossy 
rod is not a good conductor”. ka cotany = 10.0, bla = 
TO0, c= 1.00x10°, c/we, = 10-0, andy = 


if 
1.00° are the variables used. 


Curves of the radial dependence associated with the normalized 
magnetic field magnitudes for the large argument case, when “the 
lossy rod is not a good conductor’. The variables mentioned in the 


preceding figure are employed. 


Curves of the radial dependence associated with the normalized 


electric field magnitudes for the small argument case, when “the lossy 


rod is not a good conductor”. ka cotanyp = 5.00x10~¢, 
bla = 0.100, ©, = 1.00x10°, o/weg = 1-00x10%, — and 
vW = 1.00° are the variables employed. 


Curves of the radial dependence associated with the normalized 
magnetic field magnitudes for the small argument case, when “the 
lossy rod is not a good conductor”. The variables mentioned in the 


preceding figure are used. 
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Curves of the radial dependence associated with the normalized 
electric field magnitudes for the small argument case, when “the lossy 
rod is not a good conductor”. The variables used are ka cotany = 

5 -00x107¢, b/ar=? OfSo0n a exte=. | 00x10° , o/ weg = 
1.00x10%, and wy = 1.00°. 


Curves of the radial dependence associated with the normalized 
magnetic field magnitudes for the small argument case, when "the 
lossy rod is not a good conductor”. The variables employed are the 


same as those mentioned in the preceding figure. 


Curves of the radial dependence associated with the normalized 
electric field magnitudes for the small argument case, when “the lossy 
rod is not a good conductor”. ka cotany = SPOOKTO; 

bia = 1.00, ¢. = 1.00x10", o/weg = 1.00x10°, and 


vw = 1.00° are the variables employed. 


Curves of the radial dependence associated with the normalized 
magnetic field magnitudes for the small argument case, when “the 
lossy rod is not a good conductor”. The same variables are used as 


those mentioned in the preceding figure. 


Curves of the radial dependence associated with the normalized 

electric field magnitudes for the large argument case, when “the lossy 

rod is a good conductor”. The variables used are ka cotany = 
10.0, bla = 0.100, ©, = 1.00x10°, o/wey = 
1.00x10°, and wy = 1.00°, 
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Curves of the radial dependence associated with the normalized 
magnetic field magnitudes for the large argument case, when “the 
lossy rod is a good conductor”. The variables employed are the same 


as those mentioned in the preceding figure. 


Curves of the radial dependence associated with the normalized 
electric field magnitudes for the large argument case, when “the lossy 
rod is a good conductor”. ka cotany = 10.0, b/a = 0.900, 
c= 1.00x10°, c/wey = 1.00x10°, and y = 


r 
1.00° are the variables employed. 


Curves of the radial dependence associated with the normalized 
magnetic field magnitudes for the large argument case, when "the 
lossy rod is a good conductor’. The same variables mentioned in the 


preceding figure are used. 


Curves of the radial dependence associated with the normalized 

electric field magnitudes for the small argument case, when “the lossy 

rod is a good conductor”. The variables used are ka cotanyp = 
500x107, bla = 0.100, ©, = 1.00x10", o/wey = 
5.00x10?, and y = 1.00°. 

Curves of the radial dependence associated with the normalized 

magnetic field magnitudes for the small argument case, when “the 

lossy rod is a good conductor.” The variables mentioned in the 


preceding figure are employed. 
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Curves of the radial dependence associated with the normalized 
electric field magnitudes for the small argument case, when ’’the lossy 
rod is a good conductor”. ka cotany = 5. 00x107° b/a = 


>) 


0.900, ©, = 1.00x10°, o/wey = 5.00x10%, ang 


» = 1.00° are the variables employed. 


Curves of the radial dependence associated with the normalized 
magnetic field magnitudes for the small argument case, when “the 
lossy rod ig a good conductor”. The same variables listed in the 


preceding figure are used. 


The lossy coaxial rod element associated with the sheath helix 
surrounding a lossy coaxial rod is illustrated, along with the time- 


averaged radial and axial power flows. 


Small and large argument graphs of P d af P dz versus ka, for the 
case when "the lossy rod is not a good conductor”. b/a = 0.100, 
0.900; €, = 10.0; o/weg SerkOr 0. 1.00x103; and 


W = 5.00° are the variables used. 


Small and large argument graphs of Pe fear versus ka, for the 
case when "the lossy rod is not a good conductor”. The variables used 
are b/a = 0.900; es TORO o/ weg =a) On, 
1.00x10°; and y = 1.00%, 5.00°, and 10.0°. 
Small and large argument graphs of P d al P dz versus ka, for the 
case when “the lossy rod is not a good conductor”. b/a = 0.900; 
e, = 2.00, 1.00x10%; o/we, = 1.00x107*, 1.00x10 


ve 0 
and y = 10.0° are the variables employed. 
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S27 


3.8 


3.9 


3.10 


S13 


Graph of Raat Bae versus frequency for a sample of Douglas 
Beech Wood. 


Graph of Eat Cae versus frequency based on a sample of Steak 


Meat. 


Graph of Bee Pie versus frequency for a sample of Muscle 


Tissue. 


Graph of So Wl versus frequency for a sample of Oil Sand. A 
pitch angle of w» = 1.00° _ is employed. 


Graph of Pag! Pay versus frequency for a sample of Oil Sand. A 
pitch angle of y = 10.0° _ is used. 


Graph of Pyp/Py, versus o/ WEg> for the large argument case 


when "the lossy rod is not a good conductor”. 


Graph of Pan ee versus £,> for the large argument case 


when “the lossy rod is not a good conductor”. 


Graph of Bat phPary versus ka, for the case when the lossy rod 


is an excellent dielectric. 


Graph of Ree Paz versus ka, for the case when the lossy rod 


is an excellent dielectric. 
Graph of &, versus Vy/ b = when Zq = 0, for the case 


when the lossy rod is an excellent dielectric. ka cotanyp = 


10.0. is used. 
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3.20 


6.2 1 


3.22 


Graph of So versus 29/24 when Vo = b, for the case 
when the lossy rod is an excellent dielectric. ka cotanyp = 


10.0 is employed. 


Graph of &, versus rg/b when Z, = 0; _ for the case 
when the lossy rod is an excellent dielectric. ka cotany = 


0.500 is used. 


Graph of E, versus Zo/Z) when Join b, for the case 


when the lossy rod is an excellent dielectric. ka cotanw = 


0.500 is employed. 


Z 
when the lossy rod is an excellent dielectric. ka cotany = 


Graph of & versus ro/b when Zo = Os for the case 
1.00x107¢_ is used. 

Graph of E5 versus Z9/ 24 when Fo = Ds for the case 
when the lossy rod is an excellent dielectric. ka cotany = 


1.00x1 072 is employed. 


Graph of epoca versus ka, for the case when the lossy rod 


is an excellent conductor. 


Graph of Repeal s versus ka, for the case when the lossy rod 
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Graph of &, versus rg/b when Z) = 0, for the case 
when the lossy rod is an excellent conductor. ka cotany = 


10.0 is employed. 
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Br2 


B3 


Graph of E69 versus ZQ/Z, when ro = abi for the case 


when the lossy rod is an excellent conductor. ka cotany = 
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Graph of &, versus o/b when Zo = 0, for the case 
when the lossy rod is an excellent conductor. ka cotanyp = 
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Graph of E69 versus Z9/Z, when ro = b, for the case 
when the lossy rod is an excellent conductor. ka cotany = 
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Graph of Eg versus ro/b when Zo = 0, for the case 
when the lossy rod is an excellent conductor. ka cotany = 
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Graph of E 4 versus Zo/2Z, when Wp ames for the case 
when the lossy rod is an excellent conductor. ka cotanyp = 
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Graph of the Bessel functions Ig » I 1? Ko >» and K,_ for real 
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nonnegative arguments. Sn eT ee eM tlt ue eee. She ater et hee Eh Gente POS 
Linear graph of ka cotany/h*a versus ka cotany. Pee awe ee 
Logarithmic graph of ka cotany/h@a versus ka cotany. - + +306 


Curves of the radial dependence associated with the normalized 


electric field components. ka cotany = 10.0 isemployed. .. . 314 
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B.4 


5.5 


B.6 


B.7 


B.8 


Cl 


C.2 


C3 


C.4 


Curves of the radial dependence associated with the normalized 
magnetic field components. The same variable mentioned in the 


preceding figure is used. 


Curves of the radial dependence associated with the normalized 


electric field components. ka cotanyp = 1.00 _ is employed. 
Curves of the radial dependence associated with the normalized 
magnetic fields. The same variable mentioned in the preceding figure is 


used. 


Curves of the radial dependence associated with the normalized 


electric fields. ka cotany = 5.00x10~¢ is employed. 
Curves of the radial dependence associated with the normalized 


magnetic fields. The same variable mentioned in the preceding figure is 


used. 
Linear graph of ka cotany/h<a versuS ka cotany. 
Logarithmic graph of ka cotanw/h<a versus ka cotany. 


Three dimensional graph of ka cotany/h <a versus both 


ka cotany and bia. 
Curves of the radial dependence associated with the normalized 


electric field components. ka cotany = 10.0 and b/a = 


0.100 are used. 
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C.6 
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C12 


Curves of the radial dependence associated with the normalized 
magnetic field components. The same variables mentioned in the 


preceding figure are employed. 


Curves of the radial dependence associated with the normalized 
electric field components. ka cotanyp = 10.0 and b/a = 


0.900 are used. 


Curves of the radial dependence associated with the normalized 
magnetic field components. The same variables mentioned in the 


preceding figure are employed. 


Curves of the radial dependence associated with the normalized 
electric field components. ka cotany = 1.00 and b/a = 


0.100 are used. 


Curves of the radial dependence associated with the normalized 
magnetic field components. The same variables mentioned in the 


preceding figure are employed. 


Curves of the radial dependence associated with the normalized 
electric field components. ka cotany = 1.00 and bia = 
0.900 are used. 


Curves of the radial dependence associated with the normalized 
magnetic field components. The same variables mentioned in the 


preceding figure are employed. 


Curves of the radial dependence associated with the normalized 
electric field components. ka cotany = GeO Oscloms and 


b/a = 0.100 are used. 
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D.4 


D:5 


Curves of the radial dependence associated with the normalized 
magnetic field components. The same variables mentioned in the 


preceding figure are employed. 


Curves of the radial dependence associated with the normalized 
electric field components. ka cotany = 5.00x!1 072 and 
b/a = 0.900 are used. 


Curves of the radial dependence associated with the normalized 
magnetic field components. The same variables mentioned in the 


preceding figure are employed. 


Linear graph of ka cotany/h?a versus ka cotany. The 
variables used are b/a = 0, 0.500, 0.900; and ¢ = 5.00, 
and 10.0. 


Logarithmic graph of ka co tany/hoa versus ka cotanyp. 
The variables employed are b/a = 0.100; and Mee 10.07, 

5.00, 10.0, 1.00x10%, and 1.00x10°. 
Logarithmic graph of ka cotany/hia versus ka cotany. 
The variables used are b/a = 0.900, and the same values of € 


r 
mentioned in the preceding figure. 


Logarithmic graph of ka cotany/hoa versus ka cotany. 
The variables used are b/a = 1.00, and the same values of Ey 


mentioned in Figure D.2. 


Logarithmic graph of ka cotany/h a versus ka cotany. 
The variables used are oa 5.00; and b/a = 0, 0.100, 0.300, 
0.500, 0.700, 0.900, and 1.00. 
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D.8 


D.9 


D.10 
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DS 


Logarithmic graph of ka cotanw/h@a versus ka cotany. 
eee 1 00x] 03 and the same values of b/a mentioned in the 


preceding figure are employed. 


Three dimensional graph of ka cotany/h@a versus both 


ka cotany and b/a. et 1.10 is used. 
Three dimensional graph of ka cotany/h{a vesus both 
ka cotany and bia. Sine 1.00x10° is employed. 


Curves of the radial dependence associated with the normalized 
electric field components. ka cotany = 10.0 and b/a = 


0.100 are used. 


Curves of the radial dependence associated with the normalized 
magnetic field components. The same variables mentioned in the 


preceding figure are employed. 


Curves of the radial dependence associated with the normalized 
electric field components. ka cotany = 10.0 and b/a = 


0.900 are used. 


Curves of the radial dependence associated with the normalized 
magnetic field components. The same variables mentioned in the 


preceding figure are employed. 
Curves of the radial dependence associated with the normalized 


electric field components. ka cotany = 10.0 and b/a = 


1.00 are used. 
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D.19 


D.20 


D.21 


Curves of the radial dependence associated with the normalized 
magnetic field components. The same variables mentioned in the 


preceding figure are employed. 


Curves of the radial dependence associated with the normalized 
electric field components. ka cotany = 1.00 and b/a = 


0.100 are used. 


Curves of the radial dependence associated with the normalized 
magnetic field components. The same variables mentioned in the 


preceding figure are employed. 


Curves of the radial dependence associated with the normalized 
electric field components. ka cotany = 1.00 and b/a = 


0.900 are used. 


Curves of the radial dependence associated with the normalized 
magnetic field components. The same variables mentioned in the 


preceding figure are employed. 


Curves of the radial dependence associated with the normalized 
electric field components. ka cotanwy = 1.00 and b/a = 


1.00 are used. 


Curves of the radial dependence associated with the normalized 
magnetic field components. The same variables mentioned in the 


preceding figure are employed. 


Curves of the radial dependence associated with the normalized 
: 2 
electric field components. ka cotany = 5.00x10 and 


b/a = 0.100 are used. 
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B25 


D.26 


Curves of the radial dependence associated with the normalized 
magnetic field components. The same variables mentioned in the 


preceding figure are employed. 


Curves of the radial dependence associated with the normalized 
electric field components. ka cotany = 5.00x107¢ and 


b/a = 0.900 are used. 


Curves of the radial dependence associated with the normalized 
magnetic field components. The same variables mentioned in the 


preceding figure are employed. 


Curves of the radial dependence associated with the normalized 


2 


electric field components. ka cotany = 5.00x10. and 


b/a = 1.00 are used. 
Curves of the radial dependence associated with the normalized 


magnetic field components. The same variables mentioned in the 


preceding figure are employed. 
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Glossary of Symbols 


Take the complex conjugate of the complex number  z. 

Evaluate the magnitude of the complex number =z. 

Evaluate the absolute value of the real number x. 

Calculate the real part of the complex number z. 

Calculate the imaginary part of the complex number z. 

Sheath helix radius. (An average value taking into account the 
nonzero cross sectional area of the windings associated with the 
physical helix.) 

Radius of the lossy coaxial rod. 


Axial length of the lossy coaxial rod element. 


Radial; angular, circular, or azimuthal; and axial, or longitudinal; 


positions in the cylindrical coordinate system. 


Unit vectors in cylindrical coordinates, pointing in the direction of 


increasing r, @, and z, respectively. 


Unit vectors which are parallel and perpendicular, respectively, to 


the direction of the sheath helix “windings”. 
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Frequency. 


Angular frequency. 


Helix pitch angle. 


. Helix pitch distance. 


Electrical surface current which is present at r= a, and which 


is parallel to the direction of the sheath helix windings”. 


Vector form of the electrical surface current present at r = a, 


showing its spatial dependence. 


Permittivity and permeability, respectively, of free space. 


Permittivity, permeability, and conductivity, respectively, which 


characterize the electrical properties of the lossy coaxial rod. 


Relative permittivity. 


, Complex relative permittivity. 


. Free space wave number. 


A variable which depends on the operating frequency and on the 


sheath helix geometry -- the pitch angle and the radius. 


Intrinsic wave impedance of free space. 


Skin depth associated with a nonmagnetic conductor. 
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Surface impedance associated with a good conductor 


(o/weg >> ¢€..), whichis nonmagnetic. 


G 


Surface resistance associated with a nonmagnetic good 


conductor. 


* Modified Bessel function of the first kind of orders zero and 


one, modified Bessel function of the second kind of orders zero 


and one, respectively. 


Bessel function of the first kind of orders zero and one, 


Neumann function of orders zero and one, respectively. 


Wronskian identity. (Note that the "'!" = means differentiate 


w/th respect to the tota/ argument.) 


Complex-valued radial or transverse wave number associated 
with the sheath helix surrounding a lossy coaxial rod. (m = 1 
refers to the rod-filled region, while m= 2 _ refers to the air- 


filled region.) 


Complex-valued axial or longitudinal wave number associated 


with the sheath helix surrounding a lossy coaxial rod. 


Real and imaginary parts, respectively, of the two preceding 


wave numbers. 


Instantaneous (time dependent) electric and magnetic field 


vectors, respectively. 
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- Complex or phasor radial, angular, and axial electric field 


components, respectively, in region n ({(n = 1, 2, 3), 


associated with the sheath helix surrounding a lossy coaxial rod. 


- Complex or phasor radial, angular, and axial magnetic field 


components, respectively, in region n (n = 1, 2, 3), 


associated with the sheath helix surrounding a lossy coaxial rod. 


- Arbitrary constants (with respect to the spatial coordinates) in 


region n (n= 1, 2, 3), which were used in order to obtain the 


field solution for the sheath helix surrounding a lossy coaxial rod. 
Electric and magnetic Hertzian potential vectors, respectively; and 
the axial electric and magnetic Hertzian potential scalars, 


respectively. 


Complex Poynting vector. 


; Time-averaged power flow through the open surface Sj ? 


which is perpendicular to the @-; direction. (i=r, ©» z.) 
Time-averaged power dissipation occurring within the lossy 
coaxial rod element, as a result of the contribution associated 


with Es: (i=r, 6, 2.) 


A dimensionless ratio which compares, at some particular point 
(rg 3 Zq) within the lossy rod element, the value of P di 
to the power dissipation which would be obtained if the value of 

Ey at that point was constant in magnitude at all points 


throughout the lossy rodelement. (i=r, 6, 2.) 
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Axial wave number, (single) radial wave number, complex vector 
electric field, and complex vector magnetic field, respectively, 


associated with the empty sheath helix. (n = 1 and 2.) 


Axial wave number, (single) radial wave number, complex vector 
electric field, and complex vector magnetic field, respectively, 
associated with the sheath helix surrounding a_ perfectly 


conducting coaxial rod. (n = 1, 2, 3.) 


Axial wave number, radial wave number, complex vector electric 
field, and complex vector magnetic field, respectively, associated 
with the sheath helix surrounding an ideal dielectric coaxial rod. 

(m = 1. means that the radial wave number is associated with 
the rod-filled region, while m = 2 means that this wave 


number is associated with the air-filled region.) (n = 1, 2, 3.) 


Single wave number associated with the sheath helix surrounding 
an ideal dielectric coaxial rod. It is actually an approximation 
obtained by equating the preceding radial and axial wave 
numbers. 

Axial phase velocity of traveling waves having eI ane 


dependence on the axial coordinate. (i = a, c, d.) 


Velocity of light in free space. 
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1. Chapter 1. Introduction 
First, the subject matter is introduced and the intent of the thesis is explained. A 
presentation of some early work done on helical conductors is then given, followed by 
mention of other previous work appearing in the literature, which is pertinent to the 
thesis topic. A general discussion of the nature of the electromagnetic field solution on a 
helix is presented. Attention is then directed towards the model for which all analysis will 
be performed. Finally, mention is made of the purpose and general contents of the 


ensuing chapters and appendices, which comprise the body of this thesis. 


1.1 Purpose of the Thesis 

Electricity is used in a variety of different ways to generate heat for industrial, 
commercial, and domestic usage. One important type of electrical heating is 
e/ectromagnetic heating or radio frequency heating. This refers to the process of 
heating a material by exposing it to electromagnetic waves in the approximate frequency 
range of 50 Hz tc 10 GHz (10x10" Hz). It is often true that no direct 
contact exists between the sources of the waves and the material being heated. 

There are some definite advantages of the electromagnetic heating technique 
compared to conventional heating within an electric furnace. Two examples are that there 
is greater control over the specific location where heating is to occur, and that higher 
rates of heat transfer can be obtained (1, pp. ioe Paola yan ele) f 

Electromagnetic heating can be divided into two groups, /nduction heating and 
dielectric heating. |nduction heating is used with metals -- materials which are good 
conductors of electricity, in the approximate frequency range of 50Hz to 100 MHz 
(100x10° 


exposed to time-varying electromagnetic fields, produced when the coil is excited by an 


Hz) . The material or work piece is placed inside a coil of wire and then 


alternating current. As a result of the time-varying magnetic field, electrical currents 
called eddy currents are induced in the work piece. These eddy currents heat the 
material. The amount of heating depends on the magnitude of the currents, the electrical 
resistance of the work piece, and the length of time that the work piece has been 
exposed to the induced currents. There is often a definite tendency for the induced 


currents to become concentrated near the surface of the work piece. This phenomenon 
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is referred to as the skin effect. Important applications of induction heating include 
melting, tempering, surface hardening, and soldering (1, pp. Meals PM ol SP ASE GS Tal op: SyCh 
PO ;1 73). 

Dielectric heating is associated with work pieces which are poor conductors of 

electricity, in the approximate frequency range of 100 KHz (100x102 Hz) to 

10 GHz. Here the material to be heated may be put inside a wire coil, although it is 
more common to place it between two metal plates so that the arrangement becomes 
similar to a capacitor. Once again, heating results from induced currents produced within 
the work piece. Unlike induction heating, however, dielectric heating often has the 
property that the induced currents are uniformly distributed throughout the volume of the 
material. Some uses of this technique involve the drying of lumber, the setting of 
adhesives used in plywood, the fastening of plastic parts, and the heating of food 
products (3, pp. 264, 343; 4, pp. 1). 

A complete and very useful understanding of electromagnetic heating would be 
achieved if the electric and magnetic fields interior to the work piece were known. Of 
course, if the material has a complicated geometry, it may be impossible or 
extraordinarily difficult to devise a model so that reasonably accurate field solutions can 
be practically obtained from Maxwell’s equations. However, if the work piece is in the 
form of a coaxial rod, the heating geometry is one that can be readily analyzed. Three 
regions are present. First is the rod, second is an air gap between the rod surface and 
the coil, and finally there is an air-filled region on the exterior of the coil, which, for the 
purposes of analysis, is considered as being of infinite extent. 

Now it is possible to state the subject matter of this thesis. It is desired to 
develop and investigate a suitable model for the three region helix (or coil) and lossy 
coaxial rod configuration. The helix is excited in such a manner that an alternating electric 
Current is present on the windings. As complete a theory as possible describing the 
nature of the electric and magnetic fields for a wide range of different variables is 
desired. Examples of these variables are the frequency of operation, the radius and pitch 
angle of the helix, the radius of the lossy coaxial rod (which is never greater than that of 
the helix), the permittivity and conductivity of the rod material, and the electrical current 


which is present on the helix windings. Ultimately, the power dissipation resulting from 
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the rod’s nonzero and finite conductivity will be investigated. In short, /t /s desired to 
develop a comprehensive theory so that electromagnetic heating of the three region 
helix and lossy coaxial rod configuration can be examined from the point of view of 
boundary value solutions to Maxwell's equations. 

One important possible application of this topic involves the in situ (in place) 
heating of o// sand. This requires drilling appropriate holes or tunnels so that a large coil 
can be placed to surround a significant volume of the oil sand formation. An alternating 
electrical current would be used to excite the coil. Heating will occur in a specific region 
of the formation. The viscosity of the oil sand in this region decreases, making it easier 
to recover the oil by means of a suitable gaseous or fluid driving agent. It is this 


application which actually provided the motivation for the thesis topic. 


1.2 Discussion of Early and Related Research 

It is the intention of this section to present briefly the early research done on 
helical conductors, and then to mention in greater detail work which is more specifically 
directed to the subject matter of this thesis. A much more detailed presentation of the 


early work is given by Sensiper (5, pp. 3-10; 6). 


1.2.1 Early Work 

One of the earliest investigations of helical structures was carried out by 
Pocklington (7). He considered the waves supported by helical wires and by the circular 
ring. The technique of solution was to solve the Helmholtz equation by summing an 
infinite number of simple solutions so that all boundary conditions were satisfied. Time- 
harmonic and purely imaginary exponential axial and angular dependences were used. It 
was correctly pointed out that for low frequencies the phase velocity is approximately 
that of waves traveling with the speed of light in the direction of the helical axis, while 
for high frequencies, it is that of these waves traveling in the direction of the helical 
windings. (A discussion of this behavior is presented in section B.3.) However, the nature 
of the functional dependences of the field components and of the wave numbers (which 
are associated with the spatial dependences of the fields), on the radius of the helix, the 


pitch angle of the helix, and the operating frequency, was not understood. 
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A different method of approach was used by Nicholson (8). It consists of 
defining a coordinate system so that the nonzero circular cross section and the periodic 
nature of the helical wires are taken into account. The surface of the wires is described 
by holding one of the three helical coordinates constant. It is possible to express 
Maxwell's equations in this system and to exactly apply the boundary conditions. 
Unfortunately, this helical coordinate system is not orthogonal. The Helmholtz equation is 
not separable, and great difficulty is encountered in solving the equations. Generally 
severly limiting approximations must be made. Moreover, Nicholson mistakingly assumed 
that the coordinate system was orthogonal. The equations for resistance and inductance 
that he developed are of questionable accuracy. 

Sollfrey (9) used the same coordinate system as Nicholson and likewise restricted 
attention to the empty helix. A perturbation method was employed in an attempt to solve 
the equations. Expansion in powers of the ratio of wire radius to the pitch distance was 
used. Keeping only the lower order terms yielded a wave which propagated with the 
velocity of light in the direction of the wire. 

The first use of the sheath he/ix to represent the actual physical helix is credited 
to Ollendorf. (This was mentioned by Sensiper (5, pp. 4). ) The sheath helix consists of an 
anisotropic conducting sheet. There is infinite conductivity at the sheath helix surface in 
the direction parallel to the windings of the physical helix, and there is zero conductivity 
in the direction perpendicular to this. (A more detailed discussion of the sheath helix 
model is presented in part 1.3.2.) Ollendorf obtained a field solution having no angular 
dependence. 

Interesting is a comparison between the use of the sheath helix model and the 
approach of Nicholson and Sollfrey. The sheath helix model does not account for the 
nonzero wire cross section or the periodic properties of the physical helix. However, 


Maxwell’s equations are readily solved without requiring any approximations. 


1.2.2 Related Work 
Little new work on the electromagnetic behavior of the helix was reported until 
the development of the traveling wave tube during the Second World War. Major 


contributions to the theory of helical conductors and traveling wave tubes were made by 
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Chu and Jackson (10) and by Pierce (11). Both groups employed the sheath helix to 
model the empty physical helix and only considered circularly symmetric (no angular 
dependence) field solutions. The dispersion equation was obtained. Chu and Jackson 
studied the quantity Vi/ C, where V p is the phase velocity and c_ is the velocity 
of light in air. (A glossary of symbols has been included near the beginning of the thesis, 
for convenience. However, each symbol will also be defined in the text the first time it is 
used.) V,/e was plotted as a function of ka, where k_ is the free space wave 
number and a_ is the sheath helix radius. (k Sac) W¥9 &o ) where wy = 
2nf_ is the angular frequency, f is the frequency, QQ _ is the permittivity of free 
space, and Uo is the permeability of free space.) Pierce gave a list of the 
electromagnetic fields and obtained the time-averaged axial power flow. The normalized 
radial wave number, ka cotanw/ha, where h_ is the radial wave number and 
wv is the pitch angle, was graphed as a function of the variable ka cotany. (The 
quantity ka cotany depends on the operating frequency and on the sheath helix 
geometry -- the pitch angle and the radius.) The rest of the work by the forementioned 
authors concentrated on effects associated with the presence of an axial electron beam, 
and it is not relevant to the present discussion. 
Cutler (12) experimentally investigated the validity of the sheath helix model as an 
approximation of a physical helix. An empty copper helix with a pitch angle of about 
5.0° was used. It was large enough in radius so that measurements could be made 
using probes without significantly distorting the fields. A high operating frequency was 
used. It was found that the electromagnetic fields cling closely to the coil and that there 
was no tendency for the structure to radiate. (This behavior is discussed in section B.3.) 
As expected, the field strengths very near the coil were significantly different than the 
theoretical ones. {All theoretical calculations were based on the average physical helix 
radius, taking into account the nonzero cross sectional area of the windings.) However, at 
relatively large radial distances away from the coil, the agreement was quite good. One 
exception was that the actual interior sheath helix region axial electric field magnitude, 
JE | 2» was somewhat less than predicted. By measuring the wavelength of the 
standing wave pattern on the helix, the velocity of propagation associated with traveling 


waves was determined. There was usually very good agreement between the measured 


and predicted phase velocities at high frequencies, but the agreement was not as good 
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for low frequencies. 

Cutler points out that the validity of the sheath helix model can be questioned at 
high frequencies, where the wavelength approaches that of the helix circumference. 
Here, the physical helix will have a tendency to radiate but the sheath helix model never 
possesses this behavior. (The fact that the sheath helix cannot act like a radiator is 
discussed in section B.3.) It is also mentioned that, although experimental tests were 
made over a wide range of frequencies and exciting conditions, the only guided wave 
found was the circularly symmetric one. 

Harris et al. (13) made measurements of the phase velocity which characterize the 
fields associated with an empty physical helix, whose turns were supported by strings, 
and then subsequently supported by a variety of different dielectric geometries. A helix 
with a similar geometry to that of Cutler’s was employed. When the mean radius of the 
physical helix was used for the sheath helix, it was found, over the frequency range of 
concern, that there was excellent agreement between the experimental and predicted 
values, when the physical helix was supported by strings. For the dielectric supported 
structures, it was discovered that they exhibited somewhat less dispersion than the 
unsupported one. Theoretical results were developed for the phase velocity associated 
with the sheath helix, having air in the interior region and having the infinite exterior 
region completely filled by dielectric material. It was concluded that at high frequencies 
this phase velocity was less than that of the empty sheath helix, and that there was less 
dispersion. 

Sensiper (5, 6) provided two important advances in the understanding of helical 
conductors. First, he considered the field solution of the empty sheath helix, assuming an 
angular dependence of the form e7Jme » with m= aninteger and 6 the azimuthal 
or angular coordinate. In examining the resulting dispersion equation, he noted that 
several waves having different phase and group velocities (which are functions of 
frequency, sheath helix radius, and sheath helix pitch angle) can exist for each nonzero 
value of m. Axial power flow formulas were derived, which are valid even if several 
different waves are present. Sensiper also analyzed the special cases of a zero and a 

1/2 pitch angle, corresponding to structures he termed the “sheath ring” and the 


“sheath tube”, respectively. 
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Independently, at nearly the same time, another detailed investigation of the air- 
filled sheath helix dispersion equation was carried out by Phillips and Malin (14, 15). Many 
theorems and corollaries were developed concerning the mathematical behavior of the 
wave number solutions, which determine the radial and axial spatial dependences of the 
fields, for different operating frequencies and sheath helix geometries. Special attention 
was paid to the circularly symmetric solution. Longitudinal and cross sectional drawings 
of the electric fields were made. As well, a plot of the radial dependence of the axial 
electric field was given. This work was more mathematically oriented than Sensiper’s 
investigation. Its major failing is that it did not attempt to physically interpret the field 
properties associated with the different wave number solutions. 

Sensiper’s second major contribution was in the development and analysis of a 
new model of the physical helix. This model consists of a helix wound of a perfectly 
conducting wire having zero radial extension but nonzero axial extension. It is called the 
tape he/ix. (See Figures 1.1. Figure 1.1b shows the deve/oped tape he/ix. This is 
obtained by cutting the tape helix along a plane of constant 6, looking at it from the 
inside, and then flattening it out.) A major advantage of the tape helix over the sheath 
helix is that it retains the periodic nature of the physical helix. The axial and radial wave 
numbers are periodic functions of the axial and angular coordinates, and all field 
components are expressed as an infinite sum of spatial harmonics. More specifically, it is 
shown that the axial wave number has the form 8, = Bog + 2nm/p, with m 
an integer and p_ the pitch distance. In addition, the axial and angular dependence of the 
fields is expressed as eo Jm(2nz/p =50) _ All field components are expressed as 
an infinite series summed over m. 

To obtain the dispersion equation it is necessary to apply boundary conditions. At 

r = a, the surface of the tape helix, these are that the tangential electric field is 
continuous, the discontinuity in the magnetic field is related to the electrical current on 
the tape, the electric field tangential to the perfectly conducting tape is zero, and the 
electrical current may only exist on the tape. Proper application of these conditions 
results in a doubly infinite set of homogeneous linear simultaneous equations. In theory, 
these equations could be solved to obtain the eigenvalue wave number solutions. 


Sensiper applied approximate boundary conditions that permitted the dispersion equation 
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THE TAPE HELIX AND DEVELOPED TAPE HELIX 


a) Tape Helix 
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b) Developed Tape Helix 
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p = pitch distance W = pitch angle 
5=tape width §'= gap width 


a = tape radius 


Figuresol. 1 The Tape Helix Investigated 


by Sensiper (5, 6). 
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to be expressed in the form of a single infinite series equated to zero, which he solved 
using a combination of analytical, graphical, and numerical methods. 

The tape helix is a more accurate model and can yield information about the 
nonzero wire thickness and the periodic properties of a physical helix, which the sheath 
helix cannot. However, the price paid for its usage is rather high. Much more difficulty in 
obtaining the wave number solutions for a given operating frequency and helix geometry 
is encountered. As well, the field expressions themselves are clumsy to manipulate and 
hard to interpret. 

A relatively large amount of literature exists concerning the tape helix. Accounts 
are given in the books by Hutter (16, pp. 121-129), Watkins (17, pp. 46-55), and 
Collin (18, pp. 396-398). While awareness of the tape helix solution adds to one’s 
understanding of the helical coil, the author did not make use of this solution, and hence it 
will not be discussed further. 

Work has been done based on the sheath helix model involving geometries which 
are more complicated than the air-filled sheath helix. Bryant (19) considered three cases 
of the sheath helix plus perfectly conducting coaxial cylinders. As shown in Figure 1.2 
these are: 

a. Helical conductor inside the coaxial cylinder. 
b. Helical conductor surrounding the coaxial cylinder. 
c. Helical conductor sandwiched between two coaxial conductors. 

The dispersion equation for each of the above was calculated. Graphs of 

ka cotany/ha versus ha were made. 

Independently of Bryant’s work, Mathers and Kino (20) investigated parts a. 
and b. of the above in a more comprehensive treatment. A relatively detailed 
procedure for obtaining the electric and magnetic field components in terms of a single 
undetermined constant was given, and the dispersion equation was obtained. Graphs of 

ka cotany/ha versus ka cotany were given, using several different cylinder 
radii. Mathers and Kino mentioned that the presence of the conducting cylinder acts to 
flatten out the dispersion curves. The phase velocity is nearly constant over a wider 
frequency range than it is in the case of the empty sheath helix. (This behavior is 


discussed in section C.2.) It is also mentioned, for the geometry in part b., that there is 
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SHEATH HELIX WITH INNER AND OUTER 
COAXIAL PERFECTLY CONDUCTING CYLINDERS 
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by Bryant (19). 
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a significantly larger radial electric field in the region between the surface of the 
conductor and the sheath helix surface than is the case for the empty sheath helix, 
assuming that both configurations have the same excitation. 

In addition to the geometry with perfectly conducting coaxial cylinders, there has 
been research done on the sheath helix immersed in multi-dielectric media. Once again, it 
was assumed that the fields did not exhibit an angular dependence. Olving (21) examined 
the arrangement with the dielectric extending radially to infinity and extending into, or not 
into, the sheath helix interior region. (See Figures 1.3.) The dispersion equation was 
obtained for the three cases a>b, a<b, and a=pb. For the situation when the 
surface of the dielectric rod touches the sheath helix surface, which occurs when 

a= b, the time-averaged axial power flow was calculated. It was shown that at high 


frequencies, the phase velocity normalized with respect to the velocity of light in air is 


iege i coename -Stany, eurere Peas e/Eg is the relative 


permittivity of the dielectric material. Hence, one important property of the two region 
configuration is that the phase velocity can be greatly reduced through the proper choice 
of the dielectric material. 

It is true that for very high frequencies, the electric and magnetic field 
components associated with the sheath helix are greatly attenuated over a relatively small 
radial distance, inward or outward away from the sheath helix surface. Here the exterior 
fields have a short radial extension, and so there may be little error in assuming, as Olving 
did, that the exterior region dielectric extends radially to infinity. However, if the physical 
extent of this dielectric is actually very small, or at lower frequencies, it is desirable to 
account for the finite dielectric size. Such an analysis was performed by Swift- 
Hook (22). He analyzed the configuration with three separate interfaces. (See 
Figures 1.4.) Exact dispersion equations for these two geometries were given in the 
form of determinants. Approximations to these equations were obtained by equating the 
radial and axial wave numbers. The approximate equations were investigated for a 
number of different special cases concerning the geometry and relative permittivity of 
the dielectric tube. A large number of graphs based on the approximate equations were 


made. These graphs displayed ka cotany/ha versus ka cotany, and used 
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SHEATH HELIX EMBEDDED IN AN INFINITE 
DIELECTRIC MEDIUM 


a) 
sheath helix 
dielectric 
interface 
(Osb<a<o) 
b) 


(O<a<b<o) 
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SHEATH HELIX PLUS DIELECTRIC TUBE 


a) Helix contained 
inside the dielectric 
tube 


(O<asb<c<om) 


sheath helix 


dielectric tube 


b) Helix embedded in 
the dielectric tube 


(O<sb<a<c<om) 


Figures 1.4 The Configurations Investigated 


by Swift-Hook (22). 
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fy? b/a, and c/a as parameters. High frequency approximations of the previous 


equations were developed, and the high frequency dispersion curve was examined. It 
was pointed out that for certain geometries of the dielectric tube, there is much less 
dispersion than that associated with the empty sheath helix. This is a very desirable 


property for microwave applications, such as the traveling wave tube. 


Attention is now directed to research which is concerned with electromagentic 
heating. Vaughan and Williamson (23) and Baker (24) examined the three region helix and 
lossy coaxial rod configuration, by proposing electrical circuits to model the rod and the 
wire helix. The efficiency of the heating arrangement was studied, taking into account the 
nonzero resistance of the helical windings. These analyses are very different from that 
which will be followed in the thesis and so they will not be mentioned further. 

An investigation of the three region helix and lossy coaxial rod based on 
Maxwell’s equations was carried out by Brown et al. (3, pp. 27). No attempt was made to 
model the physical helix. Ampere’s law and Faraday’s law were applied to calculate a 
single angular electric field component and a single axial magnetic field component within 
the rod. These fields were only assumed to have a radial spatial dependence. Power 
dissipation within the lossy coaxial rod was calculated on the basis of the single electric 
field. 

There are several limitations on the preceding analysis. First, varying the geometry 
of the helical coil or the radius of the lossy coaxial rod has no effect on the two field 
components. The analysis given in Chapter 2 of the thesis shows that this is an 
oversimplification. Another deficiency is that the helix will often be excited so that the 
electrical current present on the windings has an axial dependence, and therefore it is 
desirable that the field components are dependent on the axial coordinate. Finally, it will 
be seen in Chapter 2 and in Chapter 3 that the power dissipation results from the 
presence of three distinct electric field components inside the lossy coaxial rod. In 
Chapter 3 it is shown that if the lossy rod is a good conductor, then Brown et al. are 
usually justified in only considering the angular electric field to calculate the power 
dissipation. However, if the rod conductivity is small, the investigation performed in 


Chapter 3 makes it clear that the axial electric field provides a large contribution to the 
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power dissipation. In this case, the previously mentioned investigation must be 
considered as incomplete and misleading. 

The only paper the author has knowledge of that made use of the sheath helix to 
study electromagnetic heating is that by Chute et al. (25). These authors were concerned 
with two regions having different electrical properties us, e€, o, where a_ is the 
rod conductivity. One region filled the sheath helix interior and touched the sheath helix 
surface, while the second region started at the sheath helix surface and extended radially 
to infinity. It was assumed that the electric and magnetic field components did not exhibit 
an angular dependence. The dispersion equation was obtained and the field components 
were expressed in terms of the electrical current present at the sheath helix surface. 
Special attention was given to low operating frequencies. The power dissipations 
resulting from the angular and axial electric fields were calculated, and it was discovered 
that the latter one was usually much greater than the former. A simple electrical circuit to 
model the axial current flow within the region enclosed by the sheath helix was 
proposed. Applications for the electrical heating that takes place, such as in situ recovery 


of hydrocarbons from oil sand, were mentioned. 


In concluding section 1.2, some past research will be mentioned, which, although 
not directly concerned with helical structures, still provides some useful information on 
this subject. Physical helices are periodic structures. The extensive theory on this topic 
is therefore of interest. A pioneering work is the book by Brillouin (26). General 
discussions are given by Hutter (16, pp. 73-137), Collin (18, pp. 363-430), Collin (27, 
pp. 368-405), Ramo et al. (28, pp. 474-479), Slater (29, pp. 169-186), and 
Johnson (30, pp. 244-272). In particular (18) gives a clear explanation of many periodic 
properties of the physical helix. 

Also of interest and aiding in understanding the three region sheath helix and lossy 
coaxial rod configuration, is the circular cylindrical waveguide containing two coaxial 
dielectric regions. The circular waveguide metal surface is assumed to be perfectly 
conducting, and the dielectrics are assumed to be ideal (they have a zero conductivity). 
From a field theory point of view, this waveguide is different from the three region 


sheath helix structure only because the boundary conditions at the cylindrical wall force 
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the radial magnetic field and both the axial and angular electric fields to be zero, while the 
boundary conditions at the sheath helix surface are more complicated and act to couple 
the fields in the interior region to those in the exterior region. Early work on the circular 
waveguide containing two coaxial dielectrics was done by Frankel (31) and 
Banos et al. (32). The latter mentioned paper made an important contribution by providing 
a simple but effective graphical solution to obtain the wave numbers, which determine 
the radial and axial spatial dependences of the field components. Two examples of later 
work on this circular waveguide are Teasdale and Crawford (33) and Teasdale and 


Higgins (34). 


1.3 Nature of the Desired Solution and Discussion of the Sheath Helix Model 


1.3.1 Nature of the Solution for the Sheath Helix 
The desired type of solution must meet the following requirements. 

a. It must satisfy Maxwell’s equations. 

b. All boundary conditions must be satisfied. Examples of these boundary 
conditions are that along an interface between two regions characterized by a 
zero conductivity, or a nonzero but finite conductivity, the tangential electric 
and magnetic field components are continuous. If one region is assumed to be 
a perfect electrical conductor, the tangential electric fields are forced to be 
zero along the interface. This also means the normal magnetic fields at the 
interface are zero. An electrical current may be present on the surface of the 
perfect conductor. If this is true, the tangential magnetic fields are 


discontinuous according to 

a pie elt Fs Se 
a. is the unit vector normal to the interface and pointing into region 2, 
Hy and Ho are the magnetic fields in region 1 and in region 2, 


respectively, evaluated at the interface, and K (A/m) __ is the electrical 


surface current present on the interface.) 
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c. In a source-free region, the solution must be finite, single-valued, continuous, 
represent a finite amount of real power transfer, and be excitable by a finite 
amount of energy. 

d. lf all sources are located within a finite distance of the chosen coordinate 
origin, two restrictions must be met. 

1) The electric field, E, and the magnetic field, 4H» must become 
exponentially, or in some other manner, sufficiently small so that 

lim (R + E) and lim (R - H) are bounded, where R 
R+00 Ke R>+09 
is the distance from the origin. Stratton (35, pp. 485) refers to this as 
the condition of regularity at infinity. 

2) The boundary condition at infinity is satisfied. This property means that 
at very large distances from the sources, only outward traveling waves 
occur (35, pp. 486). From one point of view, this means that a matched 
load exists at infinity (36, pp. 712). 

An electromagnetic wave which satisfies all the preceding requirements wil// 


henceforth be called a free mode field so/ution. 


Because of the symmetry of the sheath helix, it is convenient for analysis to use 
the circular cylindrical coordinate system. This is defined in the usual manner, as shown in 
Figure 1.5a. A point in space is specified by P(r, 9, Z)-. The unit vectors in the 
radial, angular or circular, and axial directions, are 4,2 45° and 2, respectively. 
Electric and magnetic fields can be expressed in terms of component fields parallel to 


these unit vectors. 
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The lossy coaxial cylindrical rod is assumed to be a region which is linear, 


homogeneous, and isotropic. For simplicity, the rod is assumed to be nonmagnetic. 
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PHYSICAL HELIX AND SHEATH HELIX 


a) Physical helix showing the coordinate system 


Pigures 1.5 The Circular Cylindrical Coordinate 
System, the Physical Helix, and the 
Developed Sheath Helix. 
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Maxwell’s equations for the /nstantaneous {time dependent) vector fields in this source- 


free region are well known but are repeated here for convenience. 
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where €_ is the (real) permittivity, o is the conductivity, & is the instantaneous 

vector electric field, and D4 is the instantaneous vector magnetic field. To modify 

these equations so that they describe an air-filled region, it is only necessary to choose 
caer ase = 2) 

A time-harmonic dependence of the form eJut where t_ is time, is 
assumed for all the instantaneous fields. Of course, this restriction is not a severe 
limitation because from elementary Fourier Series theory, a wide range of time-periodic 
functions can be expressed as a suitable summation of such solutions. It is very useful to 


separate the time dependence from the instantaneous vector fields so that comp/ex or 


phasor vector fields are defined. 
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E and H are the complex vector electric and magnetic fields, respectively. 


Equations 1.2 can be rewritten using the complex fields. 
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Only the complex fields will be considered in the remainder of this thesis. 

If traveling wave solutions are desired, the axial dependence of the fields is taken 
as ead BZ where 8 _ is referred to as the axial or longitudinal wave number. The 
fact that the geometrical plus electrical properties of the rod-filled region are the same 
for all values of jz, and that the sheath helix boundary conditions are the same for all 
values Of z, well justifies this form. Although 8g is independent of the spatial 
coordinates, it will have a complicated functional relationship dependent on the geometry 
of the sheath helix, on the geometry plus electrical properties of the lossy coaxial rod, 
and finally on the operating frequency. An important aspect of obtaining the free mode 
field solution is to achieve as good an understanding as possible of this functional 
dependence. 

For standing wave solutions, the problem of the axial dependence is slightly more 
difficult. The choice which will be made is to have the axial dependence of ES and 

H z characterized by COS8z. (It will later be seen that the axial dependence of the 
other field components is described by either COS8Z or singz.)_ This choice is 
made since it is desired that the infinite axial length sheath helix be as good a 
representation as possible of a finite axial length physical helix. If this finite structure is 
excited in a balanced manner about the mid-plane, which is taken to be z= 0, it Is 


known that H 


z must be characterized by a COS8z _ axial dependence so that its low 
frequency behavior is similar to that of the d.c. case. 

It will be assumed that the field components do not exhibit an angular 
dependence. This choice is based on two important considerations. First, it is believed 
that the m = 0 mode is the most important for determining the electromagnetic 
heating which occurs within the lossy coaxial rod. Second, a complete theory of the 

a mé@ free mode field solution associated with the sheath helix surrounding a lossy 
coaxial rod is expected to be extraordinarily difficult to obtain, while not further 
illuminating the behavior of the electromagnetic heating occurring within the lossy rod. It 
is repeated here that the angularly independent solution was the only type of guided wave 
that Cutler was able to excite during his experimental studies of air-filled physical 


helices. 
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To complete part 1.3.1, it is mentioned that the rationalized MKS system of units 
will be used throughout the thesis, and that only steady state fields will be studied. 


Transient effects are not considered in the thesis. 


1.3.2 The Sheath Helix 

The physical helix may be wound in two different senses -- pos/tive/y or 

negatively. \f a particle following the windings moves in the positive z _ direction as 

@ increases, the helix is said to be pos/tive/y wound. It will always be assumed in this 
thesis that the physical helix is positively wound, which means that the pitch angle 
satisfies O < py < 90.0°. One can readily extend this definition to the sheath 
helix. (See Figures 1.5. It will later be seen in Chapter 2 that the free mode field 
solution is easily modified so that it corresponds to the negatively wound sheath helix. 
Therefore, no loss in generality occurs by restricting the pitch angle to be positive.) 
Keeping in mind the fact that only the circularly symmetric mode is studied and that it Is 
desired to have the sheath helix model represent the physical helix as closely as possible, 
it is best to just consider relatively small pitch angles. Usually Q < y < 10.0° will 
be used, although the free mode field solution for the sheath helix surrounding a lossy 
coaxial rod which is derived in Chapter 2, equations 2.65 and 2.70 — 2.88; and the 
Chapter 3 expressions which show the power dissipation occurring within the lossy rod, 
equations 3.12, 3.14, and 3.16; are actually valid for Q < y < 90.0°. 

The developed sheath he/ix is shown in Figure 1.5b. ‘This is a convenient way 
to study the geometry. It will be repeated that the developed helix is obtained by cutting 
the sheath helix along a plane of constant 9%» looking at it from the inside, and then 
flattening it out. pis the pitch distance, and this is related to the sheath helix radius and 
the sheath helix pitch angle according to tany = p/2ma. Say and ati are unit 
vectors parallel and perpendicular to the sheath helix “windings”, respectively. These are 


related to the cylindrical coordinate system unit vectors according to: 
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A physical interpretation of the sheath helix model is now presented. Consider a 
wire of some arbitrary cross sectional area which is wrapped around an imaginary 
cylinder so that it assumes a helical shape. Next, another wire is placed beside this first 
one and wrapped identically. This process is repeated many times. Taking the limit as the 
number of wires and their conductivity becomes infinitely large, with the spacing 
between individual wires and their cross sectional areas going to zero, the sheath he/ix 
is obtained. In fact, this is actually an anisotropic conducting sheet. There is infinite 
conductivity at the surface of the sheet in the direction parallel to the “windings”, and 
zero conductivity in the perpendicular direction. It is important to remember that these 
are idealized wires and hence are very different from the physical helix windings. 

In order to obtain the free mode field solution, it is necessary to satisfy the 


boundary conditions at the sheath helix surface. These four conditions may be stated as: 


E 0 or 
ie 
E cosy + E siny = 0, les) 
01 | nea Z| r=a 
: = 0 or 
12 | pea 
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E = SE: or 
eee von 
(18:) 
(E 5a )siny - CE, - 22 )cosy = 0, 
2 B= 36 r=a roa r= a 
H H or 
ui 1] poe N2| nog 
C9!) 
(H H ) cosp + (H | - H | )siny = 0 
SN ee oa) es Zl nea 22) nna 
(Note that “1” and “2” refer to the interior (0 Sui oases a) and exterior 


(agr <@) regions, respectively, of the sheath helix.) Equations 1.6 and 
equations 1.7 result from the fact that OT CO, where aif is the conductivity 
at the sheath helix surface in the direction parallel to the “windings”. Equations 1.8 
express the continuity of the tangential electric field at the sheath helix surface. Since 

Oli = 0; where ay is the conductivity at the sheath helix surface in the direction 
perpendicular to the “windings”, there can only be an electrical surface current present 
which is parallel to the “windings”. This means that at the sheath helix surface, the 
magnetic field parallel to the “windings” must be continuous, and this idea is expressed in 
equations 1.9. Later, it will be seen that equations 1.6 - 1.9 act to couple the exterior 
sheath helix region fields with the interior region fields, in such a manner that the free 
mode field solution must have axial components of both electric and magnetic fields. 
Transverse electric (TE) or transverse magnetic (TM) solutions cannot exist by 
themselves. 

Two shortcomings of the sheath helix model are immediately clear. First, it does 
not account for the nonzero wire size of the physical helix. Second, the periodic 
properties of the physical helix are lost. If the physical helix is idealized as being very 
long, in an unbounded medium, and if it is translated in the axial direction by the pitch 
distance p_ or rotated through the angular distance 9 and then translated axially by 
the distance (6/217) = p, it will be impossible to distinguish the new position 


from the original one. The physical helix is, therefore, a periodic structure. Floquet’s 
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theorem states that for such a structure: 

for a given mode of propagation at a given steady state frequency, the fields at one 
cross section differ from those one period away only by a comp/ex constant. (17, pp. 2; 
30, pp. 140.) 

This means that the quantity 8p must be periodic with a period of 27. The sheath 
helix model does not predict this periodic behavior of the axial wave number. 

The first mentioned deficiency is partly overcome by taking the actual physical 
wire radius into account to determine the value of the sheath helix radius. Also, it is 
expected that the physical wire size will have a significant influence on the fields only 
close to the physical helix windings. Insofar as the second limitation is concerned, it 
should be noted that the periodic effect is more significant for modes other than the 
circularly symmetric one. Finally, it is again mentioned that the measurements made by 
Cutler (12) and by Harris et al. (13) do lend support to use of the sheath helix model for 


the angularly independent wave. 


1.4 Brief Discussion of the Chapters and Appendices that Follow 

One advantage that the author has over early researchers concerns the numerical 
aspect of calculating the wave numbers which determine the spatial dependence of the 
electric and magnetic field components. This is necessary so that numerical evaluation of 
the fields at a particular point in space can be accomplished. Modern (1982) high speed 
digital computers are vastly superior to the calculating devices present in the 
ninteen forties or fifties. In addition, at the present time, quite extensive software 
programs have been developed. Good use of the computer facilities at the University of 
Alberta was made throughout the thesis. 

A total of four chapters and five appendices comprise the thesis. The main text 
of the thesis following Chapter 1 is divided into two major parts. These consist of 
Chapter 2 and Chapter 3. 

Chapter 2 is concerned with deriving and investigating the free mode field 
solution associated with the sheath helix surrounding a lossy coaxial rod. Approximate 
solutions of the wave numbers, which determine the radial and axial spatial dependences 


of the field components, are given. Graphs showing the approximate radial dependence 
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of the electric and magnetic field component magnitudes are presented. 

Chapter 3 makes use of the free mode field solution discussed in the preceding 
chapter in order to investigate the power dissipation which occurs within the lossy 
coaxial rod. Exact equations for this power dissipation are developed. Unfortunately, 
these equations are discovered to be very difficult to numerically evaluate. In order to 
overcome this limitation, several different types of approximate power dissipation 
equations are derived and investigated. 

The final chapter contained in the thesis is Chapter 4. This consists of a summary 
and a statement of the important conclusions obtained in the three preceding chapters. 

It is possible to read Chapters 1 - 4 without referring to the appendices. 
However, in order to obtain as good an understanding as possible of the chapters, it is 
recommended that the five appendices contained in the thesis are read. 

The first appendix is Appendix A. It provides a useful listing in one location of 
many mathematical identities and relations of Bessel functions, which are of the integral 
orders 0 and 1. These properties have been used many times throughout the thesis. 

As has been previously mentioned in section 1.1, the objective of this thesis is to 
develop as comprehensive a theory as possible of the free mode field solution for the 
sheath helix surrounding a lossy coaxial rod, and then to investigate the power dissipation 
occurring within the lossy rod. Some information about this configuration will be 
obtained by examining other structures, which, from a field theory point of view, are not 
as complicated. Two configurations which immediately come to mind are to replace the 
lossy coaxial rod by either a perfectly conducting coaxial rod or by an ideal dielectric 
(zero conductivity) coaxial rod. In addition, as the radius of the lossy coaxial rod 
becomes much smaller than the sheath helix radius, or as its electrical properties become 
similar to those of air, one intuitively expects that the free mode field solution will tend 
to behave like that of the air-filled sheath helix. Therefore, an examination of the 
simplest configuration, when air completely fills the interior and exterior regions of the 
sheath helix, is justified. 

Appendix B discusses the free mode field components and dispersion equation 
for the empty sheath helix. Graphs of the radial wave number solution are presented. 


Approximate equations which simplify calculating the radial and axial wave numbers are 
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given. Radial dependence graphs of all the electric and magnetic field components have 
been prepared. 

Next comes Appendix C, which is concerned with the sheath helix surrounding a 
perfectly conducting coaxial rod. The free mode dispersion equation and field 
components are listed and discussed. Graphs of the radial wave number solution have 
been prepared, and approximate equations to simplify the calculation of the radial and 
axial wave numbers are given. The radial dependence of all the electric and magnetic field 
components is illustrated by using graphs. 

Appendix D discusses the sheath helix surrounding an ideal dielectric coaxial rod. 
The free mode field solution is listed. Unfortunately, it is difficult to numerically calculate 
the radial and axial wave numbers solution. To overcome this problem, an approximate 
free mode field solution, which is obtained from the exact solution by equating the radial 
and axial wave numbers, is presented. The (single) wave number solution is quite 
extensively graphed for a wide range of operating frequencies, sheath helix geometries, 
ideal dielectric coaxial rod geometries, and relative permittivities of the dielectric 
material. Equations are developed which make it relatively easy to approximately calculate 
the (single) wave number solution. Graphs showing the radial dependence of the field 
components associated with the approximate solution are presented. 

The final unit of the thesis consists of Appendix E. It contains data tables which 
show the electrical properties as a function of frequency for several different materials 
which could possibly be candidates for electromagentic heating. Graphs of the power 


dissipation associated with these materials are presented in part 3.2.3 of the thesis. 
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2. Chapter 2. Sheath Helix Surrounding a Lossy Coaxial Rod 

This chapter is concerned with investigating from a field theory point of view 
some properties of electromagnetic waves associated with a sheath helix surrounding a 
centered lossy rod. The rod has a radius b, such that 0 < b < a< © is 
always true, and is idealized as being of infinite axial extent. Its electrical properties are 
described by a (real) permittivity, ¢, a permeability equal to that of free space, 

Ug» and aconductivity, 9. Free space exists in the gap between the rod surface 
and the sheath helix surface, and in the entire sheath helix exterior region, a < Yr < 
OO. The sheath helix surrounding a lossy coaxial rod is shown in Figures 2.1. 

Chute et al. (25) examined the lossy two region sheath helix configuration from 
the point of view of electromagnetic heating applications. They derived the field 
components, the dispersion equation, and the separation constant equation, assuming that 
a different medium was present in each of the two regions 0 < Yr < a and 

2) eee aa @ oe Each of the two media had its electrical properties characterized by 
some set Us €5 Oo. A small argument representation of the dispersion equation 
was given, although no attempt was made to obtain numerical solutions of the wave 
numbers, which determine the radial and axial spatial dependences of the field 
components. The power dissipation occurring within the region 0 < r <2 due to 
the axial and angular electric fields was calculated for the special case when the two 
wave numbers associated with the radial spatial dependence of the fields are both small 
in magnitude. It was found that the axial electric field makes the dominant contribution 
toward the ohmic power dissipated within the sheath helix interior region, assuming that 
the pitch angle is small. 

The previously mentioned paper is the only research conducted on the two lossy 
region sheath helix configuration that the author is aware of. He has no knowledge of any 
work performed on the three region sheath helix surrounding a lossy coaxial rod 
configuration. 

A brief outline of the present chapter is now given. The free mode field solution 
for the sheath helix surrounding a lossy coaxial rod will be derived in a relatively detailed 
manner. All fields will be expressed in terms of the electrical current present on the 


sheath helix “windings”. Some special limiting cases of the free mode field solution will 
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29 
be studied. These are when the rod radius approaches zero, when the rod conductivity 
approaches zero, and when the rod conductivity approaches infinity. 

It will be seen that the numerical calculation, from the dispersion equation and the 
separation constant equation, of the wave numbers which determine the radial and axial 
spatial dependences of the field components, is usually very difficult to accomplish. 
However, this is not true for the special cases when the magnitudes of the two radial 
wave numbers are either small or large. Approximations to the dispersion equation and 
the separation constant equation, and graphs of the radial wave number solution 
associated with the two air-filled regions have been made for the previously mentioned 
special cases. These are valid when "the /ossy rod is a good conductor” or when “the 
/ossy rod is not a good conductor’. {The meanings of these two terms are later defined 
in section 2.3.) 

Near the end of the chapter, four different sets of graphs showing the 
approximate radial dependence of the electric and magnetic field component magnitudes 
are presented. These are based on the cases when the two radial wave numbers are 
either small or large, for both the circumstances when “the lossy rod is a good 


conductor” and when “the lossy rod is not a good conductor”. 


2.1 Derivation and Discussion of the Free Mode Field Solution 


2.1.1 Derivation of the Field Components and the Dispersion Equation 

A free mode field solution must satisfy the proper form of Maxwell’s equations, 
the appropriate boundary conditions, and all other requirements mentioned in part 1.3.1. 
To obtain the free mode electric and magnetic field components for the sheath helix 
surrounding a lossy coaxial rod, Maxwell’s equations must be satisfied within the two 
air-filled regions and within the rod-filled region. In addition, the boundary conditions at 
the sheath helix surface and at the rod surface must be fulfilled. These act to couple 
together the fields in each of the three regions. Finally, the requirement of finiteness of 
the field components in a source-free region and the condition of regularity at infinity 


for the fields, which is discussed in part 1.3.1, must be met. 


There are many different methods which can be used to obtain the electric and 
magnetic field components in terms of several undetermined constants, which satisfy the 


appropriate form of Maxwell’s equations for the particular configuration of concern. 
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Harrington (37, pp. 129-131) expresses the electric and magnetic fields in terms of an 
electric vector potential and a magnetic vector potential. In a homogeneous, source-free 
region, these potentials satisfy the homogeneous form of the vector Helmholtz equation. 
Jordan and Balmain (38, pp. 257-258), and Johnson (30, pp. 116-117) use the axial 
electric and magnetic field components as scalar potential functions. All the other electric 
and magnetic field components can be calculated from these potential functions. In a 
homogeneous, source-free region, ES and He satisfy the homogeneous form of 
the scalar Helmholtz equation. 

The procedure which will be followed here, to obtain the free mode field solution 
for the sheath helix surrounding a lossy coaxial rod, is to express the field components 
within the air medium and within the medium consisting of the lossy rod material, using 
e/ectric and magnetic hertzian potentia/ vector functions. T™ is the electric hertzian 
potential vector and m* ig the magnetic hertzian potential vector. For a cy/indrical 
surface whose generating elements are para//e/ to the Zz _ axis, the total field 
obtained by /inearly combining the partial fields dueto 7 = 7, a and m* = 


Za 7 


Tere is so general that a prescribed set of boundary conditions on the surface 


z Ze 
can be satisfied (35, pp. 351). 

The rod material is assumed to be linear, homogeneous, and isotropic. Its 
electrical properties are characterized by a (real) permittivity, ©, | and a nonzero and 
finite conductivity, o. In addition, the permeability of free space, u = Uo» is 
used. No free electrical conduction currents or free electric charges are assumed to be 
present — the medium consisting of the lossy rod material is source-free. Within this 
medium, the scalars Tv, and Le satisfy the homogeneous form of the scalar 
Helmholtz equation. 
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The form of these equations which is appropriate for the medium consisting of air is 
readily obtained by using ors iy 1 and o = Q._ In order that no confusion arises 
over the hertzian potential function solutions and the electric and magnetic field solutions 


associated with the lossy rod material medium, and between the air medium solutions, 


these latter solutions will be denoted by the symbol "#", 
Tee re fee ey and foe 
Z z 
von de + ke He = 0 (2.4) 


is the corresponding form of equations 2.1 and 2.2 which is appropriate for the air 


medium. 


The electric and magnetic fields are expressed in terms of solutions to equations 


2.1 — 2.4 according to 
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(35, pp. 32.) It was mentioned in part 1.3.1 that the desired field components will not 
depend on 6._ This also means that the hertzian potentials are angularly independent. 
Making use of the curl relation and the Laplacian relation in cylindrical coordinates (for 


example, see 18, pp. 572), equations 2.1 - 2.8 can be rewritten in a more convenient 


manner. 
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As was mentioned in part 1.3.1, it is desired to have all the axial electric and 


magnetic field components characterized either bya CoSgz orbya COSB#Z 


axial 


dependence. Equations 2.13 - 2.16 make it clear that the hertzian potentials must have 


this same type of axial dependence. Therefore, the spatial dependence of the electric 


and magnetic hertzian potentials is 
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(25 .18)) 


C2 


(28220') 


ir), decry, fatr), and fe*(r) are four unknown functions of the 


radial distance, which will now be determined. Substituting equations 2.17 -— 2.20 into 


the corresponding equation of the set 2.9 - 2.12, yields 
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and h ye are defined according to 
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Equation A.1 shows that equations 2.21 - 2.24 are the modified Bessel equations 


of order zero. For example, 
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where A and C _ are constants, is the general solution of equation 2.21. Ty is 
the modified Bessel function of the first kind of order zero, while Ko is the modified 
Bessel function of the second kind of order zero. Since the solutions to equations 


2.21 — 2.24 are known, the solutions to equations 2.17 - 2.20 can be listed. 
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[B I) (hr) + D Ko(hr)] coséz;, G22) 


t#(r, z)_= [A# Ip(h#r) + C# Ky (h#r) J COSPAznwand (2-ce) 


mo#*(r, z) = [B# I) (h#r) + D# Kg(h#r) J COSB#Z; (6202:9)) 


Wierestfesconstants A, B, C, D, A#. Bees and ele 
are independent of the spatial coordinates. 

It is Now convenient to alter the notation used on equations 2.9 - 2.16 and 
2.25 - 2.29. This is done so that the field components associated with each of the two 
different media now refer to each of the three regions associated with the sheath helix 
surrounding a lossy coaxial rod. Subscripts "1", “2”, and “3” will be used on the field 
components and on the undetermined constants. “1” refers to the rod-filled region, 

O«< ri<b, “2” refers to the first air-filled region. D.« ri< a, and “3” 

refers to the second air-filled region, 4< r <Q. 

Combining equations 2.26 - 2.29 with equations 2.13 - 2.16, making use of the 
Bessel function relations A.5 - A.8, means that the electric and magnetic field 
components in each of the three regions are obtained in terms of several undetermined 


constants. 
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eee ae iig ence KC arr) lpcospz, 0" (2432) 
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where n = 2 and 3. 

The reader should understand why g#e = Be has been used in equations 


2.30 - 2.35. This anticipates the fact that the boundary conditions for the electric and 


magnetic fields at the lossy rod surface must be satisfied for all values of z, where 


- @< Zz < OOe. 


(These boundary conditions will be discussed shortly. It will be 


mentioned here they require that 


(Sera) sinicninitgiign * ell 
(ekg): pthohe ba ld (AM = emit 


7 


we 

(4 Ge « t+ os 
(ts 3) ee ay 
ret 3) Sihaore Oe yak TO. + oy . 
ert} eer gM aya = lige Get ge a 


hy : gf" lle .* ne 


(tF,3} *APEDD Lin git) eh 4” as Ung el a 


? 7 i ia 4 7 , : ” f : 5 | ; 
(ae aL’ } = i heo py } Mian hy y ‘ j , LS q” rad Pall gf - nt 7 


| 


(G28) pRGAMR fire), ¥ iG: = We ttlie gaa. ft a « 


a 


' gga a b= © 


(Akos) bth 1 BY ZOD Ltn hee 4° Wight T 9A] 


(fs.$) $6205 Light) gi Api Gnd ts a0 - 


6 bee $= 


eroiiiune M™ bet) Magd: gar Sa = Ska yi ietosainy fiat 
oe eee 
dani \t 10 enuiE ie miley ad tae : 
06 ew thai, 
- > 


36 


iT} 
= 


Equations 2.31, 2.32, 2.34, 2.35, 2.37, 2.38, 2.40, and 2.41 show that it is only if the 
square of the axial wave number associated with the lossy rod material medium equals 
the square of the axial wave number associated with the air medium, that it is possible to 
satisfy these boundary conditions.) 

In equations 2.30 - 2.41, hy is the radial wave number associated with the 
rod material medium, while ho is the radial wave number associated with the air 
medium. As was previously mentioned, the axial wave number, g, _ is the same for 
both the rod material medium and for the air medium. 

The separation constant equation is a modified form of equations 2.25. It is 
2 


] ran SK aris Aj vor Ho a) = ho rk 


a (2.42) 
Equation 2.42 provides a relationship between the two radial wave numbers and the axial 
wave number. 

A total of twelve undetermined constants and three undetermined wave numbers 
appear in equations 2.30 - 2.41. Two of the constants associated with the rod-filled 
region can be immediately set to equal zero. No free electrical currents or free electric 
charge is present in this region. Therefore, the conditions for a free mode field solution 
in this source-free region, as mentioned in part 1.3.1, require that all the electric and 
magnetic field components be finite throughout 0 « r sous oy Equations A.28 and 
A.29, the small argument Bessel function representations, show that Kgl hy r) and 
Ky ( hy r) are unbounded at r= 0. One is therefore forced to choose C, a 


D, = 0. 
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It will now be shown that two of the constants associated with the fields in the 
region 42K r < OC are also required to vanish. No sources of the fields are 
assumed to be located at Y7@®- The condition of regularity at infinity, as 
mentioned in part 1.3.1, can therefore be imposed. Assuming that the radial wave 
number ho is nonzero, when the radial distance is sufficiently large, it will be true that 
| h. | r >> 1. Now the large argument Bessel function representations are justified. 
Equations A.36 - A.39 show that the exponential dependence of Iy(hor) and 
I,(hor) is Boze while that of K (hor) and K,(hor) is , 2" 1 

9 0 ie ] 2 e 
will now be assumed that the real part of the complex quantity hy is positive. (This 
assumption is discussed in the next paragraph.) In order to satisfy the condition of 
regularity at infinity, one is forced to choose A. "i B 3 = 0. At sufficiently large 
radial distances, all the fields exterior to the sheath helix surface will now be rapidly 
exponentially attenuated. 

In section B.2 it is mentioned that the (single) radial wave number for the empty 
sheath helix, hoe is real positive, and that the radial dependence of the exterior 
region fields is given by Ky ( h a.) and Ky (h ay) _ In the limit as the lossy rod radius 
approaches zero, or as the electrical properties of the lossy rod approach those of air, 
the sheath helix surrounding a lossy coaxial rod configuration is expected to reduce to 
the empty sheath helix configuration. This leads to the choice Re [ho] > 0; so that 
the radial dependence of the fields in the region a <r < Qo is given by 
Ky (hor) and K, (hor) : 

Eight undetermined constants and three undetermined wave numbers remain in 
equations 2.30 - 2.41. There are four boundary conditions which must be satisfied at 
the sheath helix surface. These are specified by equations 1.6 —- 1.9. Four additional 
boundary conditions exist at the rod surface. They are statements of the fact that the 
electric and magnetic fields tangential to an interface must be continuous, whenever the 
conductivities of the two regions forming the interface are both finite. (It was mentioned 
in part 1.3.1 that if the conductivity of one of the regions is assumed to be infinite, the 
electric fields tangential to the interface must be zero while the tangential magnetic fields 
are discontinuous, assuming that an electrical current is present at the surface of the 


interface. However, this behavior cannot occur at the lossy rod surface because the rod 
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conductivity has been restricted so that it cannot be infinite.) The boundary conditions at 


the surface of the lossy rod are 


al pep 7 “92 r=b ee 
Eo Peary oe (2.44) 
tole = Mee | nob > and (2.45) 
Hoy a cera eae (2.46) 


Requiring that equations 2.30 - 2.41, with C, = D, = A. = Bs = 0% 
satisfy equations 1.6 - 1.9 and equations 2.43 - 2.46, all the field components are 
known in terms of a single undetermined constant plus three undetermined wave 
numbers, and the d/spersion equation is obtained. The dispersion equation is sometimes 
called the determinanta/ equation or the characteristic equation. \t arises because for a 
set of m homogeneous linear equations involving m unknowns, if a solution other 
than the trivial one is desired, the determinant of the coefficients of the unknowns must 
vanish. In short, for our purposes, the dispersion equation arises from the necessity that 
all eight of the undetermined constants must not each be zero. Using the previously 
mentioned equations and performing a large amount of algebra, which is straightforward 
but lengthy, seven of the constants can be expressed in terms of a single one, and the 
dispersion equation is obtained. A, is now the single undetermined constant. (A 
discussion of the solution to the two radial wave numbers and the axial wave number is 


given in part 2.1.2.) 
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Summary of the Fields in Terms of A, 


Region 1 ( Oxgrsb) 
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The dispersion equation which results for the sheath helix surrounding a lossy 


coaxial rod is the following. 


Summary of the Dispersion Equation 
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In the course of carrying out the calculations to obtain equations 2.47 - 2.64, it was 
necessary to make use of relation A.25, which was derived from the modified Bessel 
function Wronskian identity, equation 2.65, which is the dispersion equation, and the 
equality VUg/ eg SeeareiOur Ot 
The single remaining constant which appears in equations 2.47 —- 2.64, A, ; 

can be expressed in terms of the electrical current present on the sheath helix 
“windings”. As was mentioned in part 1.3.1, it is assumed that the physical helix is 
excited in such a manner that current with no angular dependence and COS8zZ _ axial 
dependence exists on the windings. (This assumption justifies the type of angular and 
axial dependences used in the hertzian potentials for the sheath helix surrounding a lossy 
coaxial rod, equations 2.26 — 2.29.) For the sheath helix, this means that there will be an 


electrical surface current at r=a_ of the type 


Ws Ky ayy oT COSBZ ay » where iT (A/m) 


is a constant with respect to the spatial coordinates. In part 1.3.1, the discontinuity of 
the magnetic field at an interface having a surface current is discussed. Applying this 


concept to the sheath helix surface results in 
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It has been assumed that the current at the sheath helix surface has components in both 
the angular and axial directions, with \ @ and Yz_ being quantities to be determined. 
Combining the region 2 and region 3 angular and axial magnetic field components, which 
are specified by equations 2.57, 2.58, 2.63, and 2.64, with equation 2.66, making use of 
equation 2.65 and relation A.25 for simplification, Yo and \ z can be expressed in 


terms of the constant A, ‘ 
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From equations 1.5, it is possible to express yi and YE in terms of 
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sheath helix “windings”. Combining equations 1.5 with equation 2.67 and equation 2.68 
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1/[h a I) (hyb) Ky (hob) 


r 7 J o/weg) hoa 1,(h»b) Ko(h,b)], and 


(2.69) 
ak earn! (continued) 


Since the sheath helix model was defined as having an infinite conductivity at the sheath 
surface in the direction parallel to the “windings” and zero conductivity in the direction 
perpendicular to the “windings”, it follows that Wr = 0 and Nie = 
Therefore, equations 2.69 are in good agreement with the definition of the sheath helix 
model, as one expects. 
It is now possible to express all the field components in terms of ie 

Equations 2.69 were substituted into equations 2.47 - 2.64, and equation 2.65, the 
dispersion equation, was used for simplification, in order to derive the following field 


components, equations 2.70 - 2.87. 


Summary of the Final Form of the Field Components 
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Eo J b/a ka cotany °°S” hy)a hoa : 


Kg (hoa) Ij (hyr) cosBz ° (ee 
1/[h,a I, (h,b) K, (hob) 


+ Gor - j a/we) hoa I, (h,b) Kg (hob) J, 


Ny Rigi *s 
i due cosy Ba Ky(hpa) 1,(hyr) singz (2.73) 


1/[h,a I) (h,b) Ky (hob) y hoa I, (h,b) Kg(hob) J, 


Ky (hoa) I, (hyr) cosBz + (ez kd3) 
1/[h,a Iy(h,b) Ky (hob) 


+ (er - j o/we) hoa I, (h,b) Kg ( 2 


H_. = Ol cosy hya K, (hoa) I) (hyr) cosBz ° (27a) 


1/[h,a I)(hb) K, (hob) Peuhnd 1, (h,b) Ky (hob) J. 


2 


7 


. — - 5 
a = 


4? - a 


7) at 
t,¢ ia e203 
(et.8) | » chap ae 


fe) 2° te Aig) ye 


cE hdetan® vey r ip Pelt (yea t - 42? *» aaa 
as 


(Zt.9) ~S0n' beh) (4 0 tahy gh @245 ng : 


et Coat) dl Goi + (ti) 2 de hyd ayal\t 


» I 


an" wyra ao = 4%) ak bal fet 
es. $) ‘Hema Pig eP (agit) yA 
bum bia biphig® api 


ous E(t, Ve, ¥ (a ptlys a (yeas t 7 ~*) * 


(a5-%) «£9200 (mp iyt Vigil). 93 af or af. pall 
Chdet hye (tA dyl figit + Uda ipa (apt) pi s,aj\f 
: . > 


~~. 


50 
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HA3 = Yi cosp Ba > 


Ky (hor) sinBz ° [I, (ha) - Ky (hoa) ° (25385) 
(hia I) (h,b) 1, (hob) - hoa I) (hob) 1, (h,b)) 


1/(h a Iy(hb) K, (hob) 4 hoa I, (h,b) Kg (hob)) J, 


2 A 1 
Hy 3 = Yui (ka cotanv)iauasiny hoa : (2.86) 
Ss, TaCnman - ke Chea) 


(hya Iy(hb) I, (hob) = hoa I) (hob) 1,(h,b)) 


1/(hya Ig(hyb) Ky(hyb) + hoa Iy(hyb) Ko(hyb))], and 


dane ra Hi cosy hoa = 


Kg (hor) cosgz ° [1 (hpa) - K, (hoa) . C2ce au) 
(hya I) (hyb) 1, (hob) - hoa I) (hob) 1,(h,b)) 


1/(hya I) (h,b) K,(hob) + hoa 1, (hb) Kg(hob)) J. 


2.1.2 Discussion of the Field Components and the Dispersion Equation 

As mentioned in part 1.3.2, the field components, equations 2.70 — 2.87, are 
characterized by Eon Ss 0 and Ho + 0, for n= 1,2, 3. Therefore, these are 
hybrid type wave solutions. Transverse electric (TE) and transverse magnetic (TM) waves 
Cannot exist independently on the sheath helix surrounding a lossy coaxial rod 
configuration. 

Although the field components given by equations 2.70 - 2.87 represent a 
standing wave with respect to the axial coordinate, they cannot be thought of as the sum 


of a traveling wave normally incident on a perfectly electrically conducting plane and its 
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reflection. No plane perpendicular to the z axis can be chosen so that all electric fields 
along its surface vanish. This concept has been expressed as a trave/ing wave supported 
by the sheath helix and reflected at a plane boundary wil! spiral in the wrong 
direction (12; 16, pp. 82). 

Attention is now directed to the dispersion equation and the separation constant 


equation. It is convenient to rewrite equation 2.42, the separation constant equation, as 


(ga)* = (hya)® + (ka)® (e, - J o/weg) 


(2853:3) 
(hoa) + (ka)®. 


The dispersion equation, equation 2.65, and the separation constant equation, equation 
2.88, serve to determine the two radial wave numbers, hy a and hoa » and the 
axial wave number, Ba. It is not difficult to state the functional dependence of the 
wave numbers solution on the operating frequency, the sheath helix geometry, the rod 


geometry, and the rod material electrical properties. 


hja = f,(ka cotany, b/a, c,, c/weg, ¥), et aly, 
hoa = Fo(ka cotany, b/a, En? o/Wegs vw), and (2.90) 
(ga)? = fz(ka cotany, b/a, €,, o/weg, ¥). 2a iy) 


The dispersion equation and the separation constant equation cannot determine 

the algebraic sign of the axial wave number. Therefore, they are said to specify 
(Ba) 2 rather than ga (39, 40). (Strictly speaking, it is hy : ho ; ge and not 
hy a, hoa » (Ba) 2 which are the wave numbers solution. However, this 
distinction in terminology is not important. In fact, it is best to consider the latter solution 
because h,a and h 9a appear as Bessel function arguments in the dispersion 
equation. It is then not necessary for the sheath helix radius to appear by itself as an 


extra variable on the right hand sides of equations 2.89 — 2.91. It is useful to think of the 
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radial and axial spatial dependences of the electric and magnetic field components 
normalized with respect to the sheath helix radius so that hy Pe hors and Bz 
become h,a + r/a, hoa + r/as and ga + z/a.) 

Two properties of the dispersion equation and the separation constant equation 
are immediately apparent. First, the pitch angle only appears in the quantity 
(ka cotany) o. Replacing » by - wy _ will therefore result in no change. This 
means that the wave numbers solution is independent of the positive or negative sense 
of the sheath helix “windings”. Second, the angular frequency only appears in the 
quantities (ka) o (ka cotanyp) é » and o/ Weg - Since the quantity o/weg 
is present, the wave numbers solution will be different if the algebraic sign of the angular 
frequency is reversed. This is an important property. Adler (39, 40) has shown that by 
considering the complex electric and magnetic fields as the Fourier transform of the 
instantaneous time-dependent electric and magnetic fields, it follows that if 
a2 ( - w) = 8° (w) 2 B may only be purely real or purely imaginary. Since the 
preceding equation is not valid for the case of a sheath helix surrounding a lossy coaxial 
rod, Ba is allowed to be generally complex with nonzero real and imaginary parts. 
(Appendices B, C, and D are concerned with the empty sheath helix, the sheath helix 
surrounding a perfectly conducting coaxial rod, and the sheath helix surrounding an ideal 
dielectric coaxial rod, respectively. For each of these three configurations, the 
corresponding dispersion equation and separation constant equation show that 

(ga)? is not changed if w is replaced by - w. Therefore, the previous 
discussion has shown that for these three configurations, the axial wave number is only 
allowed to be either purely real or purely imaginary.) 

Information concerning the possible algebraic signs of the real and imaginary 
parts of the wave numbers solution can be obtained by examination of the dispersion 


equation, equation 2.65, the separation constant equation, equation 2.88, and the field 


components, equations 2.70 — 2.87. Let 
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ha = Oye Toad ha» 


ho pa + J hy jas and 2a 97s) 


Ba = Ba fa Bias 


At ad 


where the subscript denotes the real part of the complex-valued wave number and 


the subscript 


ay we 


denotes the imaginary part. As was previously mentioned in part 2.1.1, 
in order that the condition of regularity at infinity of the fields is satisfied for yr > 
©O ; it is necessary that hoa > Q. In addition, it has previously been said in part 
2.1.2 that if a particular value of 8a. satisfies the dispersion equation and the 
separation constant equation, then - Ba must also be a valid solution. However, 
equations 2.70 — 2.87 show that reversing the algebraic sign of ga _ results in no 
change in the field components. Therefore, no loss in generality results from restricting 
Ba > 0. Making use of the Bessel function relations A.14 and A.15, it can be 
shown that reversing the algebraic sign of h, a in equations 2.65, 2.70 - 2.87 causes 
no change. Of course, this is also true of equation 2.88. This means that no loss in 
generality results from restricting hy ra > 0. Finally, separating equation 2.88 into 
real and imaginary parts, shows that when the imaginary parts are equated, 8 j a and 
No a must have the same algebraic sign. In summary, for a free mode field solution, 
the wave numbers are restricted so that h,,a > 0, hoa > 0; Ba > 0, 

with 8=.a and h 


j eae 
The field components and the dispersion equation are lengthy and complicated. It 


having the same algebraic sign. 


is desirable to make approximations to them which result in simplification. What is 
sometimes done in multi-dielectric region configurations is to equate the axial wave 
number with the radial wave numbers (22). For the sheath helix surrounding a lossy 
coaxial rod, this means that hy a & hoa =~ ga = ha. The necessary require- 
ments to justify this approximation are obtained from examination of the separation 
constant equation, Expanding equation 2.88 and equating first the real parts and second 


the imaginary parts, the approximation is seen to be valid providing that 
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2 
|(hya)© - (hya)*] >> © (ka)? and 


|hna hyal >> (c/weg) (ka)*, (2593) 


where ha = ha Po haa. 


The author spent considerable time studying the approximate form of equation 
2.65, and equations 2.70 - 2.87. Unfortunately, the two inequalities listed in 2.93, 
especially the second one, were shown by direct numerical solution of the approximate 
form of the dispersion equation to be very difficult to satisfy, at least when | h | a is 
small compared to unity. In short, although the approximate solution does provide 
simplification to the dispersion equation and to the field components, and is therefore 
highly desirable, it was found that, unfortunately, the requirements involved to justify its 
usage could usually not be met. No more discussion of this approximate solution will be 
given. Only the equations where the wave numbers hia, hoa, and Sd se cle 


assumed to be distinct values will be discussed throughout the remainder of the chapter. 


2.2 Some Limiting Cases of the Free Mode Field Solution 

The purpose of this section is to investigate several limiting forms of the 
dispersion equation, equation 2.65, the separation constant equation, equation 2.88, and 
the field components, equations 2.70 - 2.87. These limiting cases are when the lossy 
rod radius approaches zero, the lossy rod conductivity approaches zero, and the lossy 
rod conductivity approaches infinity. It will be seen that these special cases agree with 
the free mode field solution for the empty sheath helix, the sheath helix surrounding an 
ideal dielectric coaxial rod, and the sheath helix surrounding a perfectly conducting 
coaxial rod, respectively. Appendices B, C, and D discuss these three configurations. All 
results in these appendices were obtained completely independently of the free mode 
field solution for the sheath helix surrounding a lossy coaxial rod. Demonstrating that 


this free mode field solution correctly satisfies the three limiting cases serves as a useful 


check on its accuracy. 
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2.2.1 Limit as the Lossy Rod Radius Approaches Zero 

The limit of the dispersion equation, equation 2.65, is taken as the rod radius 
approaches zero. It is assumed that the other geometrical variables, the operating 
frequency, and the electrical properties of the rod material, are all held constant during 
the limiting process. Making use of relations A.26 - A.29, the small argument Bessel 


function representations, and performing a small amount of algebra, one discovers that 


. ka cotany,2 _ ;ka t 
a fovrerresee F eee any) ¢ (2.94) 
b+0 a 


Ee WNGnems lait hae one was 
I (h, a) Ky (h,'a) 


2 
Bo0's 


The correct form of the separation constant relation, equation 2.88, in this limit is 


(g'a)? 


(Hewaniemt tical) (2.95) 


where lim, Ba —"p. a. 
b+0" 


Equations 2.94 and 2.95 are the same as equation B.13, the empty sheath helix 
dispersion equation, and equation B.14, the empty sheath helix separation constant 
equation, respectively! In the limit as the lossy rod radius approaches zero, the dispersion 
equation and the separation constant equation become those of the empty sheath helix, 


as one would expect. Therefore, it is true that 


(2.96) 
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where },44 and gta are the radial and axial wave numbers, respectively, of the 
empty sheath helix. 

Applying this same limit to equations 2.76 -— 2.87, the field components, making 
use of equation 2.96, the dispersion equation, and equations A.26 - A.29, the small 
argument Bessel function representations, it is seen that equations B.1 - B.12, the empty 
sheath helix field components, result! Thus, the empty sheath helix field components are 
obtained by taking the limit as the rod radius approaches zero of each one of the region 
2 and region 3 lossy rod configuration fields. 

In summary, taking the limit of the dispersion equation, the separation constant 
equation, and the field components, as the lossy rod radius approaches zero, gives the 
corresponding equation of the empty sheath helix. The empty sheath helix is discussed in 
Appendix B and the analysis is carried out independently of that given in this chapter. 
From Physical considerations, the limiting result is expected. It is a useful check on the 
accuracy of the free mode field solution for the sheath helix surrounding a lossy coaxial 


rod. 


2.2.2 Limit as the Lossy Rod Conductivity Approaches Zero 
Now the conductivity of the lossy rod material is made to approach zero, with all 
other electrical properties of the rod material, the operating frequency, the sheath helix 


geometry, and the rod geometry, held constant. Clearly, this means that 


ue! eae - j o/weg) = asc 
o+0 


Replacing the quantity Ep, 7 i o/ weg by the quantity €), in equation 2.65, the 
dispersion equation, and equation 2.88, the separation constant equation, the same result 
as equation D.19, the dispersion equation for the ideal dielectric rod configuration, and 
equation D.20, the separation constant equation for the ideal dielectric rod configuration, 
is obtained! Taking the limit of the dispersion equation and the separation constant 


equation as the rod conductivity approaches zero means that the corresponding 
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equations for the sheath helix surrounding an ideal dielectric coaxial rod are obtained. 


Therefore, 
lime tit cdcuhi a ts the Sarma ldaveine amcwhetoy=khecd 
dl 1 Desie Perse ce Gace s 
o+0 o+0 
d i = gia = gla: 
an im Ba Bia Ba; ey 
+ 
o+0 


where hy oe ’ aye , and gta are the two radial wave numbers and the axial 
wave number, respectively, for the sheath helix surrounding an ideal dielectric coaxial 
rod. 

In a similar manner, replacing ©, ~ j o/ weg by €, in equations 2.70 - 
2.87, the field components, making use of equations 2.973 equations D.1 - D.18, the 
field components associated with the ideal dielectric rod configuration, are obtained! 
Taking the limit of each field component as the lossy rod conductivity approaches zero, 
the corresponding field component of the sheath helix surrounding an ideal dielectric 
coaxial rod is obtained. 

A brief digression will now be made to show that equations 2.70 - 2.87, 2.65, 
and 2.88, which comprise the free mode field solution for a sheath helix surrounding a 
lossy coaxial rod, can be related to the free mode field solution for a sheath helix 
surrounding an ideal dielectric coaxial rod, equations D.1 — D.20. This is done by making 
use of the concept of comp/ex re/ative permittivity. 

Equations 1.4 list Maxwell’s equations in a conducting region. It is convenient to 


rewrite the equation which takes the curlof H as 
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Gt ge tg WE Bit Ef. (2.98) 


ee te j o/we 0 is the comp/ex relative permittivity. Using the quantity 

Ey in place of the quantity yee > Maxwell’s equations in a conducting region can 
be transformed into the form of Maxwell’s equations suitable for an ideal dielectric (zero 
conductivity) region (18, pp. 27). This has the important meaning that replacing each 
occurrence of € ae in the equations associated with the free mode field solution for a 
sheath helix surrounding a lossy coaxial rod, with ©y° must result in the correct 
corresponding equation of the free mode field solution for a sheath helix surrounding an 


ideal dielectric coaxial rod. Of course, 


and so using the concept of complex relative permittivity makes it clear that in the limit as 
the lossy rod conductivity approaches zero, the two free mode field solutions must be 
the same. 

As a summary, taking the limit of the dispersion equation, the separation constant 
equation, and the field components, as the lossy rod conductivity approaches zero, yields 
the corresponding equation of the sheath helix surrounding an ideal dielectric coaxial rod. 
This latter mentioned configuration is studied in Appendix D and the analysis is conducted 

independently of that given in this chapter. In the limit as the lossy rod conductivity 
approaches zero, one expects from physical considerations that the free mode field 
solutions of the two configurations will be the same. This was indeed demonstrated to 
be the case. The limiting process has provided a means of checking on the accuracy of 


the free mode field solution for the sheath helix surrounding a lossy coaxial rod. 


i) ' 


tard 
j 


vat (Sty? Sci griau .. sin yi ery tat a its yay x BAGS Pre said # gH 
| m : (ti 


a d reat ol 
eee 


ne imiAy MALE, i acraethie pa a irae 3 2 llesyu ‘eA # ta. 


sax) ohtoglel imei 6 40? Sabie gcodtoune 2 ewe aM te et rat bor 
; pi 
28 yoidelaat teri gringen Ineioem ett agi eitT ANS 0 av) igs’ : 
+ noltulaa hel? seam Bent orf Ati beltionea® Get E une art a 4? 
: - - 
tVeIOS aah mm BUEAT 7eauM i WW .DbOo) BeExeoo yazol & Prog 
i an 
‘ kant al & aw , 
enibavo tue <itor diseda scoPnalwoe DiS) Sour ea) ited TQ MOGeUpS pPripy 


Po ae 
sowes i) 7 bei 


ats | 
an? 


REM WBS 1 SO Ndeny YT Yovlnic eaianiga Tp IanO at Om 6 


ea a) ofa aoe a ganas oagge vaio er i 220 


a poe 


) : : is ‘ J 7A) rakif. 5. tare Ic the oO TT qi! are sal v ined al 


ae 


NOS hoy yReel att 26 amanecenas lui eer 


of ldixacg siiéatots ieks an Gelterma dt ¥ilev) MRS Berto Nee e ae sot 
| os 

in Gove errs ‘, i Fai ra ai aol Thy! HORE Sierwat mien? 
“La? ico DO ‘i ant we FRO if otegatio at an nowy tart ve ¥ viet 
ae. 

cae 7 Uh mim Heri lee é2 ie Cuts Oi jo) Ss perenne FIGs ane a 
ét batrdenanneb beaini raw. ZiAT .omée orit dd Iw encitedtigiiog ows oF 
1D yao UhoS Gr 1 Baioars TO arisare & lms ary ae auaonng erin 
bor ii Soo yesoi im irae aii rata mth 49H 2 he 
tu ; " 


_ 


_ 


_ 


62 


2.2.3 Limit as the Lossy Rod Conductivity Approaches Infinity 

As a final limiting case, the conductivity of the lossy rod is made to approach 
infinity, with all geometrical variables, the operating frequency, and the value of fy°? 
held constant. The separation constant equation, equation 2.88, makes it clear that at 
least one of the wave number solutions must become infinite in this limit. Using some 
physical insight, it is anticipated that the fields within the rod-filled region will vanish but 
that nonzero fields will exist in the two air-filled regions. Therefore, it will be assumed 


that calculating the limit as the rod conductivity approaches infinity leads to the equality 
hya = Vi c/we, ka. (2.99) 


(A further discussion of this choice for h 14 will be given shortly.) Taking the limit as 
0 +00, it is clear from equation 2.99 that |h,|a becomes unbounded. 
Combining equations 2.88 and 2.99, it is evident that when the limit is calculated, the 


separation constant equation becomes 


(g'a)? = Gnyta)® eu kan (2.100) 


where lim hoa = hoa and lim Ba = @'a, 
o> Co o> © 


and the wave number magnitudes | h 2 ‘la and |g'|a_ are finite. 


For convenience, the dispersion equation, equation 2.65, is rewritten as 
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(1/(hya Iy(hb) K, (hob) CZeahO) 
(continued) 

+ (ex - Jj o/we) hoa I, (h,b) Kg (hob)))] 

1/[1,(hya) - K, (hoa) 


(hia Ty(hyb) I, (hob) - hoa IC hob) I,(h,b)) 


lr 
h,a Ig h,b Ky hob +t hoa I, h,b Ky hob 


Taking the limit of equation 2.101 as g +@O,_ using equation 2.99, and the large 


argument Bessel function representations, equations A.36 and A.37, one discovers that 


jaa (ka pe ban ¢ £ (ka ecovanyye as Ko (ho'a) Ky (ho 'b) 


o+CO hoa ho'a Ky(h,'b) Ky (ho ‘a) 
(T5(h,'a) Ky (ho 'b) - Iy(h,'b) Ky (hp 'a)) aes 


(1, (h,'a) K,(ho'b) - I,(h,'b) K,(ho'a)) 


Equations 2.102 and 2.100 are the same as equations C.14 and C.15, respectively! 
Equations 2.102 and 2.100 agree with the dispersion equation and the separation 
constant equation associated with the sheath helix surrounding a perfectly conducting 
coaxial rod. In the limit as the lossy rod conductivity becomes infinite, it has been 
demonstrated that the radial wave number associated with the air medium and the axial 
wave number become those of the sheath helix surrounding a perfectly conducting 


coaxial rod. Therefore, 
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SCO (continued) 


where ho a and g°a are the radial and axial wave numbers, respectively, for the 
perfectly conducting rod configuration. 

Calculating this same limit of each one of equations 2.70 - 2.87, the field 
components, making use of equations 2.99, 2.102, 2.103, and of equations A.36 - 
A.39, the large argument Bessel function representations, one finds that the 
corresponding equations of the set C.1 - C.13, the field components for the perfectly 
conducting rod configuration, result! Taking the limit as the rod conductivity becomes 
infinite, the lossy rod configuration field components become transformed into those 
associated with the sheath helix surrounding a perfectly conducting coaxial rod. 

A better understanding of the value chosen for h,a can be achieved by 


rewriting equation 2.99 as 


h,a = 45 o/ weg ka = /J o Uy 9 a. 


In an unbounded, source-free region characterized by the electrical properties Hg? 


Es and o>» auniformplane wave with e Y4 axial dependence has 


nave EOS crac tinles HG) Cadres) 


as the propagation wave number. (For example, see 41, pp. 321.) In a good conductor, it 
is true that o >> we and so it is clear that hy a = ya. Therefore, 
equation 2.99 represents the wave number solution associated with uniform plane wave 
propagation in a good conductor. 

In summary, taking the limit of the separation constant equation, the dispersion 
equation, and the field components, as the lossy rod conductivity approaches infinity, 
imposing equality 2.99, means that the corresponding equation of the sheath helix 
surrounding a perfectly conducting coaxial rod is obtained. The perfectly conducting rod 


configuration is discussed in Appendix C and the analysis is carried out independently of 


that given in this chapter. From physical considerations, the limiting behavior is expected. 
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It is a useful check on the accuracy of the free mode field solution associated with the 


sheath helix surrounding a lossy coaxial rod. 


2.3 Approximate Representations of the Dispersion Equation and Discussion of 
the Wave Numbers Solution 

The spatial dependence of the field components explicitly appears in the modified 
Bessel function arguments and the trigonometric function arguments according to 

h,a OOH TE hoa 20/55 andarean- z/a. In order to understand how 
the fields behave at different points in space, it is necessary to know the values of the 
two radial wave numbers and the axial wave number. Therefore, a study of the dispersion 
equation, equation 2.65, and the separation constant equation, equation 2.88, is well 
justified. It is highly desirable to obtain numerical values of the wave numbers solution 
using many different sets of the variables mentioned in equations 2.89 - 2.91. 

Equations 2.65 and 2.88 are two simultaneous, complex-valued, nonlinear 
equations involving the two complex-valued unknowns hy a and hoa . Many 
different iterative numerical methods are known which can be used to solve simultaneous 
nonlinear equations involving complex roots. Some examples of these are the 
Secant method, Newton’s method, and Muller’s method (42, pp. 74). The essential basis 
of these techniques is to initially guess at the roots and then use an iterative process so 
that the trial roots are always being modified. If the procedure works correctly, after a 
certain number of iterations, both the real and the imaginary parts of all the roots will 
converge within an acceptable error limitation to the values of the exact solutions. 

Unfortunately, the direct numerical solution of equations 2.65 and 2.88 is 
extremely difficult to accomplish. Equation 2.65 is a very lengthy, transcendental 
equation involving modified Bessel functions having complex-valued arguments. In order 
to begin the numerical solution, it is necessary to have a computer program which can 
evaluate these modified Bessel functions. The program should yield accurate results, and 
it must be efficient so that it can be executed very rapidly. A small execution time is 
important in order that the cost of operating the program does not become excessively 
high. Taking into consideration the degree of difficulty of the dispersion equation and the 


nature of Bessel functions having complex-valued arguments, it is expected that 
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regardiess of the iterative technique used, the convergence of the trial values h, a 
and hoa to their correct values will be extremely difficult to accomplish. This 
problem is a challenging one for the applied computer scientist. It will not be attempted 
here. 

Although the direct solution of the dispersion equation and the separation 
constant equation cannot be accomplished, much useful information concerning the 
behavior and the numerical values of the wave numbers solution can be obtained by 
making approximations to equation 2.65. This involves using the small and large argument 
Bessel function representations to approximate all the modified Bessel functions 
appearing in the dispersion equation. Two major classes of approximations will be 
considered. These are when "the /ossy rod is not a good conductor" and when “the /ossy 
rod is a good conductor”. (The meanings of the expressions in quotation marks are later 
discussed in parts 2.3.1 and 2.3.2.) For these two classes of approximations, both the 
three region (b < a) andthetworegion (b= a) sheath helix surrounding a lossy 
coaxial rod configurations are considered. (The free mode field solution associated with 
the two region configuration can be obtained by calculating the limitas b + a of 
equation 2.65, the dispersion equation, and of equations 2.70 — 2.75 and 2.82 —- 2.87, 
the field components. Equation 2.88, the separation constant equation, is the same for 
both the two and three region configurations.) 

The three region configuration free mode field solution for the sheath helix 
surrounding a lossy coaxial rod, which consists of equations 2.65 and 2.70 — 2.88, is 
actually valid for all sheath helix pitch angles in the range 0 < y < 90.0°. 
However, aS was previously discussed in part 1.3.2, in order that this angularly 
independent free mode field solution resembles as closely as possible the solution 
associated with a physical helix, it is best to consider a relatively tightly wound sheath 
helix. Throughout the remainder of the chapter it will usually be assumed that the pitch 
angle is restricted to 0 < yp < 10.0°. 

The discussion and the equations derived in section 2.3 will later be used in 
section 2.4 to make graphs of the radial dependence associated with the electric and 
magnetic field component magnitudes. In addition, the information presented in 


section 2.3 will later be used in sections 3.2 and 3.3 to investigate the power dissipation 
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which occurs within the lossy coaxial rod. 


7 as fy Solution of the Wave Numbers When "The Lossy Rod is Not a Good 


Conductor” 


2.3.1.1 Small Argument Representation 

The approximation of the dispersion equation, equation 2.65, which is valid when 
the Bessel function arguments are small in magnitude for the case when "the lossy rod is 
not a good conductor” will now be investigated. /t w/// be assumed that the operating 
frequency, the sheath helix geometry, the lossy rod geometry, and the electrical 
properties of the lossy rod material are such that the magnitudes of the two radial 


wave numbers satisfy the inequalities 


|h,]a < 0.10 and [gla @ O10: (2.104) 


Making use of the separation constant equation, equation 2.88, it is apparent that the 


two /nequalities listed in 2.104 at least require that 


Ve, ka < 10 +1-0-sand o/weg Keaacen 0! 1.0), (2.105) 


The restrictions imposed in 2.104 and 2.105 serve to define what is meant by 
the expression "the lossy rod is not a good conductor" as it is used in sub-part 2.3.1.1 
for both the two and three region sheath helix surrounding a lossy coaxial rod 
configurations. However, it is apparent that the rod conductivity may actually be quite 
large if the operating frequency is such that the radius of the sheath helix is very small 
compared to the free space wave length. Thus, the solution to the wave numbers which 
will be derived is not necessarily restricted to low loss dielectric materials but may be 
applied to situations where the loss tangent (og/we = o/wege yp) of the rod 


material is considerably greater than unity. 
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Table A.1 shows that for a real positive argument x, the small argument Bessel 
function approximations, equations A.26 — A.29, only have a small error associated with 
them for x < 0.10. Therefore, when the inequalities listed in 2.104 are satisfied, 
one is well justified in using equations A.26 - A.29 to approximate the Bessel functions 
appearing in equation 2.65. (The single exception is that equations A.30 and A.31 must 


be used to approximate the quantity 
hya (hb) LclcR ee eed tlip a lnuo ed 


because the other small argument Bessel function approximations are not sufficiently 
accurate.) Making these approximations, performing a relatively large amount of algebra, 


and carefully simplifying by eliminating less significant terms, yields 
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Equation 2.106 is the smal/ argument approximation of the dispersion equation, 
for the case when "the lossy rod is not a good conductor”. \t is valid for both the two 
and three region sheath helix surrounding a lossy coaxial rod configurations. (The correct 
form for the two region configuration is obtained by calculating j jm b > BE Cale 
equation 2.106.) Note that the radial wave number h,a does not appear in this 
equation. Of course, the small argument approximate values of hy a and Ba _ canbe 
obtained when the small argument value of hoa is known, by using equation 2.88, the 
separation constant equation. (It was previously mentioned in part 2.1.2 that the algebraic 


signs of the three wave numbers are chosen so that their real parts are positive.) 
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Taking the limit of equation 2.106 as b + a , keeping in mind equation 2.88, 
yields the same small argument dispersion equation approximation and the same 
separation constant equation as that obtained by Chute et al. (25). (The results of this 
reference have been modified so that they refer to a lossy nonmagnetic rod filling the 
sheath helix interior region with air filling the exterior region.) This result is expected and 
it provides a useful check on the accuracy of equation 2.106. In addition, calculating the 
limit as g > ae of equation 2.106 and performing a small amount of algebra yields 
equation D.48. As expected, in the limit as the lossy rod conductivity approaches zero, 
equation 2.106 reduces to the small argument approximation of the dispersion equation 
associated with the sheath helix surrounding an ideal dielectric (zero conductivity) coaxial 
rod. Once again, this result provides a useful check on the accuracy of equation 2.106. 


In order to numerically solve equation 2.106 to obtain h the equation is 


ae 
separated into real and imaginary parts and then these are respectively equated. Two 


real-valued nonlinear equations involving the two real-valued unknowns h and 


h 


2r% 
24 a are thus obtained. These two equations are 


(ka cotany)* [2 - (b/a)* 109(0.891 b/a x,) 


Z 2 Oo 
Doyen Aoqn) 7 ¢ weg *er X03) 
2 Pe REO. ca c 
+ (b/a) Om (2 ete Xo 3 DEG (X5, Xo 3 ye] me (2ere O72) 
De ie rn =) og (01891) xan 
a a er 2j m 


[2 - (b/a)* log(b/a) Wes Coes - oe + 2 sap Xo v X93) ] 


e} 


- 2 (b/a)* 1og(b/a) (2 €p Xop X2j - Geo (Far 


2 2 
[e,, (X5, wo ) a2 fe Xon oO 10g(0.891 Xa) J 5) 


and 


aio eon, A eho pr ste 
et gout bos migaganinon eae! © Gt ole nd a 
re Devan etetivest ent api TohRINe @ ee an ioe, 
en) @inwiies wipe ot Bot oS viciiauen TO a ms et 7 
eciary evdetie Yo rete facta Ss griene hee ore aors rotaana to 
Loves: seraarags. yi vitnlinnos oy yee gett as tere act + traamqqne 2A 5 
sotune rorreqih ent To cohen Gs 1 worry aE a ae weouhe 
eevmaley®d (ydoyltiady ines eve) coy tenets! lead? Om agen nytt sittin toa 
Ur 2 moleut te goede. ie ria Noaets fi lame © soiree, eae eee i 
en eT r Biel ‘jain. 4 san cohens AS 
ow. Defines yvlevliionags) tab ewe, cit Sih eet yates brn, tea ond 0 
or Cont snwonafel S< can ow! oe) GIDOWTh oOReue Tapetinat 2 
| £13 * subs Cwt Get) spaiwige eu om 


zt a jet 4 


_ 


| =9 .% > 
a we : es”. 4g*? 43). 


( hey: ALO ak = ~¥)) ‘FY GF we $) a” Seskehe 
fh Fh | ee - 
a 
<6 Sis eu 
L(s [@820}o08s ("gare Sekt Soe Gate oe ss , _ 
‘i ee 
at ase tte 2 are ee 
‘t.. 93 Ga ES" 1s ee — a - 


ee ie ae re Caen “ove 
vty 16 Atul 5 wn 8 Pat 


ee 


70 


(b/a)? (ka cotany)¢ [e., tee CS ~ X03 


Oo 2 2 
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[2 - (b/a)* log(b/a) Sp (xe as - pg) + 2 a Xo X93) J 
+ (b/a)* log(b/a) (2 ee oresoae oc = Ce - ei) 


le? Xon X03 sy (Xo, - X03 1og(0.891 dba 


The notation which is used in equations 2.107 and 2.108 is now defined. 


Keo lixesmuachied XDRo Same - Kee = Ahi, _ aie Re[hoa], 


ho sa Im[h,a], X= Xe eX ame 9) atic 


et 
: tan (Xo 5/Xop) 


In order to solve equations 2.107 and 2.108 for * 9, and a4 >» it is 
necessary to specify the variable set ka cotany, b/a, Ep: o/ weg and to 
make an initial guess of Xo and X»5 a An iterative procedure is then followed. 
The author made use of the IMSL (43) software program ZSCNT to numerically solve the 
two equations. In order that reasonably high accuracy would be obtained, the program 
was run using extended precision arithmetic and a large number of iterations were 


specified in the IMSL program. As a final check on the accuracy of the answer, the 
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solution hea was used to evaluate both sides of equation 2.106. It was ensured that 
the agreement for both the real parts and the imaginary parts was correct to at least 
three figure accuracy. 

In the four graphs included in sub-part 2.3.1.1 which will shortly be discussed, 
based on the solution to equations 2.107 and 2.108, and in many other graphs based on 
the solution of these two equations that were prepared but which are not included in the 
thesis, it was always found that No ,a > 0 and Nos a < 0. As was previously 
mentioned in part 2.1.1, the real part of hoa must be positive in order that the fields 
satisfy the condition of regularity at infinity for r +0. In addition, when 
calculating the numerical solution of equations 2.107 and 2.108, it was discovered that 


the expression 


(Ka cotanyy? © -2 10g(0.891 hoa) (2.109) 
2r4 
is a good approximate relation for the purpose of evaluating No pa: This 


approximation follows from equation 2.106, when further restrictions to those 
mentioned in inequalities 2.105 are placed on the values of ©, and o/ we - These 


restrictions are 


hab|* 
? : 
[rer - j o/weg| flog( by aja << Iaeerand 
: (2.110) 
h,b 
ee ee: o/weg| Maa | 1og(0. 891 hob) | <<a 


Clearly, equation 2.109 shows that hoa is approximately dependent only on 
the variable ka cotany. Since equations 2.109, D.49, and B.21 are the same, the 
small argument value of ho pa is similar to the small argument value of the 


approximate (real) radial wave number associated with the sheath helix surrounding an 


> 


fowsreranits web itive Miwy,Hnirtne A BIS 
we heenanintt hee teat ite BOT AS 

art pe opiodarth tov ae heey turd herdgane, ewer 
viewwnrang Ge GA 0 > Big tne is Suef 4 | Te 
scsi ore rat Seetg.¢w auitiaog ad fay tefl so Roce a 
aetve \nditioke ak pe gh A ae vara 
jot huerwotels anve  ADLS Soe NOt] cooeapen ae ole 


‘Q07T.3 cr a eeu sare  Spenaies ef) 
> +$ 


, 
ae 
ul 8 ot Gein fo meinqpeg ec 7S) Ge RineRogge Rie 


Y of groirtve: jecitwl retin 0°.> sie GIO aywonot Aen 
aaws\ = 5 i be 4  eiev ao cy oe et BOIS settaupent z 


i g. ‘ 2 | 
is of ae ate eigen He [giao tos 
§ 7 

> [iden sas ta t- gal 


re vine Wetec yintaingsaar a #9 f aniline’ 
altapbatenhietie sassy > «5h panne 
wt Ve ace ieeny th sahialiaiinedianainds 


(Ot fF 


ee a i4y | 


ie 


ideal dielectric coaxial rod, and it is similar to the small argument value of the (real) radial 
wave number associated with the empty sheath helix. 
In the following four graphs, [ho | a << hoa was found to be true, 
especially for very small ka cotany values. Since | No; | a is much smaller than 
No nay it was decided to graph the quantity hoa directly as a function of the 
variables ka cotany, b/a, e as and o/we 9° rather than plotting the 
quantity ka cotany/h,a. This latter technique was used in Appendices B, C, D 
and it was convenient when the range of values that the radial wave number assumed was 
not very large. 
As a final remark before the graphs are specifically discussed, it will be 
mentioned that a data table was prepared showing the numerical values of the wave 
numbers solution hy a; hoa » and ga, associated with each one of the graphs. 


This table made it clear that the approximations hy,a ae Noa and h,.a = 


13 
h 2 | a are usually greatly in error. It was obvious that it is not correct to equate the two 
radial wave numbers. Therefore, the approximate solution discussed at the end of 


part 2.1.2 is certainly not valid. 


The following four graphs present numerical values of the solution hoa 
ho pa canal No 5a» based on equations 2.107 and 2.108. All the graphs have 
ka cotany as the abscissa. X5,, = ho,a and co a “Np 3a are used 
as the ordinate. Each specific curve shown on any one of the graphs is associated with 
one specific set of the variables b/a, Ep? and o/ weg: When hoa is 
known, the corresponding small argument values of /h 12 and 8a are calculated by 
noting the pitch angle of the sheath helix and by using the separation constant equation, 
equation 2.88. 
Figure 2.2 is a graph of hoa versus ka cotany for ¢, = 10.0, 
o/weg = 10.0, 1.00x10°* < ka cotany < 0.10, and with several 
different values of b/a. More specifically, b/a = 1.00, 0.900, 0.500, and 0.100 are 
used. Clearly, varying the value of b/a has no significant effect on the value of 
h. y2- This behavior is expected from equation 2.109, which shows that h, fl is 


approximately only dependent on the value of ka cotany. However, the value of 


b/a does have a great effect on the value of fh Y jie As b/a_ decreases, 
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AUGUKe e2..2 Small argument approximate solution for hoa 


based on equation 2.106 (the lossy rod is not a good 
conductor). e,7 10.0; o/we=10.03 b/a=1.00, 0..900- 0.5007 


0.100; and 1.00x107*<ka cotany<0.100 are used. hy a and -h 3a 
are actually shown. (Note X2=ho ,atjhs sas X2R=ho a, X2J=ho 5a, 
KA COTANP=KTACP=ka cotany, B/A=b/a, ERI=e, 5 and ER2=o/weg-. 
XRB1.0 means the curve represents ho ,a for b/a=1.00> =XJB-10 
means the curve represents whoa for b/a=0.100.) 
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| No; | a becomes smaller. Once again, this behavior is expected. In the limit as the 
lossy rod radius approaches zero, it was previously shown in part 2.2.1 that the radial 
and axial wave numbers solution become the (real) respective radial and axial wave 
numbers associated with the empty sheath helix. This means that in this limit, No; = 
Q is required. 
Figure 2.3 is a similar type of graph as Figure 2.2, with the same values of 
ka cotany and b/a. The two graphs are different because Figure 2.3 has much 
3 


larger values of € and o/weg. Sx o/ Weg SO Kare is used. 


G y 
ho,a is, to a good approximation, the same as for Figure 2.2. However, No; a is 
quite different. For any value of the pair b/a and ka cotany, Iho 5| a is much 
larger compared to its corresponding value in Figure 2.2. 
Figure 2.4 uses the values b/a = 0.900, o/we os 100s) ae and 
different values of ©, and ka cotanp. More specifically, 
eo Or 100x100 10.0 TAO ends) .OOx1077 = 
ka cotanw < 0.10 are shown. It is obvious that the value of the relative 
permittivity has an insignificant effect on the wave number solution h 2 a, except near 
ka cotany = 0.1 0, when €,. is large. The curves corresponding to all four 
different values of ©,» associated with hn 2 r? and with —- No; a, are ontop of 
each other over nearly the entire range of the ka cotany values shown. 
The final graph included in sub-part 2.3.1.1 is Figure 2.5. It was prepared using 
b/a=0.900, €, = 10.0, and various values of o/ WE and ka cotanvw. 


More specifically, hoa is evaluated for o/ wep = 1.00x10%, 1.00x10°, 


10.0, 1.00x107¢ and 1.00x1074 <ika cotan we 0010): Varying 


the value of d/ weg has a negligible effect on the value of ho pa: However, 
increasing this variable means that the value of Iho | a definitely becomes larger. 
From physical considerations, one expects that the value of a/ WE will have a great 
effect on the value of the imaginary part of hoa because No | a results from the 
fact that the rod material has a nonzero conductivity. (When the conductivity of the lossy 
rod approaches zero as a limit, it was demonstrated in part 2.2.2 that the free mode field 
solution associated with a sheath helix surrounding a lossy coaxial rod reduces to the 


free mode field solution associated with a sheath helix surrounding an ideal dielectric 
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Figure 2.3 Small argument approximate solution for hoa 


based on equation 2.106 (the lossy rod is not a good 
conductor). e/=1.00x10°3 o/weg=1.00x10"3 b/a=1.00, 0.900, 
0.500, 0.100; and 1.00x10°*<ka cotany<0.100 are used. hy a 
and “hy sa are actually shown. (Note X2=hy ,atjhy jas X2R=ho as 
X2d=ho 5a; KA COTANP=KTACP=ka cotany, B/A=b/a, ERI=e%% and 
ER2=o/wep- XRB1.0 means the curve represents hoa for b/a=1.00. 
-XJB.10 means the curve represents ana 48 for b/a=0.100.) 
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Figure 2.4 Small argument approximate solution for hoa 
based on equation 2.106 (the lossy rod is not a good 
conductor). b/a=0.900; c/wep=1.00x10°s e,=1.10, 10.0, 1.00x10°, 
1.00x10°; and 1.00x10°*<ka cotany<0.100 are used. hy a and 
“hy 3a are actually shown. (Note X2=hy ,atjho ja; X2R=hy a, X2d 
=No 5a» KA COTANP=KTACP=ka cotany, B/A=b/a, ERI=e,; and ER2 
-o/weg- XRERE3 means the curve represents ho,a for e,=1.00x10 
-XJER1.1 means the curve represents “ho 5a for eprhelOa) 
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Figure 2.5 Small argument approximate solution for hoa 


based on equation 2.106 (the lossy rod is not a good 
conductor). b/a=0.9003 ¢,=10.0 o/weg=1-00x10"*, 10.0, 


1.00x10°, 1.00x10%; and 1.00x107*<ka cotany<0.100 are used. 
ho pa and “ho 5a are actually shown. (Note X2=ho ,atjha ja, 
X2R=h as X2J=ho sa, KA COTANP=KTACP=ka cotany, B/A=b/a, 
ERI=e,5 and ER2=c/wep- XRERE3 means the curve represents 

ho pa iene o/weg=1-00x10%. -XJERE-2 means the curve represents 


~hy ja for o/we = 1-00x10~*.) 
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coaxial rod. In part D.2.1, it is mentioned that it is believed that only real-valued wave 
numbers are acceptable for the free mode field solution associated with a sheath helix 


surrounding an ideal dielectric coaxial rod.) 


2.3.1.2 Large Argument Representation 

The large argument representations of the dispersion equation for the case when 
“the lossy rod is not a good conductor” associated with both the two and three region 
configurations will be considered in sub-part 2.3.1.2. First, the representation associated 
with the three region sheath helix surrounding a lossy coaxial rod configuration will be 
investigated. /t wi// be assumed that the operating frequency, the sheath helix 
geometry, the lossy rod geometry, and the lossy rod material electrical properties are 


such that the two radia/ wave numbers satisfy the inequalities 


eee women fee ee andehova se (ieb/a) = 1.) (21) 


An equivalent statement of the preceding inequalities is 


KamCOL aN Upcerby a. i> ale pakamcotany: -.(1=b/a) > 1; 


ane ist ec, = cotan’y, then /o/we, Kae. Dial =. nir: 


G2ratiicy) 


(The explanation for imposing the requirements given in 2.111 and 2.112 will be 
provided shortly.) 

/negualities 2.111 or 2.112 define what is meant by the expression "the lossy 
rod is not a good conductor” as it is used in sub-part 2.3.1.2 for the three region 
configuration. \t should be made clear that these inequalities do not place an upper limit 
on the values of ©) and o/ WEY: However, the case where the lossy rod 
conductivity becomes sufficiently large so that “the lossy rod is a good conductor” will 


be considered separately in sub-part 2.3.2.2. For the purposes of the following 


discussion, the conductivity is only assumed to be sufficiently large so that 
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inequalities 2.112 are satisfied. Indeed, provided that the variable ka cotany is 
sufficiently large and provided that « . and COotan oy are not approximately equal, 
the conductivity of the lossy rod is allowed to be arbitrarily small. 
When their arguments are large, the Bessel functions can be approximated by the 
asymptotic representations listed in equations A.36 — A.39. For real positive arguments 
x, Table A.2 shows that the error is relatively small if the Bessel functions are 
approximated by keeping only the first term of equations A.36 - A.39 (the so-called 
zero order /arge argument representations) provided that x > |]. Therefore, when 
| hy | b and | ho | Db are both greater than unity, as stipulated in inequalities 2.111, 
justification is provided for using the zero order large argument representations to 
approximate all the Bessel functions appearing in equation 2.65, the dispersion equation. 


For convenience, equation 2.65 is rewritten in the following manner. 


(ka cotanyy2 ¥ I) (hoa) Ky (hoa) on Ky (hoa) ; 
rag T,(ha) Ky (ha) 1)( boa) 


dnser Ipguimay deste 
Sere i d/we ny Noe Tj(hob) 1,(h,b)) - (62 e193!) 
1/(hya I)(h,b) K, (hob) 
+ (e, - J o/weg) hoa 14(hyb) Kq(hyb))] 

Ky(h ayn a I) (h,b) 1, (hob) - hoa I) (hob) I, (h,b)) 


2 ] 


V0 = qe ee 


I, (h,a) (hia I)(h,b) K, (hob) + hoa 1, (h,b) Kg (hob) ) 


Substituting the zero order large argument Bessel function representations into 


equation 2.113 and performing a small amount of algebra yields 
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(ka cotany,2 ~Y 


hoa 


Coa leA) 


ao =F hoa (1-b/a) Cha Oem en mig maSE ONS 


(hya + (ey - j o/we,)h,a) 
ae eee aealiree 
(hia “ hoa) 


Equation 2.114 is the large argument approximation of the dispersion equation 
when “the lossy rod is not a good conductor’. An attempt was made to obtain numerical 
solutions for both hy a and hoa based on equations 2.114 and 2.88. Separately 
equating respectively the real and imaginary parts of these two equations, four real— 
valued equations involving the four real-valued unknowns hy re » h lj a; Noa ’ 
and ho j a were obtained. The IMSL (43) software program ZSCNT was used in the 
attempt to solve these equations. Unfortunately, the two equations associated with the 
real and imaginary parts of equation 2.114 are very lengthy and complicated. 
Considerable difficulty was encountered in getting the trial solution of the four unknowns 
to converge to the correct solution. The author failed in his attempt to numerically solve 
equations 2.114 and 2.88. 

Even though a numerical solution of hy a and hoa could not be achieved, 
expressions for the wave numbers solution can be obtained by making approximations to 
equation 2.114. As stipulated in inequalities 2.111, it will now be assumed that the value 
of ho pa is sufficiently large, taking into account the value of b/a, so that 


ho,a * (1-b/a) > 1 __ is true. This means that 
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Using these relations, equation 2.114 can be simplified to show that 


hoa = ka cotany and Ihogla << ka cotany. (perl aot) 


Combining these expressions for hoa with the separation constant equation, 
equation 2.88, values for hy ad and 68a _ can be obtained. (It has been assumed that 
the sheath helix is sufficiently tightly wound so that cotany = aly This will 


certainly be true if the pitch angle satisfies 0 < y < 10.0°.) 


aya Ba = ka cotany, 


[ho sla = |e,la << ka cotany, and aaa ley), 
h,a ka \/(cotan 24 - a) =P al o/ weg , 


Equations 2.116 are the approximate /arge argument wave numbers so/ution 


2 


associated with the three region configuration, when "the lossy rod is not a good 
conductor.” \nequalities 2.112, which list the requirements necessary so that this 
approximate wave numbers solution is valid, can be obtained from inequalities 2.111 by 
making use of approximations 2.116. Note that, in agreement with the discussion 
previously presented in part 2.1.2, the real parts of the three wave numbers listed 
in 2.116 are positive. In addition, the approximation for ho a is the same as that 
stated in equation B.20. Therefore, if the requirements listed in 2.112 are satisfied, the 
large argument approximation for hoa is the same as the large argument 
approximation of the (real) radial wave number associated with the empty sheath helix. 
hya, ho pas and 8,2 are explicitly given in 2.116 in terms of the 
operating frequency, the sheath helix geometry, and the lossy rod material electrical 
properties. Unfortunately, an explicit solution for h j a = 8 j a cannot be obtained. 
It is the fact that the conductivity of the lossy rod is nonzero which accounts for the 


presence of the imaginary part of the wave numbers solution. Making use of 
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approximations 2.115, it is seen from equation 2.114 that the magnitude of the term 


containing the lossy rod conductivity, 


PecekceCOLanwcl-b/a) (hia - ( Sacro o/weg) ka cotany) 


ee eee 


(hja - (er - j o/ weg) ka cotanp) ; 


will rapidly become small compared to unity in an exponential fashion as the value of 
ka cotanw increases. Therefore, as ka cotany becomes large, equation 


2.114 shows that | ho ; la og | 8 |a will rapidly become small. 
Attention is now directed towards deriving the approximate large argument wave 


numbers solution which is valid for the two region configuration. This can be obtained by 


substituting b =a into equation 2.114. Assuming that h 12 = h 2° , 


Cr) - j o/we 


ka cotany (Ze ote lgza) 
Z 


is obtained. Equation 2.117 can easily be shown to satisfy the inequalities given in 2.93, 
assuming that the sheath helix is sufficiently tightly wound so that cotan Bs, Seal 

occurs. (This is always true for O < » < 10.0°.) For this special case, the 
approximations h oe hoa = ga are well justified. (This supports the 
approximation hy ae hoa which was used in the derivation of equation 2.117.) 


Therefore, it follows from equation 2.117 that 


+1) - j o/we 
reais dea ea ka cotany, (2.118) 
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Equations 2.118 are the approximate /arge argument wave numbers solution 
associated with the two region configuration, "when the lossy rod is not a good 
conductor”. These equations are very convenient because both the real and the imaginary 
parts of the three wave numbers are explicitly expressed in terms of the operating 
frequency, the sheath helix geometry, and the electrical properties of the lossy rod 
material. Note that hy raul eg 0, Noa > 0, = and Bde QO occurs, which 
are the correct values of the real parts of the wave numbers, as was previously 
discussed in part 2.1.2. As well, Nos a < Q_ is true and so this quantity has the same 
algebraic sign as it did for the small argument solution which was previously discussed in 
sub-part 2.3.1.1. 

Taking the limit of equations 2.118 as g > oF yields equation D.54. In the 
limit as the conductivity of the lossy rod approaches zero, the wave numbers solution 
given in equations 2.118 reduces to the two region approximate large argument solution 
of the (real) wave number associated with the sheath helix surrounding an ideal dielectric 
coaxial rod. This result is expected and it provides a check on the accuracy of 
equations 2.118. 

Equation 2.114 was used in the derivation of equations 2.118. In order that 
equation 2.114 with b=a_ is justified as an approximation of the dispersion equation, 
it is necessary that [hy fa > and [h, |a > 1. Furthermore, in order to 
obtain equations 2.118 from equation 2.117, it was assumed that the sheath helix is 
sufficiently tightly wound so that cotan be, >> 7. Making use of equations 2.118, 


it is possible to express the three preceding inequalities as 
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The requirements listed in 2.119 define what is meant by the expression "the 
lossy rod is not a good conductor" as it applies to the two region configuration large 
argument case. |f these requirements are satisfied, the approximate wave numbers 
solution given in equations 2.118 is justified. Note that no upper limit is placed on the 
values of €, and o/weg- If the value of ka cotany _ satisfies 

ka cotany > 1 and if the pitch angle is sufficiently small so that cotan“y >> 


]_ is true, either ee o/ weg or o/ weg 77 €,) is allowed. 


2.3.2 Solution of the Wave Numbers When "The Lossy Rod is a Good Conductor” 


2.3.2.1 Small Argument Representation 

Attention is now directed to the approximation of the dispersion equation which 
is valid when the Bessel function arguments are either small or large in magnitude, for the 
case when “the lossy rod is a good conductor”. Both the two and three region sheath 
helix surrounding a lossy coaxial rod configurations will be considered. The three region 
configuration will be examined first. /t w/// be assumed that the operating frequency, 
the sheath helix geometry, the lossy rod geometry, and the electrical properties of the 


lossy rod material are such that the inequalities 


o/weg goes h,a = j o/ weg ka, 


Jn, |b Soucy kbp> glemmends uN )2e<90..210 


(Goran 


are satisfied. 

The restrictions imposed in 2.120 serve to define what is meant by the 
expression "the lossy rod is a good conductor” as it is used in sub-part 2.3.2.1 for the 
three region sheath helix surrounding a lossy coaxial rod configuration. Note that the 
value selected for the radial wave number hy a is the same as that demonstrated 
previously in part 2.2.3 to be the appropriate value as the lossy rod conductivity tends to 


infinity. It follows from this choice that equation 2.88, the separation constant equation, 
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approximately becomes 


(ga)° = (ha)? + (ka)@. (2.121) 


For convenience, equation 2.65, the dispersion equation, is written in the manner 
given by equation 2.101. Since | ho | a < 0.10 is required from 2.120, little error is 
involved with using the small argument Bessel function representations, equations A.26 - 
A.29, to approximate all the functions of argument hoa and hoa * b/a_ which 
appear in equation 2.101. Furthermore, since | hy | b > 1] is required from 2.120, 
relatively little error is involved in using the zero order large argument Bessel function 
representations, which consist of just the first term of equations A.36 - A.39, to 
approximate all the functions of argument hy a and hy a - b/a appearing in 
equation 2.101. Making these substitutions, employing the requirement o/ wey de 

“r listed in 2.120, performing some algebra, and carefully simplifying by eliminating the 


less significant terms, yields 


& ee ee ae 


hoa [ i o/ue, ka Ce bia) © te by all 


1og(0.891 ha) 


ka cotany , -2 vA o/weg ka log(b/a) 
a) 


EAA) 


1og(0.891 hab) 


Equation 2.122 is the smal/ argument approximation of the dispersion equation 
associated with the three region configuration, when "the lossy rod is a good 
conductor”. \t is justified when the requirements listed in 2.120 are satisfied. Taking the 
limit of equation 2.122 as go +O gives the same result as equation C.21. As 


expected, in the limit as the lossy rod conductivity tends to infinity, equation Pan PP: 
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becomes the same as the accurate small argument approximation of the dispersion 
equation associated with the three region sheath helix surrounding a perfectly conducting 
coaxial rod configuration. This limiting result provides support for the accuracy of 
equation 2.122. 

Equation 2.122 is numerically solved to obtain hoa using a similar procedure 
to that employed previously to solve equation 2.106. Separately equating respectively 
the real and imaginary parts of equation 2.122 gives two real-valued equations involving 


the two real-valued unknowns _ h 9 ra and h 2] a. These are 


(ka cotany)* - [log(0.891 b/a xo 


((1-(b/a)*) ka s[2uey + 2 b/a) 


- 6. ebay) oka o72ue, ] (2.123) 
+ 2 ka [o/2ue, log(b/a) 
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heres sc) g (0.801. xe). 2) 


- 2 Xon X03 (1og(0.891 x) + ore = 0) 
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) - 6.) 


[2 Xon X05 (1og(0.891 oe . 


(2.124) 


conti 
OCCUR Son meee Cn) i| ane On, ( nued) 


The notation used in equations 2.123 and 2.124 is now defined. 


XOr : No pas Rs “No 3a, Xin =|ho|a m Xor + ae ’ 


The IMSL (43) software program ZSCNT was used to solve equations 2.123 and 
2.124 for the small argument approximate value of he a. In order to obtain Nh 94 » 
it is necessary to specify the variable set ka cotany, b/a, o/Wegs and 

y. It was always ensured that the variables satisfied the requirements listed in 
equations 2.120. 

Two graphs of the solution to equations 2.123 and 2.124 have been prepared. It 
was always found that Noa >a and No; Om Te As was previously 
discussed in part 2.1.1, Rel hoa] > 0 is necessary in order that the fields satisfy 
the condition of regularity at infinity for r + GO. ho ra and -h 23 a have been 
plotted on the graphs. The corresponding approximate small argument value of fa _ is 
calculated when hoa is known by using equation 2.121. Of course, the approximate 
value of hy a is given in 2.120. 


For both of the graphs presented in sub-part 2.3.2.1 it was discovered that the 


real part of ho a is approximately given by 


(ka cotany)2 -2 log(b/a) (2.125) 


Nora (1-(b/a)*) 


Clearly, equation 2.125 shows that Noya is approximately dependent only on the 


variables ka cotany and b/a. This equation is the same as equation C.24, which 
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is the crude small argument approximation of the dispersion equation associated with the 


sheath helix surrounding a perfectly conducting coaxial rod. 


Figure 2.6 plots hoa versus ka cotanw for 1.00x107* < 


ka cotany < 0.10, ¥y 10.0°, and various values of b/a_ and 
o/ weg: More specifically, b/a = 0.100, 0.900; and o/ wep = OUI g!4 
and 1.00x1 920 are used. (Note that the restriction Vo/weg Kab / aaa 
mentioned in 2.120 means that «/ WEG must be very large.) The values of b/a and 
o/ weg are seen to have a great effect on “No; a. For a fixed value of b/a 
increasing o/ weg tends to decrease |h 2 j |a. This behavior is expected because 
it was previously shown that in the limit as o/weg approaches infinity, ee a 0 
results. (In part 2.2.3 it was demonstrated that taking the limit as the lossy rod 
conductivity approaches infinity, the free mode field solution becomes that of a sheath 
helix surrounding a perfectly conducting coaxial rod. As mentioned in section C.2, it is 
believed that only real-valued wave numbers are permissible for the free mode field 
solution associated with the perfectly conducting rod configuration.) 
Figure 2.7 is a graph of hoa versus ka cotany for ] "0010 ~ p 

ka cotany < 0.10, b/a=0.900, and y = 10.0°. Many different values 
of a/ Weg are used. These are o/ weg =" 14.00%] 08, ] 00x10! uP 
1.00x10!4 > and 1.00x10°9. Clearly, increasing the value of o/weg tends to 


make | hy ; | a smaller. 


Attention is now directed towards deriving the small argument approximation of 
the dispersion equation which is valid for the two region configuration, when “the lossy 
rod is a good conductor”. /t is assumed that the requirements listed in 2.120 are 
satisfied with b= a. This defines what is meant by the expression "the lossy rod is 
a good conductor" as it applies to the two region configuration, small argument case. 

A similar procedure to that performed at the beginning of sub-part 2.3.2.1 was 
carried out in order to derive the two region small argument approximation of the 
dispersion equation. However, a more detailed examination showed that this 
approximation is actually not valid. The small argument Bessel function 


representations, equations A.26 - A.29, were used to approximate all functions of 
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Figure 2.6 Small argument approximate solution for hoa 


based on equation 2.122 (the lossy rod is a good conductor). 
b/a=0.900, 0.100; ¥=10.0° o/we,=1.00x10'*, 1.00x10°°; and 
1.00x10°*<ka cotany<0.100 are used. hy a and “ho 3a are 
actually shown. (Note X2=ho ,atjhy sas X2R=ho a, X2J=hy sa, 

KA COTANP=KTACP=ka cotanv, B/A=b/a, and ER2=o/wey. RB.1E20 
means the curve represents ho ,a for b/a=0.100 and o/ wey 
=1.00x1029, -JB.9E14 means the curve represents “hy 3a for 


b/a=0.900 and o/we =1.00x10'*.) 
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miaqure 2.77 Small argument approximate solution for hoa 
based on equation 2.122 (the lossy rod is a good conductor). 
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argument hoa in the two region form of the angular and axial magnetic field 
components, which were obtained by calculating Jim b > a of equations 2.74, 
2.75, 2.86, and 2.87. Similarly, the zero order large argument Bessel function 
representations, which consist of just the first term of equations A.36 - A.39, were 
used to approximate all functions of argument h,a appearing in the previously 
mentioned magnetic field components. Making use of the requirements listed in 2.120, it 
was discovered that these approximate magnetic field components did not satisfy the 
boundary condition at the sheath helix surface given by equation 1.9. This means that the 
two region configuration smal! argument case when "the lossy rod is a good conductor” 
approximate wave numbers solution because it is actually meaningless —- the field 
components associated with these wave numbers do not satisfy all the required 


boundary conditions and therefore they are rejected as an incorrect solution. 


2.3.2.2 Large Argument Representation 

To conclude section 2.3, the large argument representations of the dispersion 
equation for the case when “the lossy rod is a good conductor” associated with both the 
two and three region configurations will be considered. The three region sheath helix 
surrounding a lossy coaxial rod configuration will be considered first. /t w/// be 
assumed that the operating frequency, the sheath helix geometry, the lossy rod 


geometry, and the lossy rod material electrical properties are such that 


o/ weg 2? Ep? h,a = 5 o/ weg Kia Jh,|b zz is 
Zhe 


[hola = fo/ueg ka >> |ho|a, and hy a + (1-b/a) > 1. 


(Note that equation 2.88, the separation constant equation, demonstrates that 
fh, [a >> [h, Ja is required in order that ha =, [j o/weg ka __ is valid.) 


An equivalent statement of the inequalities presented in 2.126 is 
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(The explanation concerning why the requirements listed in 2.126 and 2.127 are 
equivalent will be provided shortly.) 

/nequalities 2.126 or 2.127 define what is meant by the expression "the lossy 
rod is a good conductor” as it is used for the smal/ argument case of the three region 
configuration. Since [h, be) 1) Sand |h, |b > 1 is required, relatively little 
error is involved in using the zero order large argument Bessel function representations 
to approximate the dispersion equation. Substituting just the first term of 
equations A.36 —- A.39 in order to approximate all the Bessel functions appearing in the 
form of the dispersion equation given by equation 2.113, making use of all the 
requirements listed in 2.126, and finally employing equation 2.88, which is the separation 


constant equation, yields 


Ne 


8 a =ka cotan’, 


a 
i 


Iho sla Sle,la << ka cotany, and (25 WS) 
lanes = 
h, a= hy 2S fo/2oe, ka. 


Equations 2.128 are the approximate large argument wave numbers solution associated 
with the three region configuration when "the lossy rod is a good conductor". They are 
justified when the restrictions listed in inequalities 2.126 or 2.127 are satisfied. (Note 


that inequalities 2.127 can be obtained from inequalities 2.126 by making use of 
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equations 2.128.) Interestingly, equations 2.128 can be derived from equations 2.116 
when o/ weg Barat and o/ weg >> cotan“y. The approximate wave 
numbers so/ution for the three region configuration large argument case when "the 
lossy rod is a good conductor” can be considered as a special case of the approximate 
wave numbers solution for the three region configuration /arge argument case when 
“the lossy rod is not a good conductor", provided that the rod conductivity is 


sufficiently large to satisfy the preceding two inequalities. 


Finally, attention is directed towards deriving the approximate large argument 


wave numbers solution which is valid for the two region configuration. It is assumed that 


b = as o/weg ee Ep? h,a Sank o/ weg Kid's 
|h,|a > 1, and Jn la 2 IoTweg ka >> |ho|a.- 


The requirements listed in 2.129 define what is meant by the expression “the lossy rod 


(G2eal2. 9%) 


is a good conductor" as it applies to the two region configuration large argument case. 
A similar procedure to that followed at the beginning of sub-part 2.3.2.2 was 
carried out in order to derive the two region large argument approximation of the 
dispersion equation. However, a more detailed investigation showed that this 
approximation is actually not valid. Just the first term of equations A.36 — A.39, the 
zero order large argument Bessel function representations, was used to approximate all 
the Bessel functions appearing in the two region form of the angular and axial magnetic 
field components, which were obtained by calculating Jim b> a of 
equations 2.74, 2.75, 2.86, and 2.87. Making use of the restrictions listed in 2.129, it 
was discovered that these approximate magnetic field components did not satisfy 
equation 1.9, which is one of the boundary conditions at the surface of the sheath helix. 
Therefore, the two region configuration /arge argument case when "the lossy rod is a 


examine the approximate wave numbers solution because it is not of any interest. 
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It is important to realize that a proper wave numbers solution does exist for the 
two region configuration large argument case, when the electrical properties of the lossy 


rod material are such that cao o/ weg - As was previously discussed in sub- 


part 2.3.1.2, this means that h 14 f= hoa occurs and the approximate wave numbers 


solution is given by equations 2.118. However, if ean o/ weg ’ hy a = 
Jd o/weg ka and | hy pace soe h, | a are all assumed, the preceding discussion 
has demonstrated that a free mode field solution does not exist, and so an investigation 


of the wave numbers solution is meaningless. 


2.4 Graphs of the Radial Dependence Associated With the Magnitudes of the 
Approximate Fields 
The field components, equations 2.70 — 2.87, are very lengthy and complicated 
expressions. In order to achieve an understanding of how these fields behave at 
different points in space, it would be useful to prepare graphs showing their radial 
dependence. Unfortunately, this is usually very difficult to accomplish. The reason for 
this originates from the hardship involved in solving the dispersion equation, 
equation 2.65, and the separation constant equation, equation 2.88, for an arbitrary set 
of the variables listed in equations 2.89 - 2.91, in order to obtain the wave numbers 
solution. However, it is possible to prepare radial dependence graphs which approximate 
the field components for certain special cases of the operating frequency, the sheath 
helix geometry, the lossy rod geometry, and the lossy rod material electrical properties. 
Previously, in section 2.3, approximate radial and axial wave numbers were calculated for 
both the large and small argument representations associated with the circumstances 
when “the lossy rod is not a good conductor”, and when "the lossy rod is a good 
conductor”. The purpose of this section is to provide some graphs of the radial 
dependence associated with the approximate magnitudes of the electric and magnetic 
field components, based on the previously mentioned approximate wave numbers 
solution. There are three important reasons for doing this. 
1. An understanding of how the electric and magnetic fields behave at different points 
in space within the rod-filled region, within the air gap between the surface of the 


lossy rod and the sheath helix surface, and within the air-filled region exterior to 
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the surface of the sheath helix, will be obtained. 

2. By numerically evaluating and graphing the radial dependence of the radial, angular, 
and axial electric fields within the rod-filled region, information concerning the 
time-averaged power dissipation which occurs within the lossy rod is obtained. 
Chapter 3 is concerned with studying this power dissipation. 

3. For the operating frequency, sheath helix geometry, lossy rod geometry, and lossy 
rod material electrical properties which are used, it will be seen that the magnitudes 
of the fields associated with the lossy rod configuration are approximately similar 
to the absolute values of the corresponding fields associated with either the 
configuration studied in Appendix C or that studied in Appendix D. The 
configurations discussed in these two appendices are very attractive because it is 
relatively easy to calculate the radial and axial wave numbers, and consequently to 
numerically evaluate the field components. By establishing a connection between the 
free mode field solution associated with the sheath helix surrounding a lossy 
coaxial rod, and that associated with the two configurations given in Appendices C 
and D, the discussion given in the two appendices will aid in understanding the lossy 
rod configuration. Furthermore, it is important to establish this connection because 
Chapter 3 makes use of information given in Appendices C and D to approximately 


investigate the power dissipation occurring within the lossy rod. 


All the electric field components, equations 2.70 - 2.72, 2.76 - 2.78, and 

2.82 — 2.84, are normalized from dividing them by an electric normalizing coefficient, 
E-0 - All the magnetic field components, equations 2.73 - 2.75, 2.79 — 2.81, and 
2.85 - 2.87, are normalized from dividing them by a magnetic normalizing coefficient, 
Hoo: The electric and magnetic normalizing coefficients are obtained from 


equations 2.78 and 2.81, respectively. They are 


= i COT ee “a : 
iyi ka cotany COSY (hya)” Ko(hoa) (2.130) 
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[I y(hoa) , (hya Iy(hyb) Ky (hob) ar 


= o/weg) hoa I, (h,b) K g (haa) 


(hya I) (h,b) I, (h,b) “ (ee sak) o/weg) hoa I) (hb) I,(h,b))] 


1/[h,a Ig(h,b) Ky(h,b) + (erie waco Aue 5) hoa I1,(h,b) Ky(hob) ] 
ensyeia) 
y 1207 ka cotany cosy K, (ha) (continued) 
mel e 
| (hya Ig(hyb) Ky(hob) + hoa I4(h,b) Ky(hob)) 


[I, (haa) . (hia I) (h,b) K, (hob) + hoa I, (h,b) Kg (hob) ) 


- Ky(hoa) + (hya Ig(hyb) 1,(hob) - hoa Ip(hyb) 1,(h,b)) 1, 


and 


= H z=0 . I cosy hoa Ky (h a) - (ecacalioua) 
=a 


ZZ], 2 


[I)(h,a) ° (hia I (hy b) K, (hob) + hoa IT, (hy) Ky (hob) ) 


as 


+ Ko(hya) 


(hia I (hy b) I, (hob) - ha Ty (hob) 1, (h,b))] 


1/[h,a Iy(h,b) K, (hob) + hoa I, (h,b) Kg (hob) J. 


Equation 2.65, the dispersion equation, was used in the derivation of equations 2.130. 
The normalizing coefficients associated with the two region configuration (b= a) are 
obtained by calculating lim b + a Of equations 2.130 and 2.131. 

When graphs of the radial dependence of the approximate normalized field 


component magnitudes are presented, it is assumed that the axial coordinate is held 
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constant. The transverse planes are chosen so that cos(ga-z/a) = +1 for the 
angular and axial fields. In the case of the radial fields, the transverse planes specified by 


sin(ga-z/a) = +1 are considered. 


2.4.1 “The Lossy Rod is Not a Good Conductor” 

It is assumed that the operating frequency, the sheath helix geometry, the lossy 
rod geometry, and the lossy rod material electrical properties are such that the 
approximate wave numbers solution previously discussed in part 2.3.1 is justified. This 
solution is valid for both the three region configuration (b < a) and the two region 


configuration (b = a). 


2.4.1.1 Large Argument Representation 

The wave numbers solution previously given in sub-part 2.3.1.2 is employed in 
the normalized fields. Equations 2.116 give the approximate values of the radial and axial 
wave numbers for the three region configuration. To justify the usage of this solution, it 
is required that inequalities 2.112 are satisfied. The approximate wave numbers solution 
is given in equations 2.118. This approximate solution is well justified if the conditions 
listed in inequalities 2.119 are fulfilled. 

The zero order large argument asymptotic representations, which are given by 
just the first term of equations A.36 - A.39, were used to approximate both the two 
and three region forms of the normalized fields and the normalizing coefficients. In order 
that these representations can be used for the region 1 Osco ed.) fields, it is 
required that the radial distance is sufficiently large so that | hy Fave c/o eae s 
true. 

For the three region configuration, the approximate normalizing coefficients are 


calculated from equations 2.130 and 2.131 to be 
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On the other hand, for the two region configuration, 


iat in 1200 cosy 
E = j ——————— G27 oa) 
2 (Cn) - j o/ weg 
2 


is the approximate electric normalizing coefficient, while the approximate magnetic 
normalizing coefficient is the same as that given in equation 2.133. 

It was ensured that the approximate normalized fields associated with the three 
region configuration correctly satisfy the boundary conditions at the surface of the lossy 
rod, equations 2.43 — 2.46, and at the sheath helix surface, equations 1.6 — 1.9. For the 
two region configuration, it was ensured that the normalized fields evaluated at the 
surface of the sheath helix satisfied equations 1.6 - 1.9. To avoid disrupting the 
continuity of sub-part 2.4.1.1, the approximate normalized fields associated with both 
the two and three region configurations will not be listed here. 

In each of the six graphs concerning the radial dependence associated with the 
approximate normalized field magnitudes which are presented in sub-part 2.4.1.1, it was 
ensured that all the requirements involved to justify using the approximate wave numbers 
solution given in sub-part 2.3.1.2, and that all the requirements involved to justify 
approximating the normalizing coefficients and the normalized field components, were 
satisfied. Figures 2.8 and 2.9 display the magnitude of the approximate normalized 
electric and magnetic field components, respectively, associated with the three region 
configuration, as a function of the radial distance normalized with respect to the sheath 
helix radius, r/a. The two vertical lines represent the surface of the lossy rod and the 
sheath helix surface. The operating frequency, the sheath helix geometry, the lossy rod 
geometry, and the lossy rod material electrical properties are specified by the variables 

ekaecotanv - ..0.0,,.D/a = 0.100, Sas TOO; o/weg = 10.0, 
and yy = 1.00°, The resulting approximate wave numbers solution is computed to 
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Figure 2.8 Curves of the radial dependence associated 
with the normalized electric field magnitudes for the large 
argument case, when the lossy rod is not a good conductor. 
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approximate wave numbers solution h,a = 598 5 E+ J SSx Tome , 


hoa = ga = 10.0, and the approximate electric normalizing 
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Figure 2.9 Curves of the radial dependence associated 


with the normalized magnetic field magnitudes for the large 
argument case, when the lossy rod is not a good conductor. 
The variables used are ka cotany = 10.0, b/a = 0.100, odin 


1.00x102, o/weg =we0 20.5: <and a= 1.00°. They determine the 
approximate wave numbers solution h,a = 9.85 + j1.55x107°, 
hoa = ga = 10.0, and the approximate magnetic normalizing 
coefficient H,, =Qhj 0-500(A/m). (Note that HR/HZO =|H/H, 9, 
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Eg = Ju 188 (V/m) and H = Jj 0.500 (A/m) 


are the calculated values of the approximate normalizing coefficients. 

Figures 2.10 and 2.11 illustrate the radial dependence of the magnitudes of the 
approximate normalized electric and magnetic fields, respectively, for the three region 
configuration. ka cotany = 10.0, b/a = 0.900, Or 100, o/weg = 

OO, and » = 1.00° are the variables which are used. These two graphs are 
a variation of Figures 2.8 and 2.9, using b/a = 0.900 instead of b/a = 0.100. The 


b 


calculated approximate wave numbers solution is hy eh EY elena j1.55x1 g72 


hoa =) 1020. sand aq Y TLOSG2 The computed approximate normalizing 


2 
coefficients are 


Soa ihr 188 (V/m) and Hoo FON 0.500 (A/m). 


Two final graphs included in sub-part 2.4.1.1 are Figures 2.12 and 2.13. They 
show the radial dependence of the approximate normalized electric and magnetic field 
magnitudes, respectively, for the two region configuration. The variables used are 

Koescotanves 10.04 iD/aa oe 1007 Sg 100); o/ weg = 10.0; 
pada. =. 1. 00°. These two figures can be considered as a modification of the 
previous four figures, using b/a = 1.00 instead of b/a = 0.100 or b/a = 0.900. 


we 


h,a = hoa RPE Or hee 33.51 are the calculated values of the 


approximate wave numbers. 


Eg TIM (26.4 See ele Ly) a) and Hao = Ail 0-500 (A/m) 
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BLgure. 2.10 Curves of the radial dependence associated 


with the normalized electric field magnitudes for the large 
argument case, when the lossy rod is not a good conductor. 
The variables used are ka cotany = 10.0, b/a = 0.900, ened 


1.00x10°, o/weg = 10.0, and y = 1.00°. They determine the 
approximate wave numbers solution h,a = 9.85 + j1.55x107¢, 
hoa = Ba = 10.0, and the approximate electric normalizing 

coefficient Eq = j Jy 188(V/m). (Note that ER/EZO = |E,/E,,|, 


EO/EZO = JE, /E Sol» EZ/EZO0, = Ee GE lis and R/A = r/a.) 
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Pagure 2:44 Curves of the radial dependence associated 
with the normalized magnetic field magnitudes for the large 
argument case, when the lossy rod is not a good conductor. 
The variables used are ka cotany = 10.0, b/a = 0.900, es 


1.00x10°, o/ weg = 10.0, and y = 1.00°. They determine the 
approximate wave numbers solution ha = 9.85 + 71.55x107°, 
hoa = 6a = 10.0, and the approximate magnetic normalizing 

coefficient H,, =}ij 0.500(A/m). (Note that HR/HZO = |H_/H, 0], 


HO/HZO = |H,/H |, HZ/HZO = |H,/H,)|, and R/A = r/a.) 
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PAGUresz,. Le Curves of the radial dependence associated 
with the normalized electric field magnitudes for the large 
argument case, when the lossy rod is not a good conductor. 
The variables used are ka cotanyp = 10.0, b/a = 1.00, Sh Se: 
1.00x10°, o/ weg = 10.0, and y = 1.00°. They determine the 
approximate wave numbers solution h,a a hoa = pa = 71.2 - 
j3.51, and the approximate electric normalizing coefficient 
E60 = j at (26.4 + j1.31)(V/m). (Note that ER/EZO = eres Perales 
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Figure 2.13 Curves of the radial dependence associated 
with the normalized magnetic field magnitudes for the large 
argument case, when the lossy rod is not a good conductor. 
The variables used are ka cotany = 10.0, b/a = 1.00, Argue 


1.00x10¢, o/ weg = 10.0, and p = 1.00°. They determine the 
approximate wave numbers solution h,a = hoa = Ba = 71.2 - 
j3.51, and the approximate magnetic normalizing coefficient 


Hog = Jy 0-500(A/m). (Note that HR/HZO = JH /H og] > HO/HZO = 


JH o/H gl HZ/HZO = JH /H ool, and R/A = r/a.) 
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are the calculated values of the approximate normalizing coefficients. 

It is clear that for the large value of ka cotany which was used in the six 
figures, all the electric and magnetic field components are rapidly attenuated at increasing 
radial distances away from the sheath helix surface. For the two region configuration, 
this attenuation is much greater than it is for the three region configuration. Since the 
variable ka cotany = 2nrf J¥0 £0 cotany is directly proportional to 
frequency, it can be said that at “high frequencies”, which means large values of 

ka cotany, the field components cling tightly to the sheath helix “windings”. //n 
this circumstance, the sheath helix is said to act /ike a wave guiding structure. 

It is informative to compare Figures 2.8 — 2.13 with Figures D.9 - D.14. The 
latter mentioned set of figures is associated with the sheath helix surrounding an ideal 
dielectric (zero conductivity) coaxial rod. The same values of ka cotanyp, b/a; 

Ey? and w are used for both sets of figures. Keeping in mind the values of the 
normalizing coefficients, it is apparent that for each of the three different values of 
b/a_ which have been used, the corresponding figures of the two sets show that the 
magnitudes of the electric and magnetic fields associated with the lossy rod 
configuration are approximately similar to the absolute value of the corresponding fields 


associated with the ideal dielectric rod configuration. 


2.4.1.2 Small Argument Representation 

The wave numbers solution previously discussed in sub-part 2.3.1.1 is used in 
the normalized fields. Equations 2.107, 2.108, and 2.88 are numerically solved to obtain 
the radial and axial wave numbers, for both the two and three region configurations. In 
order that this approximate solution is valid, it was ensured that the restrictions listed in 
equations 2.104 and 2.105 are satisfied. 

Equations A.26 - A.29, the small argument Bessel function representations, were 
used to approximate the normalized fields and the normalizing coefficients. In order that 
these representations could be used to approximate the normalized field components, 
the radial distance associated with the region 3 (a < r <@ ) fields was 
restricted to being sufficiently small so that | h. la - r/a < 0.100 _ 's true. 

The suitable approximations of equations 2.130 and 2.131, which are valid for 


both the two and three region configurations, are 
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20 og du 120” ka cotany cosy, and (Pie) 
4s 


Hoo =H COS). (2.136) 


All the approximate normalized fields were checked to ensure that for both the 
two and three region configurations, the boundary conditions associated with the surface 
of the lossy rod and the sheath helix surface are correctly satisfied. In order that the 
continuity of sub-part 2.4.1.2 is not interrupted, the normalized approximate field 
components will not be listed. For the six graphs illustrating the radial dependence of the 
approximate field component magnitudes which are presented here, it was ensured that 
all the restrictions required to justify obtaining the approximate wave numbers solution, 
approximating the normalizing coefficients, and approximating the normalized fields, 
were Satisfied. 

Figures 2.14 and 2.15 display the radial dependence of the approximate 
normalized electric and magnetic field magnitudes, respectively, for the three region 
configuration. The operating frequency, the sheath helix geometry, the lossy rod 
geometry, and the lossy rod material electrical properties are specified by the variables 

ka cotany = 5.00x10°°, b/a = 0.100, e, = 100, o/weg = 


1.00x10°%, and = 1.00°. (Note that although o/weg 77? ©, is true, 


r 
the requirements listed in equations 2.104 and 2.105 are satisfied. According to the 
definition used in sub-part 2.3.1.1, this circumstance is said to be an example of the 
small argument case when “the /ossy rod is not a good conductor".) h,a = 


Oe Ome GS oes heae 167310 61046. 15%1 08208) and 


2 
Ba as 1.73x107¢ aus Fay; TA alma are the calculated approximate wave 
numbers solution. The approximate normalizing coefficients are obtained from 


equations 2.135 and 2.136. 


Ey = iyi 9.43 (V/m) and Hog TOI 1.00 (A/m) 
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Figure 2.14 Curves of the radial dependence associated 
with the normalized electric field magnitudes for the small 
argument case, when the lossy rod is not a good conductor. 


The variables used are ka cotany = 500x107 so aby asanOe 100. 


Sib 1.00x102, o/ weg = 1.00x10°, andey==" 1. 00°=" They Pee cuua te 
the approximate wave numbers solution h,a = 2 LOX OD + 
j1.68x10°*, hya = 1.73x107* - §6.15x10"°, ga = 1.73x10~* - 
j6:14x10-°; and the approximate electric normalizing 

coefficient Sond (I 9.43(V/m). (Note that ER/EZO=|E/E_9| > 


EVE L0Y= JE, /E Lol» EZ/EZUs= [E/E ot? and R/A = r/a.) 
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higure 2.15 Curves of the radial dependence associated 


with the normalized magnetic field magnitudes for the small 
argument case, when the lossy rod is not a good conductor. 

The variables used are ka cotany = 5 OOM 08 b/a = 0.100, 

e, = 1.00x10%, o/wey = 1.00x10°, and y = 1.00°. They determine 
the approximate wave numbers’~ solution h,a = 22 OO at 
Meee, 0m nese= 147 3x]00s- 4 6.15x10°°, ga = 1-73x10°> = 
j6.14x107° 


» and the approximate magnetic normalizing 
coefficient Hi = Ny 1.00(A/m). (Note that HR/HZO = |H,/H,9|; 


HO/HZO = |H,/H jl, HZ/HZO = |H,/H,9|, and R/A = r/a.) 
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are their computed values. 

The final two graphs associated with the three region configuration are 
Figures 2.16 and 2.17. They show the radial dependence of the approximate normalized 
electric and magnetic field magnitudes, respectively. ka cotany = 5.00x)] 07? 


é] 


b/a = 0.900, €, = 100, o/ue,g = 1.00x10° and wy = 1.00° 


> 


are the variables which are used. Note that these graphs can be considered as a variation 


of Figures 2.14 and 2.15, using b/a = 0.900 instead of b/a = 0.100. The approximate 


radial and axial wave numbers are computed to be hja ee 1.99x107¢ 
peeeil54x10-°, dye = Bee = = j4.60x107°, and 6a = 
MS9K10 © = 44.59x10- >. 


E50 = 5h 9.43 (V/m) and Here =I 1.00 (A/m) 


are the computed values of the approximate normalizing coefficients. 
Figures 2.18 and 2.19 display the radial dependence of the approximate 


normalized electric and magnetic field components, respectively, for the two region 


configuration. The variables used are ka cotany = 5.00x10-*, b/a = 


1.00, e, = 100, o/weg = tetera Te and' yy = 1.4002. © these 


two graphs can be considered as a special case of Figures 2.14 - 2.17, using 


bla= 1.00 instead of bla=0.100 or bla=0.900. h,a * 1.93x107¢ 


fe 41.56x10°¢, hoa Sa Ome ean 5 een 0n mend ee ale) 


i Seyate= = j5.27x107° are the calculated values of the approximate wave 


numbers. The approximate normalizing coefficients are calculated to be 


E29 7 Su 9-43 (W/m) and Hog = Yu 1-00 (A/m). 
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Figure 2.16 Curves of the radial dependence associated 
with the normalized electric field magnitudes for the small 
argument case, when the lossy rod is not a good conductor. 


The variables used are ka cotanwp = 5 .00x107°, b/a = 0.900, 


Sie 1.00x102, IRE. = 1.00x10°, and =) = 1.00%; TREY eee STU DE 
the approximate wave numbers solution h,a = 1.99x10 - 
j§ 1.54x107%, ha = 1.60x107% - j 4.60x10"°, ga = 1.59x10°% - 
j A.59x 103", and the approximate electric normalizing 
coefficient Bond | 9-43(V/m). (Note that ER/EZO=|E /E | » 


EQ/EZO = Le ate aks EZ/EZO = JE /E Jol» and R/A = r/a.) 
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Figure 2:17 Curves of the radial dependence associated 


with the normalized magnetic field magnitudes for the smal] 
argument case, when the lossy rod is not a good conductor. 


The variables used are ka cotany = § 00x10; b/a = 0.900, 


ce, = 1.00x10%, o/weg = 1-00X10°; and @ = 1.00%. They determine 
the approximate wave numbers solution hja 2 1.99xKT075 4 


j.1.54x107*, hoa = 1.60x107* - j 4.60x10°%, ga = 1.59x107¢ - 
j4.59x10°°, and the approximate magnetic normalizing 
coefficient HS 47 jy 1-00(A/m). (Note that HR/HZO=|H_/H, | » 


HO/HZO = |H,/H |, HZ/HZO = |H,/H)|, and R/A = r/a.) 


5 


ft. wYCKE 


beretoores wonebwegeb father #49 Vo eevNaD | 
liane a4 Yo? zobutingem biatt lg i mor 
mtopbnos boop. @ fon ef boy yezot : a 


000.0 = oad “ODKOO.@ * wieton af = hoe | 


_ 


: 
3 
: 


=y 
a 


> oo a. 
I ° 


oe 


4 i 
mM * * 
@ 3 . oe” 
Mined oop ' 
Ps a a ~~ 
> a 
» » iG 
* 4 ; 7 
» e 
Y - _ 
a ae 7 
~ es a r 
o « +h _ . 
” 6 : Zz 
» @ : 
| oeieiimntmemamnanall os —_ 7 x i 
ey 2 > j 
Py#) ew Ive: Ls 
- ——— ee a my _ = 
*o Ss 
_ yw @ g 
, » & 2 
F oad gy 4, € i 7 
i ; ee bebop 5 
» & aot a pe » 
a) * 2? oe = 
a a & § roi Ets e 
aa j » @& — ae ake : a 
> a 
GS 
| ne Sa ed 
f * 2 
: - 2 
wo iD ‘ “ 
on j » © =); 
~ *@ 3 
‘ on n 
se a 
» « e 
a) a 
= | oe ° 
| j 
j — a | 
S Lassies er a digaasd as 
ee - ~~ 
t ? f i 
i io ae] & | 
ade — he ~-_ ~ 


0 AB HOTHS SAAS 


—— Pui Oo. 1 @ » Bre PorKdds f © ben - pes bs 
S~prkeest drtnotaitos: piecauen ovens wtxorgg 


Sonne hoy Protn0a.> t- Satna." gh a 


soap evemtxorghe” ads base." 
‘Hoss *SOSIAAN 38 STOR) a 00.7 (AR yeh aie 
(inka a wins lo ‘aul\olt 


7) Pp 4 
a aA 


a 
T 
eS 


tamer of 


7 * aa 


113 


Ong 
og 

OD -h 
ATA ATA ASA A BATA AVA AL Al AUAT AGATA 


am ER/EZO 
oo E0/EZ0 
aa EZ/EZ0 

R/A 


REAWLAL DEPENDENCE OF FG eir te: pave 


<a 
4 
] 
4d 
<d 
<4 
qd 
<d 
a 
qd 
4 
) 
4 
<4 
qa 
4 
4 
<4 
qd 
<a 
a 
<a 
<a 


<3 


7s Aa es 


Figure 2.18 Curves of the radial dependence associated 
with the normalized electric field magnitudes for the small 
argument case, when the lossy rod is not a good conductor. 


The variables used are ka cotany = BMOOtcO -& b/a = 1.00, 


ce, = 1.00x10*, o/weg = 1.00x10%, and y = 1.00%. They determine 
the approximate wave numbers’ solution ha = 1.93x107¢ + 
2 


j1.56x10°*, hoa = 1.53x10°* - §5.28x10°°, ga = 1.53x107 
45.27x10°, and the approximate electric normalizing 


coefficient E,-Jj Jy 9-43(V/m). (Note that ER/EZO=|E/E,)|; 
EU ELOe= | Ee Epi, EZ/E70 > Wt /Est,'|), “atid 'R/A = tr fax.) 
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Figure 2.19 Curves of the radial dependence associated 


with the normalized magnetic field magnitudes for the small 
argument case, when the lossy rod is not a good conductor. 


The variables used are ka cotany = 5.00x10¢, b/a = 1.00; 


ee 1.00x10°, o/weg = T00xT0*, and y = 1.00°. They determine 
the approximate wave numbers solution h,a = 1 03x10 + 
j 1.56x10°%, hoa = 1.53x107* = j 5.28x10°°, ga = 1.53x107% - 


j 5.27x10°, and the approximate magnetic normalizing 
coefficient H4= Jy 1.00(A/m). (Note that HR/HZO=|H/H,9|> 


HO/HZO = [H JH ool» n2/HZ0 *= JH /Hool> and R/A = r/a.) 
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It is clear that the radial dependences of the fields shown in Figures 2.14 - 2.19 
are much different from that displayed in Figures 2.8 — 2.13. The first mentioned set of 
graphs shows that the fields are characterized by a relatively gradual change as the radial 
distance is varied. The fields in region 3 decay slowly with increasing radial distance. For 
the small value of ka cotany which is used, the field extension is large. /t can 
therefore be said that for “low frequencies”, which means smal// values of 

ka cotany, the fields are basically unguided by the sheath helix. 

It is informative to compare Figures 2.14 -2.19 with Figures D.21 - D.26. The 
latter mentioned set of graphs are associated with the sheath helix surrounding an ideal 
dielectric coaxial rod. The same values of ka cotany, b/a, ¢« ie and wy are 
used in both sets of graphs. The magnitudes of the normalized fields associated with the 
lossy rod configuration are compared with the absolute value of the corresponding 
normalized fields associated with the ideal dielectric rod configuration, for a particular 
value Of b/a, keeping in mind the values of the normalizing coefficients. This shows 
that with the exception of the region 2 radial electric field component, and of the 
region 1 and region 2 angular magnetic field components, the corresponding fields of 
the two sets of figures are similar. 

Figures 2.14 and 2.15 provide a good illustration of how the electric and 
magnetic fields behave at the surface of the lossy rod and at the sheath helix surface. 
Consider the field behavior at the rod surface. Figure 2.14 shows that the angular and 
axial electric fields are continuous. This is simply a statement of the fact that the electric 
fields tangential to an interface are continuous. The figure also shows that the radial 
electric field is discontinuous. The explanation for this behavior is that the permittivity of 
the lossy rod is different than that of air, and that free electric charge is located on the 
rod surface. When two regions forming an interface have different permittivities, and 
when free electric charge is present at the interface, the normal electric field will be 
discontinuous at that interface. 

Figure 2.15 shows that the angular and axial magnetic fields are continuous at the 
surface of the lossy rod. Since the conductivity of the lossy rod is finite, it cannot 
possess an electrical surface current. At an interface which does not possess an 


electrical surface current, it must be true that the tangential magnetic fields are 
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continuous. The figure also shows that the radial magnetic field is continuous. Since no 
free magnetic charge exists at r=b, the normal magnetic field must be continuous at 
the lossy rod surface. 

Attention is now directed to examining the field behavior at the sheath helix 
surface. Figure 2.14 shows that the angular and axial electric fields are continuous at 

r=a. This is a direct consequence of the boundary conditions at the surface of the 
sheath helix, as is apparent from equations 1.6 - 1.8. The radial electric field is seen to 
be discontinuous at r=a. The explanation for this behavior is that free electric charge 
exists at the sheath helix surface. 

Figure 2.15 shows that the angular and axial magnetic fields are discontinuous at 
the surface of the sheath helix. This is because an electrical surface current exists on the 
sheath helix “windings”. The magnetic field tangential to an interface which possesses an 
electrical surface current will be discontinuous. Finally, the radial magnetic field is seen to 
be continuous at the sheath helix surface. Since no free magnetic charge exists at 


r=a, the normal magnetic field must be continuous at the surface of the sheath helix. 


2.4.2 “The Lossy Rod is a Good Conductor” 

It is now assumed that the operating frequency, the sheath helix geometry, the 
lossy rod geometry, and the lossy rod material electrical properties are such that the 
approximate wave numbers solution previously discussed in part 2.3.2 is justified. Since 
in part 2.3.2 it was mentioned that a free mode field solution could only be obtained for 
the three region configuration, the discussion of the radial dependence associated with 
the approximate normalized fields presented in this part will be restricted to the case of 


Biers az 


2.4.2.1 Large Argument Representation 

It is assumed that the restrictions listed in inequalities 2.127 are satisfied, so that 
the approximate wave numbers solution is given by equations 2.128. Just the first term 
of equations A.36 - A.39 (the zero order large argument Bessel function 
representations) are used to approximate the three region form of the normalized fields, 
and the normalizing coefficients, equations 2.130 and 2.131. When these 


approximations are applied to the region 1 fields, it is necessary that the radial distance is 


art 1 ae 
; 


acot saan 


te exiourition ait either Sona ere tt 


oie a 

site nits cht: Saini Cat wit. inieson iia be 
ee ea shiora oo tell ore is 
ot 10 suatouw @rit ce anckihona vamos ef to eammucnnions Neariia 
re ee sntvew lnoyt eat 2.0 - 44 eeniupe MoT MOAT Bi 
corarin Criiauie wow? Tatlt at vomveriod ait 12? potaeiqQus gr 2 <7 20 aM . 
« vuoLedinelet ae sitiel) Atetgen ite ner telupee eth eiet Gwode 21S sage 
off op eiaiee Ture Gah eetiioge ro w2usoed 4. aldt alert teers onl Jo 
sqpeece Warn e: *PSITs *e Oo inlinepet Weil oBengem air, “ont a 


os re 4 Sim’? =wartper ining? er .ederr mutt rogue wh line ionrus aust 


_ a 


i \ ; ai 


—_ 


s 

Ptah be erg i harwaen tors! on F Wwe ce WS xiteet aorta ot? % : 
Fi i) 

ihmet cree wed to sce ms OD 14 ehou ire ad fou gad others ern hanevpcort Orit. fa 
= . F } 

. ™ Li oo. bed) « el hon yaeo eft" 

| ar 

“4 errey vied dere of yormupe gritege et nel bemueen Wier eee 
wt fot (eo &e teweqow Garesele ahem boy yesot af Dow,yieneg = 7 ¥ 


x 


yor alltel # 60.5 Peq © oeenroah deustvess roiuies Wed BYE Bim A 


+ 


mo) baraieG af yw Seed | stiuiae tie gborn sen! 6 Mri) Baerorraal dow tt SOS 
ow beieaserg sorehnanab ihe srt) to nolgvucela elt Wola mpiineg Moap 
“ gee5 ef) OF bata! dean va Mw hse el fi ceirees ig sole? besligniman & 


Lobtsimestiqnl ineemupia egal 1 £ 
fet coe belleites: Ow VS! A auvileupeni nw betall enogontem parser ial 
rrr sev4 ent maul ACTS anctaupe. yd newly ¢! notuios arecmun vw @ oy 
nolicat leased Inarrtqy's al wow ots oft) SEA - tA te 

his? bexleovion eff To root Raigey cont ant etemixeage heer 
sent petW SECS te CEES angiiaupe sinalitincs § 
ai sortatnd inns, ort tart yrucieaoed af Ht wshlelt T qoigay mrt of be 


rags 


ate on ; cies ie) : . 


117 


sufficiently large so that [hy | Ga El) deren | is true. It was ensured that the 
approximate normalized fields correctly satisfied the boundary conditions at r = b, 
equations 2.43 —- 2.46, and at r=a, equations 1.6 — 1.9. 


The approximate normalizing coefficients were computed to be 


E > 5 Wl aoe d 
20 j : 7 COSW, -an 2.93,7) 


20 =— COS). Cet) 


In order that the continuity of sub-part 2.4.2.1 is not interrupted, the values of the 
approximate normalized fields will not be listed here. 

For each of the four graphs which will be examined, it was ensured that the 
requirements involved to justify approximating the wave numbers solution, approximating 
the normalizing coefficients, and approximating the normalized fields, were well justified. 
Figures 2.20 and 2.21 display the radial dependence of the approximate normalized 
electric and magnetic field magnitudes, respectively. The operating frequency, the sheath 
helix geometry, the lossy rod geometry, and the lossy rod material electrical properties 
are specified by the variables ka cotany = 10.0, b/a = 0.100, ote 

100, o/weg = 1.00x10°, and w = 1.00°,. (Note that a large value of 
o/we 0 must be used in order to satisfy the requirement o/we 0 >> COCA Vs 
which is mentioned in inequalities 2.127.) The approximate wave numbers are calculated 
Peberee nye o90ut i 3980 a han- 100, “and ga = 10.0. The 
approximate normalizing coefficients were computed from equations 2.137 and 2.138 
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Figure 2.20 Curves of the radial dependence associated 


with the normalized electric field magnitudes for the large 
argument case, when the lossy rod is a good conductor. The 
variables used are ka cotany = 10.0, b/a = 0.100, omer 


1.00x10°, o/wey = 1.00x10°, and y = 1.00°. They determine 
the approximate wave numbers solution h,a =) On. Oe tase: Oe, 
hoa = Ba = 10.0, and the approximate electric normalizing 
coefficient, E,,=J Ql] 188(V/m). (Note that ER/EZO=|E./E, |, 


EQ/EZO = fens EZ/EZ0. = hee AE ands Ryle = yar.) 
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Figure’ 2.2.1 Curves of the radial dependence associated 
With the normalized magnetic field magnitudes for the large 
argument case, when the lossy rod is a good conductor. The 


variables used are ka cotany = 10.0, b/a = 0.100, Sys jin 
1.00x10°, o/weg = 1.00x10°, and y = 1.00°. They determine 
the approximate wave numbers solution h,a = 3 9). 0) Sha 3. 9007, 
hoa = ga = 10.0, and the approximate magnetic normalizing 
coefficient Hoong 0.500(A/m). (Note that HR/HZ0=|H /Ho |» 


HO/HZO = |H,/H, |, HZ/HZO = |H,/Ho|, and R/A = r/a.) 
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Figures 2.22 and 2.23 show the radial dependence of the approximate 


normalized electric and magnetic field magnitudes, respectively. a cotany = 


10.0, b/a = 0.900, e€, = 100, o/uey = 1.00x10°. and WV = 
1.00° are the variables which are used. These two graphs can be considered as a 
variation of Figures 2.20 and 2.21, with b/a = 0.900 instead of b/a = 0.100. 

ha = 39.0 + j39.0, hoa 10.0, and ga 10.9 are the 
computed values of the approximate wave numbers. 


Eo iM 188 (V/m) and HH, =u 0.500 (A/m) 


are the computed values of the approximate normalizing coefficients. 

It is clear from Figures 2.20 —- 2.23 that all the field components are rapidly 
attenuated at increasing radial distances away from the sheath helix surface. Furthermore, 
Figures 2.22 and 2.23 make it apparent that this attenuation is much greater for region 1 
fields than it is for region 2 and region 3 fields. In fact, the radial dependence of the 

. -/J o/weg ka-b/a(1-r/b) 
region 1 fields is dominated by the exponential e . 


Making use of the relation 


Oo 
= w fo Eo b = 
2 weg 
b 2 
=4, where’®%S = (2 e oF) 
6 WHS 


is the skin depth associated with the nonmagnetic lossy rod, one can easily demonstrate 
that at the radial position yr = b- 6) the previously mentioned exponential has a 


magnitude of nei _ Therefore, ata distance § § beneath the surface of the lossy 
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Figure 2.22 Curves of the radial dependence associated 


with the normalized electric field magnitudes for the large 
argument case, when the lossy rod is a good conductor. The 


variables used are ka cotany = 10.0, b/a = 0.900, SF 
1.00x10°, o/wey = 1.00x10°, and y = 1.00°. They determine 
the approximate wave numbers solution h,a = 39°30) J Sole 
hoa = Ba = 10.0, and the approximate electric normalizing 
coefficient E,)=J Mil 188(V/m). (Note that ER/EZO=|E./E,9|> 
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Figure 2.23 Curves of the radial dependence associated 


with the normalized magnetic field magnitudes for the large 
argument case, when the lossy rod is a good conductor. The 


variables used are ka cotany = 10.0, b/a = 0.900, Sets 
1.00x10°, o/ weg = 1.00x10°, and y = 1.00°. They determine 
the approximate wave numbers solution h,a Sal p> eek 0 iS. at bv ho Hl Oy 
hoa = ga = 10.0, and the approximate magnetic normalizing 
coefficient Hoo? OI 0.500(A/m). (Note that HR/HZO=|H/H, | » 
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rod, all field components have been attenuated by the factor e si compared to their 
values at the lossy rod surface. This is in agreement with the definition of the term skin 
depth. (For example, see 18, pp. 36; 28, pp. 251; and 36, pp. 769.) Note that the larger 
the variable o/ WEG is, the more rapid is the attenuation of the region 1 fields. 

Figures 2.20 — 2.23 will now be compared with Figures C.4 - C.7. The latter 
mentioned set of graphs is associated with the sheath helix surrounding a perfectly 
conducting coaxial rod. The same values of ka cotanw, b/a, and Ww are used 
for both sets of graphs. For the perfectly conducting rod configuration, all region 1 
fields are zero. In the case of the lossy rod configuration, the region 1 fields are 
nonzero but they are extremely rapidly attenuated for increasing radial distances away 
from the rod surface. For a particular value of b/a, the two sets of graphs are 
examined. Keeping in mind the values of the electric and magnetic normalizing 
coefficients, it is seen that the magnitudes of the region 2 and region 3 fields associated 
with the lossy rod configuration are similar to the absolute value of the corresponding 
fields associated with the perfectly conducting rod configuration. The single exception 


occurs for region 2 fields, which are very close to the rod surface. 


2.4.2.2 Small Argument Representation 

The final set of graphs of the radial dependence associated with the magnitudes 
of the approximate normalized fields is for the small argument representation of the 
three region configuration, when “the lossy rod is a good conductor”. It is assumed that 
the restrictions listed in inequalities 2.120 are satisfied, so that the wave numbers 
solution previously discussed in sub-part 2.3.2.1 is valid. This means that hy aan 

‘k o/ weg ka, and that equation 2.122 is the approximate dispersion equation. 
Equation 2.122 is numerically solved to evaluate hoa » and then equation 2.121 is 
used to calculate Ba. 

The three region configuration approximate normalized fields are obtained in the 
following manner. All Bessel functions of argument h,a and ha - b/a 
appearing in the three region configuration normalized fields are approximated by the 
zero order large argument Bessel function representations, which consist of just the first 
term of equations A.36 — A.39. In order that this is justified, it is necessary that the 
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Bde =) 0 WE ka + r/a > 1. All Bessel functions of argument hoa and 
hoa - b/a appearing in the three region configuration normalized fields are 
approximated by using the small argument Bessel function representations, 
equations A.26 — A.29. So that these representations can be used, it is necessary that 
the radial distance associated with the region 3 fields is sufficiently small so that 
[hn |a - r/a < 0.100 is approximately true. 


The normalizing coefficients, equations 2.130 and 2.131, are approximated in the 


manner discussed in the preceding paragraph. They are discovered to be 


s.. Yi 1207 ka cotany 
i} ————————————SSSSSSSss 


20 2 \/3 o/ weg ka 
[2 b/a + [5 cJucg ka (Te (byaicy 1) sandne cera} 


ce re (2.141) 


cosp ° 


It was ensured that all the normalized fields correctly satisfied the boundary 
conditions at the surface of the lossy rod and at the sheath helix surface. So that the 
continuity of sub-part 2.4.2.2 is not disrupted, the approximate normalized fields will 
not be listed. It will be emphasized that for the four graphs presented here, it was 
ensured that all the requirements necessary to justify using the approximations involved 
in calculating the wave numbers, the normalizing coefficients, and the normalized fields, 
were Satisfied. 

Figures 2.24 and 2.25 display the radial dependence of the normalized electric 
and magnetic field magnitudes, respectively. The operating frequency, the sheath helix 
geometry, and the lossy rod material electrical properties are specified by the variables 

ka cotany = 5.00x10°, b/a = 0.100, €, = 100, o/ue, 
5.00x102, ance wea T4100: (Note that a large value of o/weg must be 


used so that the previously mentioned requirement associated with the region 1 fields, 
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pagures 2724 Curves of the radial dependence associated 


with the normalized electric field magnitudes for the small 
argument case, when the lossy rod is a good conductor. The 
2 


variables used are ka cotany=5.00x10-°, b/a=0.100, ©)=1.00x10", 
o/weg=5-00x10", and y=1.00°. They determine the approximate 
wave numbers solution h,a=43.6 + j43.6, h,a=ga=2.97x10~¢ - 
j3.62x10"°, and the approximate electric normalizing 
coefficient E,) = Jy (9.35 - j2.16x107°)(V/m). (Note that 


ER/EZO=|E VEGI» EQ/EZO=|E,/E |» EZ/EZO=|E,/E,,|. and R/A=r/a.) 
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Figure 2.25 Curves of the radial dependence associated 
with the normalized magnetic field magnitudes for the small 
argument case, when the lossy rod is a good conductor. The 
variables used are ka cotany=5.00x10°, b/a=0.100, e,=1.00x10*, 
o/weg=5-00x10", and y=1.00°. They determine the approximate 
wave numbers solution h,a=43.6 ated Rise ois hoa=ga=2.97x10- - 


ee o2ei 0a. and the approximate magnetic normalizing 
coefficient H9= fj) 1.00(A/m). (Note that HR/HZ0=|H//H_9| > 


HO/HZO0 = |H,/H_,|. HZ/HZO = [H,/H gl, and R/A = r/a.) 
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V o/ weg ka + r/a > 1, is satisfied.) The approximate wave numbers solution 


ro 


is calculated to be h,a = 43.6 + j43.6, and hoa = 95) 


Z 


mor 0s- = 43 %62%107-. 


Ive 


Eo iy, (9.35 - § 2.16x107*) (V/m) and Hoo = hi, 1-00 (A/m) 


are the calculated values of the approximate normalizing coefficients, making use of 
equations 2.140 and 2.141. 

The final two graphs presented in sub-part 2.4.2.2 are Figures 2.26 and 2.27. 
These show the radial dependence of the approximate normalized electric and magnetic 


field magnitudes, respectively. ka cotany = 5.00x107°, D/ a= Oa 00% 


oe 100, o/ weg - 5.00x10", and y = 1.00° are the variables which 


are used. These two graphs can be considered as a variation of Figures 2.24 and 2.25, 
“YT 


with b/a = 0.900 instead of b/a = 0.100. h,a = 43-6" + J43.260.)) sand 


cs 


hoa = pa = 5 .09x107¢ ag b Gores are the computed values of the 
approximate wave numbers. The calculated values of the approximate normalizing 


coefficients are 


Eq F JYyp (1-99 - 4 0.194) (v/m) and Hyg = Myy1.00 (A/m). 


Figures 2.24 - 2.27 show that the region 2 and region 3 fields only change 
gradually as the radial distance is varied. The extension of the region 3 fields is large. 
However, the region 1 fields are rapidly attenuated as the radial distance decreases. 


More specifically, their radial dependence is dominated by the exponential 


“Ji o7weg ka-b/a(1-r/b) 
. This is identical to the radial dependence of the 


region 1 fields previously discussed in sub-part 2.4.2.1. 
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miguyne 42.26 Curves of the radial dependence associated 


with the normalized electric field magnitudes for the small 
argument case, when the lossy rod is a good conductor. The 


variables used are ka cotany=5.00x10~°, b/a=0.900, e.=1.00x10°, 
o/ we y=5-00x10", and y=1.00°. They determine the approximate 
wave numbers solution h,a=43.6 + j43.6, hoa=ga=5.09x10" 


j2.50x10-°, and the approximate electric normalizing 
coefficient ae T (12998 --j0.194)(V/m). (Note that ER/EZO: = 


ME P(Ee ol EC/E ZO) = HER/ES | {EZ/EZ0) = 1EG/ELGis and. R/A = v/a.) 
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Figure 2.27 Curves of the radial dependence associated 
with the normalized magnetic field magnitudes for the small 
argument case, when the lossy rod is a good conductor. The 


- 2 
variables used are ka cotany=5.00x10 - b/a=0.900, e,.=1.00x10 ; 


o/we g=5.00x10", and p=1.00°. They determine the aRRROALM EES 
wave numbers solution h,a=43.6 + i AGO h,a=Ba=5.09x10- - 


j2.50x107°, and the approximate magnetic normalizing 
coefficient H, = Qj) 1.00(A/m). (Note that HR/HZO = |H,/H9|, 


HO/HZO = |H,/H9|> HZ/HZO = |H,/H9|, and R/A = v/a.) 
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Figures 2.24 — 2.27 will now be compared with Figures C.12 - C.15. The latter 
mentioned set of graphs is associated with the sheath helix surrounding a perfectly 
conducting coaxial rod. The same values of ka cotany, b/a, and w areused 
in both sets of figures. Keeping in mind the values of the normalizing coefficients, it is 
seen that for a particular value of b/a, the magnitudes of the region 2 and region 3 
fields associated with the lossy rod configuration are similar to the absolute values of the 
corresponding fields associated with the perfectly conducting rod configuration. All 
region 1 fields associated with the sheath helix surrounding a perfectly conducting 
coaxial rod are zero. The region 1 fields corresponding to the lossy rod configuration 
are rapidly attenuated as the radial distance decreases. They are only large very near to 
the lossy rod surface. 

Figures 2.26 and 2.27 provide a good illustration of the field behavior at the 
surface of the lossy rod, and at the sheath helix surface. However, a relatively detailed 
discussion of this was previously given in sub-part 2.4.1.2 for the small argument case, 
when “the lossy rod is not a good conductor”. A separate discussion of the field 
behavior at the two interfaces, for the small argument case when “the lossy rod is a 


good conductor”, will not be presented. 


2.5 Summary 
The free mode field solution for the sheath helix surrounding a lossy coaxial rod 
has been derived. It will later be used in Chapter 3 to calculate the ohmic power 
dissipation occurring within the lossy rod. This solution consists of equation 2.65, the 
dispersion equation, equation 2.88, the separation constant equation, and 
equations 2.70 — 2.87, the electric and magnetic field components. The free mode field 
solution is valid for the three region (b < a) configuration. However, the 
appropriate solution valid for the two region (b= a) configuration can be obtained by 
calculating lim b + qa of the previously mentioned equations. 
In theory, the dispersion equation and the separation constant equation are solved 
to obtain the two radial wave numbers, h 1 a and ha» a, and the axial wave number, 
Ba. It is very important to calculate these three wave numbers because they 


determine the radial and axial spatial dependences of the electric and magnetic field 
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components. The wave numbers are functions of the variables listed in equations 2.89 — 
2.91. By considering the dispersion equation, the separation constant equation, and the 
field components, it was demonstrated that the real parts of the three wave numbers are 
restricted to being positive. Furthermore, it was shown that the algebraic signs of the 
imaginary parts of ja and 8a must be the same. 

The limit of the free mode field solution associated with the sheath helix 
surrounding a lossy coaxial rod was taken as the lossy rod radius approaches zero, as 
the lossy rod conductivity approaches zero, and as the lossy rod conductivity 
approaches infinity. As expected, it was discovered that the free mode field solutions 
associated with the empty sheath helix, the sheath helix surrounding an ideal dielectric 
coaxial rod, and the sheath helix surrounding a perfectly conducting coaxial rod, 
respectively, were obtained. These three solutions are discussed in Appendices B, D, and 
C, respectively. All these free mode field solutions were obtained completely 
independently of the one studied in this chapter. Calculating the three limits provides a 
check on the accuracy of the free mode field solution associated with the sheath helix 
surrounding a lossy coaxial rod. 

For the purpose of electromagnetic heating applications, the latter two limiting 
cases mentioned in the preceding paragraph are very important. When the lossy rod 
conductivity is small (but nonzero), one anticipates that the free mode field solution will 
approximately behave like that of the sheath helix surrounding an ideal dielectric coaxial 
rod. For a large (but finite) lossy rod conductivity, the free mode field solution is 
expected to approximate that of the sheath helix surrounding a perfectly conducting 
coaxial rod. The sheath helix surrounding an ideal dielectric coaxial rod and the sheath 
helix surrounding a perfectly conducting coaxial rod are very attractive configurations 
because it is much easier to numerically evaluate their radial and axial wave numbers, and 
consequently to numerically evaluate their field components, than it is for the 
configuration studied in this chapter. Approximate solutions for the power dissipation 
occurring within the lossy rod will be obtained in Chapter 3 for the special cases when 
the rod conductivity is either small or large, based on the radial and axial wave numbers 


solution for the previously mentioned two configurations. 
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Unfortunately, the direct numerical solution of the dispersion equation and the 
separation constant equation in order to obtain hy a, hoa, and 8a _ for an 
arbitrary set of the variables listed in equations 2.89 - 2.91 is very difficult to 
accomplish. However, approximate solutions were obtained by using the small and large 
argument Bessel function representations to approximate the dispersion equation. The 
two major classes of approximations considered are when “the lossy rod is not a good 
conductor” and when “the lossy rod is a good conductor”. (These two expressions are 
defined in section 2.3.) For the first mentioned class of approximations, small and large 
argument approximate wave numbers solutions were obtained for both the two and three 
region lossy coaxial rod configurations. In the case of the second mentioned class of 
approximations, small and large argument approximate wave numbers solutions could 
only be obtained for the three region configuration. 

The field components are very lengthy and complicated expressions. In order to 
achieve an understanding of how these fields behave at different points in space, 
approximate graphs of the field component magnitudes were prepared. These made use 
of the approximate wave numbers solution discussed in section 2.3. 

The case when “the lossy rod is not a good conductor” was examined first. For 
both the two and three region configurations, the field component magnitudes based on 
the large argument approximate wave numbers solution rapidly decayed in an exponential 
fashion at increasing radial distances away from the sheath helix surface. This decay was 
even more rapid for the two region configuration than it was for the three region 
configuration. Since the field components cling tightly to the sheath helix “windings”, 
it can be said that the sheath helix is acting like a wave guiding structure. 

The preceding graphs were compared with radial dependence graphs associated 
with the sheath helix surrounding an ideal dielectric coaxial rod. For the same operating 
frequency, sheath helix geometry, rod geometry, and rod permittivity, it was discovered 
that the corresponding fields in the two sets of graphs are similar. It is important to 
establish this connection because in Chapter 3 use is made of the information presented 
in Appendix D to investigate the power dissipation occurring within the lossy coaxial rod. 

Two and three region configuration radial dependence graphs when “the lossy 


rod is not a good conductor” based on the small argument wave numbers solution were 
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prepared. In this circumstance, the magnitudes of the field components changed in a 
relatively gradual manner as the radial distance was varied. The extension of the 
region3 (a < r <Q) - field components was large. /t can therefore be said that 
the waves are basically unguided by the sheath helix. 

A comparison was made of the graphs mentioned in the preceding paragraph with 
the radial dependence graphs associated with the sheath helix surrounding an ideal 
dielectric coaxial rod. For the same operating frequency, sheath helix geometry, rod 
geometry, and rod permittivity, it was discovered that most of the corresponding field 
components associated with the two sets of graphs are similar. The only exceptions 
occurred for the region 2. (b < Y < a) radial electric field component, and for 
the region 1 (0 tid Ramesh b) and region 2 angular magnetic field components. 

Several different three region configuration radial dependence graphs when “the 
lossy rod is a good conductor” based on the large argument wave numbers solution 
were prepared. It was discovered that all field component magnitudes rapidly decay at 
increasing radial distances away from the sheath helix surface. The decay associated with 
the region 1 fields is even greater than that associated with the region 2 and region 3 
fields. 

The graphs discussed in the preceding paragraph were compared with graphs 
illustrating the radial dependence of the fields associated with the sheath helix 
surrounding a perfectly conducting coaxial rod. For the same operating frequency, 
sheath helix geometry, and rod geometry, it was discovered that the corresponding 
region 2 and region 3 fields in the two sets of graphs are usually similar. The single 
exception occurs for the region 2 fields which are very close to the rod surface. For the 
sheath helix surrounding a perfectly conducting coaxial rod, all region 1 fields are zero. 
In the large argument case when “the lossy rod is a good conductor”, the region 1 fields 
are nonzero but they decay extremely rapidly at increasing radial distances away from the 
lossy rod surface. It is important to establish a connection between these two sets of 
fields because in Chapter 3 use is made of the information presented in Appendix C to 
investigate the power dissipation which occurs within the lossy coaxial rod. 

The final set of radial dependence graphs were based on the three region 


configuration case when “the lossy rod is a good conductor”, making use of the small 
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argument approximate wave numbers solution. It was discovered that the region 2 and 
region 3 field magnitudes exhibit a relatively gradual change as the radial distance is 
varied. However, the region 1 field magnitudes rapidly decay at increasing radial 
distances away from the lossy rod surface. These magnitudes are only large very close 
to the surface of the rod. 

A comparison was made between the graphs discussed in the preceding 
paragraph and those illustrating the radial dependence of the fields associated with the 
sheath helix surrounding a perfectly conducting coaxial rod. For the same operating 
frequency, sheath helix geometry, and rod geometry, it was discovered that the 
corresponding region 2 and region 3 fields in the two sets of graphs are usually similar. 
The single exception occurred for the region 2 fields which were very close to the rod 
surface. All region 1 fields associated with the perfectly conducting rod configuration 
are zero. Although the region 1 fields associated with the lossy rod configuration are 
nonzero, they are extremely rapidly attenuated at increasing radial distances away from 


the lossy rod surface. 


3. Chapter 3. Power Dissipation Occurring Within the Lossy Coaxial Rod, Which 
is Surrounded by a Sheath Helix 

This chapter is concerned with studying the time-averaged power dissipation 
occurring within the lossy coaxial rod, which is surrounded by a sheath helix. Exact 
equations for the power dissipation will be derived. Unfortunately, the usefulness of 
these results is quite limited because of the difficulty involved in calculating the wave 
numbers hy a, h 28 » and 8a, which appear in these exact expressions. 

Two major approaches have been used in order to obtain approximations of the 
exact power dissipation equations. The first approach involves deriving approximate 
power dissipation equations by restricting the magnitudes of the (complex-valued) radial 
wave numbers, h 14 and hoa » so that they are either small or large. Section 2.3 
previously discussed this approximate solution of the wave numbers. Note that a 
relatively wide range of different lossy rod material electrical properties are allowed. The 
lossy rod conductivity is only restricted so that the radial wave number magnitudes are 
either small or large. 

The second approach used in this chapter involves deriving approximate power 
dissipation equations by placing sharp restrictions on the rod material electrical 
properties. Only very small or very large rod conductivities are allowed. The 
approximation is made of using the (real-valued) wave number solutions associated with 
the sheath helix surrounding an ideal dielectric coaxial rod, or the sheath helix 
surrounding a perfectly conducting coaxial rod. (Note that in section 2.2 it was shown 
that when the lossy rod conductivity approaches zero and infinity as a limit, the free 
mode field solution for the sheath helix surrounding a lossy coaxial rod reduces to that 
of the ideal dielectric coaxial rod configuration and the perfectly conducting coaxial rod 
configuration, respectively.) It is now not necessary to restrict the values of the wave 
number solutions. This means that it is possible to evaluate the approximate power 
dissipation equations for a wide range of operating frequencies, sheath helix geometries, 


and lossy coaxial rod geometries. 
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3.1 Derivation of the Time-Averaged Power Dissipated Within the Lossy Coaxial 
Rod Element Based on the Exact Electric Fields 

Ohmic or jou/e heating results from the presence of electrical conduction 
currents, 9 E, in a region containing a medium having a nonzero and finite 
conductivity, O- The total time-averaged power dissipated within the conducting 


region, Py » is calculated from 


where the integral is evaluated over the entire conducting region volume. (For example, 
see 41, pp. 314.) 

The purpose of this section is to derive equations stating the time-averaged 
power dissipation occurring within the lossy coaxial rod, which is surrounded by a sheath 
helix. The power dissipation is due to electrical conduction currents within the lossy 
coaxial rod, which originate from the presence of the radial, angular, and axial region 1 

(0 Sas b) electric field components. These fields are given by equations 


2.70 — 2.72. For convenience, the three electric fields will be repeated here. 
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ae 1 
Ea] = -j b/a 1207 ka cotanw sinyv 


K, (ha) I, (hyr) COsezZ (323) 


1/Th,a Ig(h,b) Ky (hob) + hoa I,(h,b) Kg(hob)], and 


et: ve 1207 , 
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Equations 3.2 - 3.4 are region 1 fields. Therefore, their radial and axial spatial 
dependences are restricted to the ranges Q cite b and OO ni <a. Zee Come 


The appropriate form of equation 3.1 for the lossy coaxial rod element is 
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ro|Q 


In actual fact, the lossy coaxial rod is assumed to extend to z > +@9. Equation 3.5 
shows that the power dissipation is actually calculated for an e/ement of the rod having 


the length -Z, Ray Bee zy CO m< Zz, < Con): Henceforth, the symbol 
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: He is used to denote the tota/ time-averaged power dissipated within the lossy 
coaxial rod element. 


An important observation is now made. Since 


2 ~ 
benieeeenk, - —. = |e ./4 2 
= & = + 
1 Pele ie elie eal 2. 
equation 3.5 shows that the total power dissipation occurring within the lossy coaxial 
rod element can be considered as the sum of the power dissipations resulting from the 


contribution due to each of the radial, angular, and axial region 1 electric field 


components. Hence, one can define 


: 2 
V 
Pree =s<. If ‘eg. 4 and (3.7) 
donee? 61 dv, 
V 
Pi = (le if ay (28) 
dz 2 Z1 
V 


All integrals are evaluated over the volume mentioned in equation 3.5. Py.» Pag, 

dt are the time-averaged power dissipations occurring within the lossy coaxial rod 
element, resulting from electrical conduction currents associated with the region 1 radial, 
angular, and axial electric field components, respectively. The total time-averaged power 
dissipated within the lossy coaxial rod element is simply the sum of the three previously 


mentioned power dissipations. 
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The evaluation of the right hand sides of equations 3.6 — 3.8, making use of the 
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relatively large amount of mathematics. First, the equation for the power dissipation 
associated with the region 1 radial electric field component, Bares will be derived. 

JE Ry fe ff Seg Ee is calculated using equation 3.2, and then this result is 
substituted into equation 3.6. The following two relations are necessary to evaluate the 


integral which is now present. 


ae] Z1 
y) ; 
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2-525 0 ; 
eee renee b sinmh(2) e.g. }= a bos in(2 )] 
2 B,b a,b by 571 j By 2,)] (3.10) 


(As was previously mentioned in part 2.1.2, Bb = Re[gb ] and B;b = 
Im[8b].) 
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A ~ w~ 
[hb I5(h15) T,(h,b) - h,b I) (hyb) 1,(hb)] (Qeiicla) 


It was necessary to make use of the property of analytic continuation for Bessel 
functions, equation A.22, the integral involving Bessel functions, equation A.51, and the 
recurrence relation for Bessel functions, equation A.7, in order to derive equation 3.11. 


(As was previously mentioned in part 2.1.2, hy, = Re[h, b | and ny 45 = 
Im[h,b].) 


rea guna pap seein 
bevies od Why ayy seeoegmae tol veel 
2 Himes Sit noel ee ‘KR eoiUupE via, botanotaa | i 
ont steuteve of y Wega vk oem awit priveltat Ba pei o eth, 


ds 


Lan 
! = ii 
aay. 


+ ie —s 


on 


7 ‘a 
> CAVE ; 
"hia (aya! ant + a niefutel ) € an 3b o Sisanteyl ee . 


U ! r val any “uN ; 


s 


4d Wy 

, ry ¢ ay - - 4 A 5 ff nuke 6 a) a 4 a re 
(Th, .6] x 3 Par : ¢* \ | te : | rf SN . ; 
: 7 a0 


i hee ; tia Jor © As Ste eg on benetrem cling 
CoE - 


is : 
re 
‘oa 
7 i ; 


¢ oy 
vty] (4,4) «3 “ l y ab Hat) 1 + ; fl! 

ry O= 
‘4 

A id , ; ; a ; 

IF ar 3 ee Aas ae av\e “a 
if vf 6 in fj Pe 
. | ai at, o | yd ai ne aS 
try.) Cid yahps Peed ,T ia - 1d 597 61 (6yA)o! aya] 
| > wert? | 
jepeaS wh (ohoniena ony to yreaegq of te sey aden ot yv 
+ te of AN COluupe 2A ROE golviowel Ingaiti ett SSA waits 


oe ana Eiieaiiiede arteudinnn ite 


e i dy yt we id Wea # dag AS teq vi ‘eenaionam, ‘ ad a, : 


140 


Returning to the calculation of Edy? equations 3.10 and 3.11 are used to 


evaluate the integral appearing in equation 3.6. One finds that 
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This expression is the time-averaged power dissipated within the /ossy coaxial rod 
element resulting from electrical conduction currents associated with the presence of 
the radial electric field component, Ey - Of course, it was established in part 2.1.2 
that the two radial wave numbers, hy a and hoa » and the axial wave number, 

Ba, are complex-valued quantities. Making use of relation A.22, which is a property 


of analytic continuation for Bessel functions, it is clear that 
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(Note that [h,b ° I5(h,b) ° Teer yee means “take the complex 


conjugate of the entire quantity contained within the square brackets’.) Therefore, 
equation 3.12 is a real-valued expression. In fact, it is clear from the integrand of 


equation 3.6 that this equation must be positive real. 
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using equation 3.3 and then this quantity is substituted into equation 3.7. The following 


new relation is needed to evaluate the resulting integral. 


Z=t:Z 
] 7é 
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Using equations 3.13 and 3.11, the integral given in equation 3.7 is evaluated to show 


that 
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Equation 3.14 is the time-averaged power dissipated within the lossy coaxial rod 
e/ement resu/ting from electrical conduction currents associated with the presence of 


the angular electric field component, E Examination of the right hand side of 


Ol 
equation 3.7 shows that it must have a positive real value. 
Finally, the equation for the power dissipation associated with the region 1 axial 
electric field, P dz? |S derived. This is done by using equation 3.4 to evaluate 
IE “ | Za 5 = ce 1 ! and then by substituting this result into the right hand side of 


equation 3.8. One additional relation is needed to evaluate the integral appearing in 


equation 3.8. This relation is 
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In the course of carrying out the calculations to obtain equation 3.15, it was necessary 
to make use of the property of analytic continuation for Bessel functions, equation A.22, 
the Bessel function integral, equation A.51, and the recurrence relation for Bessel 
functions, equation A.5. Equations 3.15 and 3.13 are used to evaluate the left hand side 


of equation 3.8. It follows that 
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This expression is the time-averaged power dissipated within the lossy coaxial rod 
element resulting from electrical conduction currents associated with the presence of 


the axial electric field component, & The right hand side of equation 3.8 shows 


72 
that it must be positive real in value. 
The tota/ time-averaged power dissipated within the lossy coaxial rod element is 


given by equation 3.9. It is simply the sum of equations 3.12, 3.14, and 3.16. Note that 
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all the power dissipation equations which have been obtained are “exact” - no 
approximations have been made in their derivation from the region 1 electric field 
components. The radial wave numbers, hy a and hoa » and the axial wave number, 
B@, which appear in the power dissipation equations are obtained as solutions to the 
dispersion equation, equation 2.65, and the separation constant equation, equation 2.88. 
It is of interest to determine how large of a contribution each of the three 
region 1 electric fields makes toward the total time-averaged power dissipation 
occurring within the lossy coaxial rod element. In particular, it is desirable to determine 
which electric field makes the dominant contribution. This information can be obtained by 
studying the ratios P ia Pd and Ay ieee From equations 3.12, 3.14, and 


3.16, the following two equations are readily obtained. 
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Note that equation 3.17 is independent of the lossy coaxial rod element length, 
2 Zy° 

A digression will now be made to discuss the application of Poynting’s theorem 
in complex or phasor form in order to investigate the power dissipation occurring within 
the lossy coaxial rod element. Since many clear derivations of it are available, the 
theorem itself will simply be listed here. (For example, see 18, pp. 31-32; 30, pp. 30- 
Bonoco, peoro—O2e 41, 0b..3 12-3 45770nd 44, pp. 3 15a817,) 
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is the appropriate form of Poynting’s theorem in complex form as applied to the lossy 
coaxial rod element. The closed surface of integration, S, consists of the cylindrical 
Sire Get =) Vga ea aS 20° Zy: and the two endfaces 2 = 42); Oe 

FD Figure 3.1 illustrates the lossy coaxial rod element closed surface. 
Equation 3.5 shows the volume of integration, V. The region 1 electric and magnetic 
field components, equations 3.2 - 3.4 and equations 2.73 — 2.75, are to be used in 


equation 3.19. Equation 3.20 is obtained by taking the real part of both sides of equation 
1, 


Pela $e x ) + ds] = 4 (© lel? av (3.20) 
V 


This has the important meaning that the total time-averaged power flow /nto the closed 
surface associated with the lossy coaxial rod element equals the total time-averaged 
power dissipated within the element volume. (Note that, as mentioned in section 2.1.1, 


the lossy coaxial rod volume is assumed to be source-free.) 
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Z 
| t lossy rod 


Pz| element surface 


sheath helix—| - Sag —— y ae Z=-Z| 


lossy rod— Pzi| 


Figurersal The lossy coaxial rod element of the 
Sheath helix surrounding a lossy coaxial rod is shown. 
In addition, the radial and axial time-averaged power 
flows, P and Po] » respectively, are 

rep z=+Z) 


displayed. (Note that Z1=Z 5.) 
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Previously, in section 3.1, the right hand side of equation 3.20 was evaluated. It is 
now desired to evaluate the left hand side. In cylindrical coordinates, the complex 


Poynting vector associated with the region 1 fields is 
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P 


rl b is the radial time-averaged power flow in the + a. direction, through 
8 


the cylindrical surface associated with the lossy coaxial rod element. P Zz] Z=+2, is 
the axial time-averaged power flow in the + a, direction through the two endfaces 
associated with the element. These two power flows are clearly shown in Figure 3.1. 

The procedure that the author followed to evaluate the radial and axial power 
flows, equations 3.23 and 3.24, respectively, will now be outlined. The field 
components, equations 3.2 — 3.4 and equations 2.73 - 2.75, were used. The property 
of analytic continuation for Bessel functions, equation A.22, was employed. The relation 

Re[z] = 5 (z + 7) wasalso used. Equations 3.13 and 3.11 were employed. 


Finally, the trigonometric analytic continuation properties 


~ cae nw 
cos(6z) = cos(gz), and sin(gz) = sin($z) 


were used. All the trigonometric functions were separated into their real and imaginary 
parts. To minimize the disruption in the continuity of section 3.1, the values of equations 
3.23 and 3.24 will not be explicitly stated here. It will be emphasized that the author was 
able to demonstrate that the net radial and axial time-averaged power flow into the 
lossy coaxial rod element closed surface, as stated in equation 3.22, /s exactly the same 
as the total time-averaged power dissipated within the e/ement volume, equation 3.9. 
This was accomplished by combining the two equations obtained from separately 
equating respectively the real and imaginary parts of the separation constant equation, 
equation 2.88, with equation 3.22, and performing a large amount of algebraic 
manipulations. 

In summary, the preceding discussion has achieved two important purposes. First, 
it has provided another outlook for investigating the total time-averaged power 
dissipation occurring within the lossy coaxial rod element. Instead of regarding it from 
the point of view of electrical conduction currents which result in ohmic heating, the 
power dissipation has been considered as the net time-averaged power flow into the 


element closed surface. Second, the discussion has supported the validity of the 
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previously obtained results. The total time-averaged power dissipation, equation 3.9 
(which is the sum of equations 3.12, 3.14, and 3.16), was verified to be correct from a 
completely different method of calculation than that which was originally used to derive 
it. 

As was mentioned earlier in section 3.1, the two radial wave numbers and the 
axial wave number appearing in the power dissipation equations are obtained from the 
solution of the dispersion equation, equation 2.65, and the separation constant equation, 
equation 2.88. Unfortunately, it was previously discussed at the beginning of section 2.3 
that the direct solution of equations 2.65 and 2.88 to obtain numerical values of the 
wave numbers solution is usually extremely difficult to accomplish. Therefore, it is not 
usually possible to numerically evaluate the power dissipation equations which have been 
obtained. However, this can be approximate/y accomplished for certain values of the 
radial wave numbers solution. When the magnitudes of hy a and hoa are either 
small or large, a discussion of the approximate wave numbers solution was previously 
given in part 2.3.1, which corresponds to the case when "the /ossy rod is not a good 
conductor”, and in part 2.3.2, which corresponds to the case when the "/ossy rod /s a 
good conductor". Making use of this knowledge, it is possible to derive small and large 
argument approximations of the power dissipation equations. This is the purpose of 


sections 3.2 and 3.3. 


3.2 Approximate Representations of the Power Dissipation Equations When "The 
Lossy Coaxial Rod is Not a Good Conductor” 

Equations 3.12, 3.14, and 3.16 are the exact power dissipation equations. 
Approximate representations of these equations will now be derived and examined for 
the case when “the lossy rod is not a good conductor”. (The meaning of the expression 
in quotation marks as it is used in part 3.2.1 is the same as it was in sub-part 2.3.1.1. 
This term has the same meaning as used in part 3.2.2 as it did in sub-part 2.3.1.2.) 

The approximate power dissipation equations are obtained by using the small 
argument and large argument representations to approximate the Bessel functions 


appearing in the exact equations. These approximate equations will be seen to be 
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relatively easy to evaluate. Equally important, the effect on the approximate power 
dissipation equations of varying the operating frequency, the sheath helix geometry, the 
lossy coaxial rod element geometry, and the lossy rod electrical properties, is often 


readily understood. 


3.2.1 Small Argument Representation 

The small argument approximations of equations 3.12, 3.14, and 3.16, the exact 
power dissipation equations, will be obtained. To justify the usage of the small argument 
Bessel function representations, it is approximately necessary that the radial wave 
number magnitudes are restricted so that | h,|a < 0.100 and | hola < 
0.100. Equations A.26 - A.29, the small argument Bessel function representations, 
are substituted into the three previously mentioned exact equations. (It will be mentioned 
that equations A.30 and A.31 were used in place of equations A.26 and A.27 to 


approximate the quantity 


h,b ji a 
yP ToChyb) T1(hyb) - hob Ig(hyb) 1, (hb) 


because the latter mentioned two equations are not a good enough approximation.) 
Making the previously mentioned substitutions and performing a small amount of algebra, 


equations 3.25 - 3.27 are obtained. 
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\ 2 
~ i waa (1200) 2 (ka cotany)¢ ah 2y ; 


P a0 B ra B ja 
[8b sinh(2 8 Z1) + 8 sb sin(2 8. z,) J; and (3.26) 
= Nite . 22 Hie oe 
Gaz mas 42 2S Wraacotanty cotenn is , = 
a Bp.a 
if J 
l10g(0.891 ha) |° 
5 : (Sie e/a) 
(hob) 
[1 - (B= a) OUD RI EN hob) | 


[8b sinh(2 8 Z1) + Bb Sane or z,) 1]. 


As a check on the accuracy of the three preceding equations, equations A.26 — 
A.29, the small argument Bessel function representations, were used to approximate 
equations 3.2 — 3.4, the region 1 electric field components. Equations 3.6 - 3.8 were 
then used to calculate the approximate power dissipations. Exactly the same result as 
equations 3.25 - 3.27 was obtained. In summary, using the exact electric field 
components, integrating these to obtain the power dissipations, and then applying the 
small argument Bessel function representations, gives the same result as when the small 
argument Bessel function representations were used to approximate the electric fields, 
and then the integration was performed to obtain the power dissipation equations. This 
result is expected. It provides a check on the correctness of equations 3.25 - 3.27. 

Equation 2.106 is the small argument approximation of the dispersion equation, 
which is valid when ‘the lossy rod is not a good conductor: It can be used to slightly 


simplify equations 3.25 and 3.27. 
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— el Per (3.28) 
(hob 2 
0 eee 
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r - ares ay (3.29) 
(hob) 


[1 - (e., - J o/weg) log(b/a) |° 


Equations 3.26, 3.28, and 3.29 can be evaluated by using the wave numbers 
solution discussed in sub-part 2.3.1.1. This involves equation 2.106 and equation 2.88, 
the separation constant equation. Graphs of the radial wave number solution hoa are 
given in Figures 2.2 — 2.5. 

Rather than following the procedure discussed in the previous paragraph to 
evaluate equations 3.26, 3.28, and 3.29, the approximate power dissipation equations 
can be more easily understood by making some further approximations. A significant 


simplification is achieved by assuming that the magnitude of the axial wave number is 


sufficiently small for the particular normalized lossy coaxial rod element length of 


concern, 2 z,/a, so that 2 |8| Z., = |gla + 2 z,/a <<a e This 
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One final approximation which will be made is to assume that the magnitude of the radial 
wave number associated with the air medium, | ho |a, is sufficiently small, taking into 
account the normalized lossy rod radius, b/a, and the lossy rod material electrical 


properties, so that 


(hob) 
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The two previously mentioned approximations were used in equations 3.26, 3.28, 
and 3.29. It is now possible to list the approximate small argument power dissipation 


equations. 
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} 2ez 
dr ~ (b/a 4 
=" fa) |ea{” (——1)*, and (3233) 
dz : 
P 
d@ ~ ] 2 2 
ppeea? (b/a)“ tan“y. seal) 


Equations 3.33 and 3.34 were obtained by simply taking the appropriate ratios of 
equations 3.30 - 3.32. For convenience, all the assumptions made in deriving equations 
3.30 - 3.34 from the exact power dissipation equations will be gathered together and 


listed below. 


Pla < 0.100, [hola s 0.100. [gals 2 z./a <<], 


(h b)? Gsmra5) 


and |1 - Few. = 8 o/weg) Wa i i log(b/a) | = ue 


A brief digression will be made concerning the first two requirements listed in 
equations 3.35. Figures 2.2 — 2.5 and equation 2.109, the small argument approximate 
equation for calculating hoa = | ho |a, make it clear that |h 2 Van 10). 00 
is usually true if ka cotanyp < 0.100. The separation constant equation, 


equation 2.88, shows that when | ho |a < 0.100, itis necessary that 


Ver ka < 0.100 and \/a7wey ka < 0.100, 


to approximately ensure that | hy iar 0 00. In short, the requirements on the 
magnitudes of the two radial wave numbers, | hy |a <0 POO and | ho | a< 


0.100, can be approximately explicitly stated in terms of the operating frequency, 
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the sheath helix geometry, and the lossy rod electrical properties, according to 


ka cotany < 0.100, Vey Ka¥< tO 710.0% 


and Vo/weg Kian < 00 aLO0n 


Equations 3.30 - 3.34 are the approximate sma// argument power dissipation 


(53573 6) 


equations, when the lossy rod is not a good conductor. (The term “the lossy rod is not a 
good conductor” is defined as having the rod material electrical properties such that 
equations 3.35 and 3.36 are satisfied. This places restrictions on how large the quantities 

€, and o/weg are allowed to be. Note that o/wey >> ce,  /s allowed here, 
which is the usual definition of the term "good conductor”.) Equations 3.30 - 3.34 are 
valid for both the three region configuration (b < a) and for the two region 
configuration (b = a). 

From the point of view of the electromagnetic heating of common materials, 
these small argument power dissipation equations are very important. For example, 
materials such as food stuffs, biological tissues, lumber, and oil sand, could be heated by 
surrounding them with a sheath helix (25). The electrical properties of these materials are 
such that for a wide range of operating frequencies, sheath helix geometries, and lossy 
coaxial rod element geometries, the restrictions given in equations 3.35 and 3.36 would 
be satisfied. 

Equations 3.31, 3.32, and 3.34 are easy to understand because they are explicitly 
given in terms of the electrical current on the sheath helix “windings”, the operating 
frequency, the sheath helix geometry, the lossy coaxial rod element geometry, and the 
lossy coaxial rod element electrical properties. However, in order to evaluate equations 
3.30 and 3.33 it is necessary to know : | a. The value of the magnitude of the axial 
wave number is approximately calculated by making use of the separation constant 
equation, equation 2.88, and the small argument approximate representation of the 


dispersion equation, equation 2.109. 
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where ho pa is approximately calculated from the relation 


(ReRcorenincherh> goeoreaien 


= aye. 
hoa (ase 


Note that the solution for hoa shown in Figures 2.2 — 2.5 can be used along with the 
separation constant equation to give a slightly more accurate value of | B | a _ than that 
which is obtained from equations 3.37. 

A discussion of the behavior of the approximate power dissipation equations as 
the operating frequency, sheath helix geometry, and lossy coaxial rod element geometry, 
are varied is now given. Decreasing only the pitch angle and the frequency of operation 
in such a fashion that the variable ka cotany = 2nf YQ &o a cotanwp 
remains constant, it is clear from equations 3.30 - 3.32 that PAG will be greatly 
reduced but P dr and P dz will be approximately unchanged. This behavior 
originates from the fact that the pitch angle appears by itself in Eo] as Siny, 


while in E., and E it appears as COS). 


Zz] 
Making the normalized lossy coaxial rod element length, 2 zy /a, smaller 
means that Pear becomes reduced more rapidly than P ae and ae ‘am sihishis 


because E has a Sin8Z_ axial dependence, while E and Eo] have a 


rl 
COSBZ axial dependence. (Note that, as mentioned in equations 3.35, |8|a - 
2 Z4 Janc<ce] has been assumed in the derivation of equations 3.30 - 3.34. Of 
course, 0 < | 8 | ZV Ss | 8 | Z1 is true when the electric fields within the lossy 
coaxial rod element are considered. Therefore, cosgz = ] and singz = 
8z.) Making the range of | 6B | Zz values smaller by reducing 2 zy /a_ clearly 
tends to reduce JERI but it has an insignificant effect on tear and 
Jeo iy i only the lossy coaxial rod radius is reduced, just the variable b/a_ in 
equations 3.30 - 3.32 becomes smaller. It is clear that Pal and P de become 


smaller more rapidly than nA - The explanation for this behavior originates from the 
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radial dependence of the three region 1 electric fields. Equations 3.2 — 3.4, the electric 


field components, show that the radial dependence of Ey and — e]  's given by 
I,(hyr), while that of EF , is given by In (hy r). As mentioned in 
equations 3.35, | hy | a < 0.100 is true and so the small argument representations 
of the Bessel functions, equations A.26 and A.27, can be used to approximate 
I ] ( hy r) and I ( hy Yr) at all points within the lossy rod element. It is seen that 


Ey and EG] are directly proportional to the radial distance, while [£ is 


independent of it. Clearly, Lea | and LE 9 | are largest near the se rod 
surface. If the rod radius is decreased, the magnitudes of Ey and Eo] near 

r = b become less while that of Eo is approximately unchanged. Therefore, 
reducing only the lossy rod radius means that ai and P 40 become small more 
rapidly than die . (Figures 2.14, 2.16, and 2.18 illustrate the radial dependence of 
the electric fields for the small argument case, when "the lossy rod is not a good 
conductor”. These three figures only differ because different values of the variable 

b/a are used. Therefore, they can be used to study how the electric fields within the 
lossy rod element behave as the rod radius is varied.) 

Attention is now directed to determining which of the three electric fields makes 
the major contribution towards the total power dissipated within the lossy coaxial rod 
element. Assuming that the sheath helix is sufficiently tightly wound so that g < y <«< 

10.0°, it is clear from equation 3.34 that P4, 7” P4e° Furthermore, since 
lBla - 2 Z 1 /a << 1 has been assumed in the derivation of equations 3.30 — 
3.34, it follows from equation 3.33 that Pg, 77 Pq,- Therefore, the axia/ 
region 7 electric field provides the dominant contribution to the tota/ power 
dissipation occurring within the lossy coaxial rod element, for the small argument 
case when "the lossy rod is not a good conductor". To a good approximation, 
equation 3.32 states the total power dissipation occurring within the lossy coaxial rod 
e/ement. 

Information concerning how the total power dissipation is distributed throughout 
the lossy coaxial rod element volume can be obtained by examining the spatial 
dependence of the axial electric field component in region 1. Eo has a cos8z 


axial dependence and a I 4 ( hy r) radial dependence. Since | hy Kose O 00 


and | 8 | ar 2 /a << 1 has been assumed, it is clear from the small argument 
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representations of the two previously mentioned functions that cosgz = ] and 

I ( hy r) © 1. At all points throughout the lossy coaxial rod element, Eo] is 
approximately constant in value. This has the important meaning that the tota/ power 
dissipation 1s approximately distributed uniformly throughout the e/ement volume. A 
more detailed discussion of this behavior for the special case when the lossy rod 
material electrical properties are such that o/ We, << Ee, is given later in part 
3.4.3. 

Chute et al. (25) mentioned the fact that for the two region configuration, where 
the sheath helix interior region is completely filled with a low-loss material, the total 
power dissipation for the situation where the wave numbers solution is small in 
magnitude, approximately results only from the contribution associated with the interior 
region axial electric field. Furthermore, it was mentioned that the total power dissipation 


is approximately un/form/y distributed throughout the lossy material volume. 


3.2.2 Large Argument Representation 

The purpose of part 3.2.2 is to obtain large argument approximations of 
equations 3.12, 3.14, and 3.16, the exact power dissipation equations. Due to the nature 
of the radial and axial wave numbers solution, it is necessary to separately consider the 
two region and three region sheath helix surrounding a lossy coaxial rod configurations. 


This will be done in sub-parts 3.2.2.4 and 3.2.2.2. 


3.2.2.1 Two Region Configuration 

It is assumed that the lossy coaxial rod completely fills the interior region of the 
sheath helix and touches the sheath surface. Only two regions are present, the rod-filled 
region and the region exterior to the sheath helix. 

Previously, in sub-part 2.3.1.2, the two region large argument wave numbers 
solution was obtained. This solution is given by equation 2.118. It is convenient to repeat 


this equation here. 


- j o/we 


p Ka, cotany (3.38) 
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As was mentioned in sub-part 2.3.1.2, to justify the preceding approximate wave 


numbers solution it is necessary that 
[hj [a > 1, |hola > 1, and cotan“wy> 1; 
Ove requivalenthLy., that (e373 97) 


(e +1) - j o/ wep 
2 


Kawcotanwt>._f hand cotan‘v?> i} 


Equation 3.38 is very useful because it shows that hia, ha and Ba are 
explicitly known in terms of the operating frequency, the sheath helix geometry, and the 
lossy coaxial rod material electrical properties. Equations 3.39 define what is meant by 
the term "the /ossy rod is not a good conductor” as it is used in sub-part 3.2.2.7. Note 
that equations 3.38 and 3.39 show that either ©, 77 O/ weg OTERO /A ry aac 
€ can occur. This is the usual meaning of the expressions “good dielectric” and 
“good conductor”, respectively. 
Taking just the first term of equations A.36 - A.39, the large argument Bessel 
function representations, and substituting this into equations 3.12, 3.14, and 3.16, the 
exact power dissipation equations, making use of the fact that b=a, equations 3.40 —- 


3.44 are obtained. 
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eee — tan*v. (3.44) 


In the course of carrying out the calculations to obtain equations 3.40 - 3.44, it was 


necessary to use the relation 


Ibo Sei 


2 
q wey (ka cotany)°, 


INe 
ha haa = - 


which was obtained by squaring equation 3.38 and then equating the imaginary parts. 
Equations 3.43 and 3.44 were derived by simply taking the appropriate ratios of 
equations 3.40 -3.42. Note that ha = Re[ha] and hja = Im[ha]. ha 

is the (single) wave number which determines the approximate large argument radial and 
axial spatial dependences of the field components associated with the two region sheath 
helix surrounding a lossy coaxial rod configuration. To justify the large argument Bessel 
function approximations used to derive equations 3.40 - 3.44 from the exact power 
dissipation equations, it is necessary that the requirements listed in equations 3.39 are 


satisfied. 
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Equation 3.38 makes it clear that ha = 0 and ha < 0. Employing 


the basic trigonometric function and hyperbolic function relations 
Si MeoX j=) SIN xeeeandemsinh(=*) == sanh xe 


it is seen that equations 3.40 — 3.42 are in fact positive real in value, as they must be. 
Equations 3.40 - 3.44 are the approximate /arge argument power dissipation 
equations for the two region sheath helix surrounding a J/ossy coaxial rod 
configuration, when ‘the lossy rod is not a good conductor. The values ha and 
n; a which appear are approximately evaluated from equation 3.38. 
It is possible to derive equation 3.44 without performing a detailed calculation of 
rie and eer From equation 1.6, the relation between the angular and axial 


electric fields in the rod-filled region at the sheath surface is 


Eo seit cotany. 


The radial dependence of Ey and —E 


I, (hy r), respectively. When r_ is sufficiently large so that |h, | pital 


is specified by Ty (hyr) and 


the zero order form of the large argument Bessel function representations, equations 


A.36 and A.37, are approximately valid, and they show that 


at hp 
= “”~ 
Ae T hy iP 
re 
Therefore, Eo = is Ea] > cotany is valid for radial distances sufficiently 
close to the sheath helix surface so that | hy | Gee> ul is satisfied. Furthermore, the 


large argument Bessel function representations make it clear that |E and 


61! 
| Ey | are large near the sheath surface, but they rapidly decay as the radial distance 


decreases. Examination of equations 3.7 and 3.8, using the previously mentioned 
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relationship between Ey and Eo » shows that equation 3.44 is immediately 
obtained. In short, this equation is seen to be a natural consequence of the boundary 
conditions at the sheath helix surface and the large argument behavior of the Bessel 
functions. 

Attention is now directed to determining how much of a contribution each of the 
three region 1 electric fields makes towards the total power dissipation. As was 
previously mentioned in equations 3.39, it is required that the sheath helix is sufficiently 
tightly wound so that cotan 5 >> 1]. Therefore, it is obvious from equation 3.44 
that ae ae P de : The contribution to the total power dissipation occurring 
within the lossy coaxial rod element is much greater for the region 7 axial electric 
field than /t is for the region 7 angular electric field, which are associated with the 
two region /arge argument case, when "the lossy rod is not a good conductor". 

The relative contributions to the total power dissipation associated with EA] 
and £ 27] ean be obtained by examining equation 3.43. From equation 3.38, keeping in 
mind that Bae 1 and ka cotany > 1, itis clear that ha > 1 is true. 
However, depending on the electrical properties of the lossy rod material, it is possible 
that | h, | ch 394 z,/a Se hj ey is either less than or greater than unity. 
This means that it is necessary to consider both the large argument representation 

sinhx & ROSE , which is approximately valid for x > 1, and the small 
argument representation Sinhx ‘= uy , which is approximately valid for xX < I; 
in equation 3.43. These both show that P an = P Hoe The contribution to the tota/ 
power dissipation occurring within the lossy coaxial rod element is approximately the 
same for the region 1 radial and axial electric fields, which are associated with the 
two region configuration /arge argument case, when "the lossy rod is not a good 
conductor". 

Information concerning how the total power dissipation is distributed within the 
lossy coaxial rod element volume can be obtained by examining the spatial dependence 
of the radial and axial region 1 electric fields. It was mentioned earlier in sub- 
part 3.2.2.1 in connection with the discussion of equation 3.44 that the region 1 electric 
field magnitudes are rapidly attenuated at decreasing radial distances away from the 


sheath helix surface. Figure 2.12 displays the radial dependence of the electric field 
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components associated with the large argument case of the two region configuration, 
when "the lossy rod is not a good conductor”. This figure provides a good illustration of 
how rapidly the field magnitudes become reduced at radial distances away from the 
sheath helix surface. This has the important meaning that the total power dissipation 
for the two region, large argument case when "the /ossy rod is not a good conductor" is 


concentrated near the lossy rod surface, and it is very smal// near r = (Q. 


3.2.2.2 Three Region Configuration 

The large argument approximations of the exact power dissipation equations will 
be obtained for the case when "the lossy rod is not a good conductor” and for the 
geometry where b <a. It will be assumed that the restrictions on the wave numbers 
listed in equations 2.111 and 2.112 are satisfied so that equations 2.116 are the 
approximate wave numbers solution. For convenience, equations 2.111, 2.112, and 


2.116 are repeated here. It is assumed that 


|hj [b> 1, phe te Meaeand= ht ash (Ae -eby ah ora: 
or, equivalently, that (3245)) 
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It was previously shown in sub-part 2.3.1.2 that equations 3.45 lead to the following 


approximate wave numbers solution. 
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S | é j 
hja = ka {(cotan” y- e.) + j o/weg- (3.46) 


(continued) 


Substituting just the first term of the large argument Bessel function 
representations, equations A.36 - A.39, into the exact power dissipation equations, 
equations 3.12, 3.14, and 3.16, making use of the approximate wave numbers solution, 


equations 3.46, equations 3.47 — 3.49 are obtained. 
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(3.49) 
-2 ka cotan¥ (1-b/a) (continued) 


|nyal cosy 6 


ka cotany hy ,a 8 5a [ha + (oe - j o/We Q) ka cotanv|¢ 


[ka cotany sinh(2 8 z1) “ B a sin(ka cotanv * 2 z,/a)]. 


To support the correctness of equations 3.47 — 3.49, the first term of equations 
A.36 - A.39 Was used to approximate equations 3.2 - 3.4, the region 1 electric field 
components. Equations 3.6 - 3.8 were then used to calculate the power dissipations. 
Exactly the same results as equations 3.47 -— 3.49 were obtained. As a summary, using 
the exact electric field components, integrating these to obtain the power dissipations, 
and then applying the large argument Bessel function representations, gives the same 
result as when the large argument Bessel function representations were used to 
approximate the electric fields, and then the integration was performed to obtain the 
power dissipation equations. This result is expected. It provides a check on the accuracy 
of equations 3.47 — 3.49. 
Two assumptions can be made which significantly simplify equations 3.47 — 3.49. 
First, it will be assumed that the lossy coaxial rod element length is sufficiently large so 
that] =" z,/a aia hale It was previously mentioned in sub-part 2.3.1.2 that 
[8 |a rapidly becomes smaller as the value of ka cotany increases. The 
second assumption which will be made is that for the particular lossy coaxial rod element 
length of concern, the value of ka cotany_ is sufficiently large so that | B la - 
2 zy /a << ]., Keeping in mind the fact that equations 3.45 show that 


ka cotan SN. these two assumptions mean that 
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prabe [ka cotany sinh(2 8; 2)) + 83a sin(ka cotany + 2 z,/a)] 
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Equations 3.47 — 3.49 now become the following. 
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Equations 3.53 and 3.54 were obtained by simply taking the appropriate ratios of 
equations 3.50 — 3.52. 

For convenience, the assumptions which were used in obtaining equations 3.50 - 

3.54 from the exact power dissipation equations, equations 3.12, 3.14, and 3.16, will be 


gathered together and listed in one location. 


2 z,/a 210, beiglh eee cml Kagcotany =. bj le 


ka cotanyp - Cleb/a) seal ameand tf or > cotan“y, (32555) 


then /o/we, Kaan? bij Sel. 


When the restrictions listed in equations 3.55 are satisfied, the radial wave number 
hya, which appears in equations 3.50 - 3.54, is approximately evaluated from 
equations 3.46. Equations 3.50 - 3.54 are the approximate /arge argument power 
dissipation equations associated with the three region sheath helix surrounding a /ossy 
coaxial rod configuration, when the lossy rod is not a good conductor! 
The restrictions on €, and o/ wep listed in equations 3.55 define what is 
meant by the term “the lossy rod is not a good conductor” as it is used in sub-part 
3.2.2.2. Note that both €, >> o/we 


r 0 
It is obvious from equations 3.50 - 3.52 that increasing the value of 


and o/we >> € can occur. 
0 Yr 


ka cotany or decreasing the value of b/a means that the power dissipation 
occurring within the lossy coaxial rod element rapidly becomes small. From physical 
considerations, this behavior is expected. Substituting equations A.36 — A.39, the large 
argument Bessel function representations, into equations 2.76 - 2.78, the region 2 

(b < r < a) electric field components, making use of the relation ho a = 
ka cotany from equations 3.46, the radial dependence of the field components is 
seen to be dominated by the exponential a~ka cotany (1-r/a) _ Furthermore, 
the boundary conditions given by equations 2.43 and 2.44 state that the radial and 


angular electric fields are continuous through the lossy rod surface. Evaluating equations 
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2.76 and 3.2, the region 2 and region 1 radial electric field components, respectively, at 


the lossy rod surface shows that they are discontinuous according to 


E ~(e 
oh Gab 


Glearntys” BE 
r= 


lh a | r2 | \ 
Finally, using equations A.36 - A.39 to approximate equations 3.2 — 3.4, it is seen that 
the magnitudes of the region 1 electric field components have a radial dependence 
ry © . eisai (te e/b) 
which is dominated by e F (Note that from equations 3.45 and 
3.46, it is approximately true that hy als 5 Eph) These field components 
exponentially decrease in magnitude as the radial distance becomes smaller. Figures 2.8 
and 2.10 provide an illustration of the radial dependence associated with the region 1 and 
region 2 electric fields, and of their behavior at the interface r = b, for the three 
region configuration large argument case when “the lossy rod is not a good conductor”. 
Increasing the value of ka cotanw means that the region 2 field components 
become more tightly held near the sheath surface. They become very small in magnitude 
throughout the air gap, region 2, and this is especially true near r= b. Keeping in mind 
the previously mentioned nature of the electric fields at this interface and the type of 
radial dependence of the region 1 fields, it is obvious that increasing the variable 
ka cotany will greatly reduce the electric field magnitudes throughout the rod- 
filed region O< rs b. In addition, reducing the variable b/a means that the 
lossy rod surface is moved further away from the sheath helix surface. Therefore, the 
electric field magnitudes in the rod-filled region will become much smaller. This provides 
the explanation as to why increasing the value of ka cotany or reducing the value 
of b/a_ has a great effect on making the power dissipation smaller. (Note that for the 
large argument two region case discussed in sub-part 3.2.2.1, the power dissipation 


expressions, equations 3.40 - 3.42, do not exponentially decrease when the variable 
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ka cotany increases. This is because of the fact that since the lossy rod is 
touching the sheath helix surface, the electric field magnitudes at the rod surface are 
always relatively large, even when the value of ka cotany _ is large. No air gap exists 
between the sheath helix surface and the lossy rod surface in which the electric field 
magnitudes are rapidly exponentially attenuated.) 

The manner in which the total power dissipation is distributed throughout the 
lossy coaxial rod element volume is known from the previous discussion. It was 
mentioned that the electric field magnitudes within the rod-filled region exponentially 
decrease as the radial distance decreaes. Therefore, the tota/ power dissipation 
associated with the /arge argument case of the three region sheath he/ix surrounding a 
lossy coaxial rod configuration, when ‘the lossy rod is not a good conductor" iS 
concentrated near the surface of the rod. A more detailed discussion of the power 
dissipation resulting from the region 1 axial electric field for the special case when the 
electrical properties of the lossy rod are such that ©, 77 o/weg is given later in 
part 3.4.3. 

Attention is now directed towards determining how much of a contribution each 
of the three region 1 electric field components makes towards the total power 
dissipation occurring within the lossy coaxial rod element. This is achieved by examining 
equations 3.53 and 3.54. Making use of the approximation for h, a given in equations 


3.46, it is convenient to express equation 3.53 as 
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Two natural! divisions of equation 3.56 are when the lossy rod material electrical 
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For the second mentioned case, it is best to consider three special situations. 
> 
Sp alekais fe o/weg 
2 C 
(aif fp 77 COtan’y, then dr/P az Sat 


2 «“~ 
(b) 1f COotan yp >> E>» it follows that Par! Pa png! ® 


(c) If Bp 205 fan then Vo/weg Kae eb fa Se] Is 


required, in order that the requirements listed in equations 3.45 are 


satisfied, and it is true that Ada te = 1k 


Equation 3.54 shows that the ratio iit ee is more complicated than the 
ratio Hdd ids . The first mentioned ratio compares the contribution to the total 
power dissipation occurring within the lossy coaxial rod element due to the angular 
region 1 electric field component, to that due to the axial region 1 electric field 
component. The contribution associated with the angular electric field can be regarded as 
ohmic heating resulting from a circumferential eddy current. Brown et al. (3, pp. 27) 
investigated the ohmic heating occurring within a conducting rod centered within a 
physical helix by assuming that only this circumferential eddy current was important. 
However, it will be seen later in sections 3.4 and 3.5 that, although when the lossy rod 
material electrical properties are characterized by o/ weg PP VE (5 the power 


i 


dissipation contribution associated with E usually dominates over that associated 


] 


with EO] » when oy Fe o/ wep occurs, it is true that the power dissipation 


contribution associated with Eo usually dominates over that associated with 

a el: In this case, the previously mentioned discussion given by Brown et al. has to 
be considered as incomplete and misleading. 

The ratio Seibel: is important because it shows whether the major portion 

of the ohmic heating results from circumferential eddy currents or axial currents. This 


ratio is a complicated expression and a lengthy investigation of it has been carried out. A 


discussion and graphs of this quantity are given in parts 3.2.3 and 3.2.4. 
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3.2.3 Graphs of Mad ede 

The purpose of this section is to achieve a better understanding of when the axial 
region 1 electric field component does or does not dominate over the angular region 1 
electric field, with respect to its contribution toward the total power dissipation 
occurring within the lossy coaxial rod element. This will be done by plotting a series of 
graphs. Both the large argument and the small argument approximations of this ratio are 
shown on each graph. Equations 3.34 and 3.54 are used as the small and large argument 
approximations, respectively, of the ratio ta Aeee . For convenience, these two 


equations will be repeated here. The small argument approximation of the ratio is 


tan wv, 35357) 


and the large argument approximation is 


Pde fous.) 
p SS SS a ae a i e 
dz I(cotan<y zg tite os o/ we | 
Z : : 
| ~(cotan~y - a) + j o/weg + (ee - j o/weg) cotany|¢ 


| {(cotan y - oo) ara | o/ weg + cotany|* 


Note that the solution for hy a from equations 3.46 was substituted into equation 
3.54, in order to obtain equation 3.58. It was previously mentioned in part 3.2.1 and in 
sub-part 3.2.2.2 that the requirements listed in equations 3.35, 3.36, and 3.55 must be 
met in order to justify the usage of equations 3.57 and 3.58. In all of the following 
graphs, it was ensured that these requirements are satisfied. (Actually, the region 1 
angular and axial electric fields, equations 3.3 and 3.4, have the same type of axial 
dependence. This means that when the ratio Taig hleae is calculated, the quantity 
a Zi/a does not appear. Therefore, the restrictions 2 z,/a > 0 and 


| By Ja + 2 zy /a << 1. which are mentioned in equations 3.55, do not, in fact, have 
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to be satisfied.) A gap is left in the graphs where neither the small or large argument 
approximations of the ratio can be used. 


Figures 3.2 are graphs of Pape ae versus ka. b/a = 0.100, 0.900; 


ce, = 10.03 o/wey = 10.0, 1.00x10°; » = 5.00°; and 


1.00x1 jet < kage" 1050 are used. For the two curves associated with 

o/wey = 1.00x1 03 a is seen that as ka _ increases, a crossover occurs from 
when the contribution to the total power dissipation resulting from £ al dominates 
over that resulting from —£ 91° to when exactly the opposite is true. 


Figures 3.3 show Cat de versus ka for b/a = 0.900; an 

TOL O;5 o/we, =810.0%1.00x10"; y = 1.00°, 5.00°, 10.0°; and 
T400x1 Ome < ka < 10.0. The four curves, which are described by 
g/weg = 1.00x10° and by o/weg = 10.0, » = 10.0°, each have the 
property that, for a sufficiently large value of ka, the power dissipation contribution 


associated with E dominates over that associated with E ay 


The final an of P4,/P4, versus ka are given in Figures 3.4. b/a = 
0.900; € = 2.00, 1.00x10°; o/wey = 1.00x107%, 1.00x10°; ¥ = 
1020 4-2-and ala tae ka < 1.00x10¢ are used. Each of the three 
curves, which are associated with o/ wep =i]. 00x 0° and with eye 
1.00x107, c/we 


Kae 


0 POO xe] 072 , show that for a sufficiently large value of 


6] will provide a greater contribution to the total power dissipation than 
Another set of graphs of the ratio P d o/ P dz fave been prepared. These are 
based on the same equations that were used in Figures 3.2 — 3.4. However, the lossy 
coaxial rod element is now assumed to be a specific material which might be a candidate 
electromagnetic heating (25). Douglas Beech wood, steak meat, muscle tissue, and oil 
sand, are considered. For these materials, the values of © r and o/ WE depend on 
frequency. The electrical properties were taken from references 45, pp. 268 - 271; 
and 46, Figure 2. Data tables have been prepared which show the electrical properties of 
the materials over a wide frequency range. In order that the continuity of part 3.2.3 is 


not interrupted, these tables have been put in Appendix E. 
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Figure 3.2a Graph of Cae ae versus ka, based 
On eguations 3.57 and 3.58. Curves Tor b/a=0. 100; 
€,710.05 o/we =10-0, 1.00x109; y=5.00°; and 
1.00x107 *cka<10.0 are shown. (Note PDe=Pa. + PDLs 
Bast KA=ka, and ER2= o/weg- ER2=1E1 means the curve 
represents o/we,=10.0.) 
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Fa gure, 35.2) Graph of Ei ghbtt > versus ka, based 
OneeouatlOns. 34575 andi 3-50 Curves. for. bi/ a=0« 90.0; 
3 


e,- 10.05 o/we,=10.0, 12.00x1 054. v=55 0024. and 


1.00x10" 4cka<10.0 are shown. (Note PDo=P,,, PDZ= 


2. KA=ka, and ER2=o/weg- ER2=1E3 means the 
curve represents o/weg=1.00x10°.) 
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Figure 3..3a Graph of Pag! tie versus ka, based 
on fequataons 3.57 and 3.58. Curves Tor 'b/a=0. 900); 
€ 4210.03 o/weg=10.0, 1.00x10°; y=1.00°5 and 
1.00x107*¢ka<10.0 are shown. (Note PDo=P,,, 
Page KA=ka, and ER2=o/weg. ER2=1E1 means the 


curve represents o/we,=10.0.) 
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Figure 3.3b Graph of ee ee versus ka, based 
OnVeguatrons=o757 and@3e58+ -Curvessforeb/fas0v9e0; 
€,710.03 o/wep=10.0, 1.00x10°; y=5.00°3 and 
1.00x107 t<ka<10.0 are shown. (Note PDO=P 442 PDZ= 
ones. KA=ka, and ER2=o/weg- ER2=1E3 means the 
curve represents o/wep=1.00x10°.) 
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Eres: 3C Graph of Dedede versus ka, based 
ONE CildisOl Stes woe ead no 0.0 . .CUY Ves arorap/ a=0.9 010 : 
6,710.03 o/weg=10.0, 1.00x10°; y= 10.0°3 and 
1.00x10°"<ka<10.0 are shown. (Note PDo=P,,, 
aoe KA=ka, and ER2=o/weg- ER2=1E1 means the 
curve represents o/we,=10.0.) 
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gure. 3.40 Graph of Piet mds versus ka, based 
Onpeauaulonicms.07 and o.56. GUrVeS 1Or D/d>Ucd00., 
€.=2.003 o/wep=1.00x107*, 1.00x10°5 y=10.0°3 and 

1.00x10°4¢ka<100.0 are given. (Note PDo=P,,, PDZ= 
eee KA=ka, and ER2=o/wey.- ER2=1E3 means the 


curve represents o/wey=1.00x10°. ) 


“He 


PD8/PDZ VS. KA FOR VARIOUS ER2 


ees 
* >» #09 


v 


‘ , bs 
i~ > re TTI oe 
f + 


- 
i] 
e \ 


TLL as24ey 

400@. deaNe to 23) 

bite in ofey Trae 
“toa eq 


178 


™ 
O 
Oo 


xs at DG 
ae 


TES 


— 


PIER 
WU ed Spe 


Ose 


Figure 3.4b Graph of Pads versus ka, based 
On equations 3.57 and 3.58. Curves for b/a=0.900; 
ep71-00x1075 o/wep=1.00x107*, 1.00x1095 y= 10.0°5 
and 1.00x107*<ka<100.0 are given. (Note PDO=P 4s 
PDZ=P 4s KA=ka, and ER2=o/weg- ER2=1E-2 means the 
curve represents o/weg=1.00x107*.) 
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Figures 3.5 are graphs of P dill P dz versus frequency for Douglas Beech 
wood. b/a = 0.100, 0.500, 0.900; y = 1.00°, 5.00°3 and a = 0.100 (m) 
are used. Table E.1 lists the values of ©, and o/weg as a function of frequency. 
The electrical properties of Douglas Beech are such that nice o/ WEY: For the 
sheath helix and lossy rod geometrical variables used in this figure, it is always true that 


cs provides a much larger contribution to the total power dissipation than 91° 


z1 

Figures 3.6 plot Feil! Pie versus frequency for a sample of steak meat. 
Table E.2 lists its electrical properties. The same values of b/a, a, and Y _ used in 
Figures 3.5 are employed here. It is clear from the data table that this material is not 
characterized by either oe aes o/ weg or by o/ weg aaiee ys The graphs 


show that when the pitch angle is » = 1,99° : for high frequencies E makes a 


Zi 
greater contribution to the total power dissipation than £ ale However, when wp = 
5.00°, the reverse is usually true. Note that the relatively swift decrease in the ratio 
at high frequencies results from the fact that Ey, and o/ wep are both rapidly 
decreasing with increasing frequency. 
Figures 3.7 display P d an dz versus frequency for a sample of muscle tissue. 
The electrical properties of this sample are listed in Table E.3, and the same values of 
b/a, a, and y as were used in the preceding two sets of figures are employed 
here. For these graphs, the only data available of the electrical properties corresponds to 
the large argument case of Bank te dou It is clear from the data table that ower 
o/ WEG: When yp = 1.00°, itis seenthat E£ 71 Makes a larger contribution to 


the total power dissipation than E However, when y = 5.00°, exactly the 


eat 
opposite is true. 

The final two figures included in part 3.2.3 are based on the sample of oil sand 
whose electrical properties are listed in Table E.4. Figure 3.8 uses b/a = 0.100, 0.500, 
0.900; » = 1.00°; and a = 1.00 (m). It is apparent from the data table that 


o/ spel ee eee is true over the frequency range for which the small argument form 


i 

of Pda/ eas is shown, while E, >> o/weg occurs for f | ] -00x162 
(Hz). The oil sand sample exhibits a wide variety of electrical properties over the 

large frequency range which is considered. For most of the points shown on Figure 3.8, 


c z] Makes a larger contribution to the total power dissipation than E Ay 
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PD&/PDZ VS, FREQUENCY FOR BOUGLAS BEECH 


Figure 3.5a Graph of Bae! ta versus frequency for 


Douglas Beech wood, based on equations 3.57 and 3.58. 
Table ke.  liscsetne e tectrical “properttes sof tthis 
Macertal, curves -ror-b/a=0 7100; 0=1 000% ,55700 >: aa= 


0.10 (m); and 1.00x105Hz<f<1.00x10!'Hz are shown. 
(Note PDO=P 4, and POZ=Ra5*) 
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Figure 3.5b Graph of Bat ede versus frequency for 


Douglas Beech wood, based on equations 3.57 and 3.58. 
TabverE. 1 tists the electrical properties of this 
material. Curves for b/a=0.500; y=1.00°, 5.00°; a= 


0.10(m); and 1.00x10°Hz<f<1.00x10! Hz are shown. 
(Note PDO=P yy and BD awa) 
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PD8/PDZ VS, FREQUENCY FOR DOUGLAS BEECH 
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Figures. .oC Graph of ee versus frequency for 


Douglas Beech wood, based on equations 3.57 and 3.58. 
Tabike pEs¢la eliissits (thee! ectri.caJl.:propert.ies of: this 
material. Curves for b/a=0.900; w=1.00°, 5.00°; a= 


OAlOe mysacand 1.00x10°Hz<f<1.00x10! Hz are shown. 
(Note Bleek and PUme hee) 
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Figure 3.6a Graph of Pang) aa versus frequency for 


a sample of steak meat, based on equations 3.5/7 and 
3.58. Table E.2 presents the electrical properties of 
TMUS sMaueysiail. solUnVves ior .b/a=0 21003 wedl'.00>, .5...00°"; 


a=0.10 (m); and 1.00x107Hz<f<1.00x10!'Hz are exhibited. 
(Note PDORP 4 and PD ZAP ao. 
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PD8/PDZ VS, FREQUENCY FOR STEAK 


Figure 3.6b Graph of Paetds versus frequency for 


a sample of steak meat, based on equations 3.5/7 and 
3.58. Table E.2 presents the electrical properties of 
SVS. Matceriueia Curves for b/a=0-5005_ v=1-00°; 5200°% 
a=0.10 (m)3; and 1.00x10*Hz<f<1.00x10''Hz are exhibited. 
(Note PDO=P 4, and PDZ=Ra5 2) 
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Figure 3.6c Graph of Bde titde versus frequency for 


a sample of steak meat, based on equations 3.57 and 
3.58. Table E.2 presents the electrical properties of 
tits: Materials curves tor b/a=0.. 9.00.5. m)=les00 "5 2000 > 


a=0.10 (m)3 and 1.00x10‘Hz<f<1.00x10!'H 


, are exhibited. 
(Note PE Pes. and puree 4) 
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Figure 3.7a Graph of Pail ide versus frequency for 


a sample of muscle tissue, based on equations 3.5/7 and 
S.90. he electrical properties of this material are 
lasted im Table £.3. Curves for b/a=0.100; vel .00°, 
5.00°; a=0.10 (m); and 1.00x108Hz<f<1.00x10!CHz are 
Shown. (Note PDO=P 4, and PID ZAP ot) 
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Figure 3.7b Graph of Be | ae versus frequency for 


a sample of muscle tissue, based on equations 3.57 and 
3.58. The electrical properties of this material are 
listed: int Hable E32: Curves® for b/a=0'.500' w=1'.00°, 


5.00°: a=0.10 (m); and 1.00x10/Hz<f<1.00x10!° 
shown. (Note PUGH Pe, and POL=P ee) 
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Figure *3¢/c Graph of Ban aeds versus frequency for 


a sample of muscle tissue, based on equations 3.57 and 
3.58. The electrical properties of this material are 
histed?fin Tabte -Ev3. Curves for b/a=0-.900; i y=1 200°, 
500° )0as07hO<fm); Gand 1.00x108Hz<#<1.00x10 Hz are 
Shown. (Note RDe=B ae and BDZ=E +) 


4o% yonoupsyt sperey saat to Agar owt 


oateaeeen shar Fe 2abtnsaotg teoine. ate 3 
Lbs. - 008, 0eg\d OF eavies a At: - 
‘ee. he: ta 7 


= 


S48 <? Ol exon. rove gas T be 


7) rt — - 


"7 mt : 
a  e 


i 


— mae? 4 phe wen ‘8I0K) 


Tut 


phat 2notievps ad beaad .awaels aaun 70 41 qmga 


Fo 


a ; 


L 4 


189 


=0.-E0 
AA B/A=0.90 


@O B/A 


S O 
OD LD 
jo) jo) 


aa| ea Be 
AA B/A 
[™ B/A 


xXx PDB 
© OOOO 


UU Uiio 


FES/PDZ VSe FREQUENEY= BOR OfeSsan a 


© 


= ° ii yi an T 

oS >) oO Oo oO oO 
ZUd/80 

Puguy Gees. Graph of et ads versus frequency for a 


Sample of o1l sand, based on equations 3.57 and 3.58. 
Table E.4 lists the electrical properties of the sample. 
Curves fomenya+0.100, 0.500, 029003 w=1.00°: a=1200 cm) 


and 1.00x10°Hz<f<1.00x10°Hz are displayed. (Note PDo= 
Eee EDP SRaet and B/A=b/a.) 
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Finally, Figure 3.9 is a similar type of graph as the previous figure, except that 
now wt = 10.0° is used instead of » = 1.00°. It is informative to compare 
these two figures. For low frequencies, the ratio Pe Be is now much larger than it 
was for Figure 3.8, although it is still definitely smaller than unity. Furthermore, for large 
arguments, Figure 3.9 shows that Ea makes a greater, or at least an equal, 


contribution to the total power dissipation, than Eo] * This is not true of Figure 3.8. 


3.2.4 Large Argument Graphs of Py aids 

Part 3.2.3 was concerned with figures which each displayed both the small and 
large argument approximations of the ratio bria/tias : It is now desired to focus 
attention only on the large argument form of the ratio, in order to determine whether the 
angular region 1 electric field or the axial region 1 electric field makes the larger 
contribution to the total power dissipation which occurs within the lossy coaxial rod 
element. 

It is convenient to repeat the large argument form of Blais equation 


3.58, here. 


P de = 
P 


dz I(cotan*» - 5) 1 o/weg| 


(3.59) 
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0 G 0 
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| J(cotan“y - « 


=) idee ae nat cotany| 


Previously, in part 3.2.3, it was mentioned that the following requirements must be 


satisfied in order to justify the usage of equation 3.59. 
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Figure 3.9 Graph of F Aipy ea versus frequency for a 


Sane Owl sand.eDasedson equations 3.5 /and 3.90, 
Table E.4 lists the electrical properties of the sample. 
Curves for bia=0e 1004-0<500, 0.900: w= 10.0°; a=1.003(m); 


and 1.00x10°Hz<f<1.00x10 [Hz are displayed. (Note PDo= 
dee PDZ=P,_» and B/A=b/a.) 
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Two ways of examining equation 3.59 are when the lossy rod material electrical 


properties are such that either ©, >> o/ wep or o/weg >> €y is true. 
i iz} r >> o/we 0 
Equation 3.59 simplifies to 
de 
Paz Icotan<y Tena 
|Vcotan“y ri aon Piet cotany|¢ 
eee ee ee (ese!) 


| feotan*y PACE E ss cotany|¢ 


Two special cases of this occur, depending on the value of the relative 


permittivity. 


(a) cotany 


It follows that 


P 
— > cotan‘y. G38 61) 
dz 
Clearly, Pia ee roe occurs, assuming that the sheath helix is 


relatively tightly wound. 


Ls) ee Ss cotan“y 


This means that 


2 
eb a SOR (anes) 


dz 4 cotan‘y 


Either Ede - Pee or eas a BAS may be true. 
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From equation 3.59, it follows that 


P 1 
sh & 5 Bert fet sere yy (3.64) 


dz KcOtonmwaas) o/weg| 


| cotan’y ay O/ weg =) o/ wep cotany|* 


|\j/cotan°y + j o/weg + cotany|¢ 


Once again, two special cases of the above can be considered. These depend on 


the value of the quantity o/ weg : 


(a) o/ weg >> cotan*y 


Equation 3.64 now becomes 


0 
Qo 


hae 


dz 


Sane oaicioy 


me) 


It is apparent that Pde >> Bes assuming that the sheath helix is 


relatively tightly wound. 


(b) o/ Weg << cotan~y 


This means that 


: 2 
P ll] - j c/we,| 
5 > —___,9__. (S564 
dz 4 cotan wv 


P 


SS 


doe P dz_ is now true. 


Two graphs of equation 3.59 have been prepared. These show the relative 


contribution of EA and Eo] to the total power dissipation, using many different 
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sets of the variables © p> o/weg >» and wp. Of course, the values of ka cotany 
and b/a_ associated with the sheath helix surrounding a lossy coaxial rod configuration 
must be such that the requirements listed in equations 3.60 are satisfied. 
Figure 3.10 plots Bd Dae versus o/ weg. Pr = 1 0 0kee ol 0-0 - 
pom ts )100.039 -and” 90 a)00 ~< G/weg < 1.00x10° are used. 
When o/weg 77 £y and o/weg >> cotan’y both occur, the graph shows 
that equation 3.65 is correct, as one expects. The curve representing y = 10.0° 
andes, = 100.0 satisfies &~p >> o/ WEG and approximately satisfies 
‘Spy ies cotan‘y, at o/ weg = 0.100. As expected, the value of the ratio 
predicted by equation 3.62 is seen to be approximately correct. At o/ Weg 
0.100, the other three curves meet the requirements necessary to use equation 
3.63. Indeed, their values are seen to agree well with its prediction. 
Figure 3.11 is a graph of Eee dz versus Fy° p= eh n00C4 
NOR De; ofaey =u) OXY =,81060, 1-00x)0y; aed 100 © e7 ee 
00 x: 0° are shown. When o/weg cA Wd Be 00x10° it is true that 


) 
o/ weg Cae... except near the top of the graph. Of course, it is also true that 
o/ weg >> cotan~y _ This means that the requirements necessary to use equation 
3.65 are satisfied. As expected, the two curves corresponding to this value of 
o/weg agree well with this equation. At fr ~ 1.00x10°, the other four 
curves satisfy both ©, 7? o/weg and ©&y,g sr CO tan*y. Therefore, the 
usage of equation 3.62 is justified. The four curves do agree with this equation, as one 
expects. Consider the two curves representing o/ weg Seals 0 Xl 074 At ea. 
G0 > itis: true that ope 7 o/ weg and that ©, << cotan“y. There- 
fore, the requirements involved with using equation 3.63 are satisfied and indeed the 
curves have the value that this equation predicts. The final two curves represent 
o/weg ee er At eo, = ] 200, o/weg ae is true. o/weg e< 
cotan“y is correct for p = 1. OOF and it is approximately correct for y = 
10.0°. The usage of equation 3.66 is justified, and the values of the two curves are 


seen to be in good agreement with it, as one expects. 
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Figure 3.10 Graph of P,,/Py, versus o/weg, based on 
equation 3-59. Curves for y=1.0°, 10.0°; e,=l-1, 100.3 
and 0.10<a/weg<1-00x10° are shown. (Note PDo=P4,, PDZ 
lis ER2=a/wep» and ERI=e.. PIOEIE2 means the curve 
represents y=10.0° and e,=100. PIE1T1.17 means the curve 
represents y=1.0° and emai ad 
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Rigure, 31 | Graph of Papel Ae versus e., based on 
SGUd LON 5.07 EOUnVES {TO Wri. O°r VO. Os o/we 0.01, 
10.0, 1.00x10°; and 1.00se,<1.00x10° are given. (Note 
PDO=Pays PDZ=P 4.» ERI=e,, and ER2=a/weg- PIOE2E-2 means 
the curve represents y=10.° and o/weg=0.01. Pees 


means the curve represents y=1.0° and o/weg=1-00x10°.) 
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3.3 Approximate Representations of the Power Dissipation Equations When "The 
Lossy Coaxial Rod is a Good Conductor” 

The purpose of this section-is to derive and investigate approximate power 
dissipation equations for the case when ‘the lossy rod is a good conductor. (The meaning 
of the term “the lossy rod is a good conductor” as it is used in part 3.3.1 is the same as 
it was for sub-part 2.3.2.1. Its meaning in part 3.3.2 is the same as it was for sub-part 
2.3.2.2.) Previously, in part 2.3.2, equations and graphs of the approximate radial and 
axial wave numbers solution were given for the sheath helix surrounding a lossy coaxial 
rod configuration, for the case when"the lossy rod is a good conductor.’ This was done 
for the three region configuration (b < a), but not for the two region configuration 

(b = a). The discussion of section 3.3 will be restricted ‘to the three region 


configuration. 


3.3.1 Three Region Configuration Small Argument Representation 

The small argument approximations of equations 3.12, 3.14, and 3.16, the exact 
power dissipation equations, will be obtained. The assumptions listed in equations 2.120 
are made. Equations A.28 and A.29, the small argument Bessel function representations, 
are substituted into the exact power dissipation equations, in order to approximate all 
Bessel functions having hoa and hoa - b/a_ as the argument. The first two 
terms of equations A.36 and A.37, the large argument Bessel function representations, 
are substituted into the exact power dissipation equations, so that all Bessel functions of 

fw 


argument h,b and h.b are approximated. Making these substitutions and 
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performing some algebra, the following equations are obtained. 
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3 2 2 Z 
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Equations 3.67 — 3.69 can be evaluated by using the approximate dispersion 
equation, equation 2.122, and the separation constant equation, equation 2.121, to 
evaluate hoa and ga. Some numerical values of the solution for hoa are given 
in Figures 2.6 and 2.7. Rather than following this procedure, however, equations 3.67 — 
3.69 can be considerably simplified by assuming that the value of | 8 | a Is sufficiently 


small, taking into account the lossy coaxial rod element length, so that [Bla 


2 z,/a = 2 |8| OS 1. This means that 
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Using these approximations in equations 3.67 - 3.69, the following equations are 


obtained. 
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Equations 3.73 and 3.74 were obtained by taking the appropriate ratios of equations 


3.70 - 3.72. For convenience, the assumptions which have been used in the derivation 


of equations 3.70 — 3.74 from the exact power dissipation equations will be gathered 


ont : 
| : _ 7 


isa Saati oe) 
ieee — 


aerate UT 
(eoadoo G2) Yeh 
- = 


{age reo. O)poth Sen 


———————— ee 


ree.cyoott 7 


a 


- 4 
> ~ 


(—-—-j 
| | Odi 


ay % 

+ 2 #one909 “e095 : wOS1). 2 a\d “i 
\ —— 4 ed "s\ os : 
whbdG9 are (200) Zr 


oo onte (r08T) 9 “em Su ome 
———— xe ~SCS«S “a ” $t 
aie ee 4'D A d § < 

e? ae ’ } \ 7 _ SS 
: ; 


af res.0}pat | 


, iis 
— Bib 

"ltd. PCB. UR Td 
_ 


‘(gator Bx) - 


is? 


( feR.0)}o0T| aad 
Sanina * 


Nee { Ah 


‘| teat fee.d)pot| 


‘7 


os fd eciten atelrqoidcae ert wie v9 neniercy 
et mi beau need aved eictng Bnotigrtesces, a 


ule vi Vas 
ba wien ad hw enoveups noone ‘oven Je 


rein 


4 


Pe 


—- — 


200 


together and listed. 


St ues z,/a < <umles o/ weg Zee as? ha = 3 o/ weg ka, 


(TAS) 
[hy |b = [s/ we, ka + b/a > 1, and |h,|a < 0.100. 


Equations 3.70 - 3.74 can be approximately numerically evaluated in the following 
manner. Making use of the discussion previously given in sub-part 2.3.2.1; when the 


requirements given in equations 3.75 are satisfied, it is approximately true that 


Tr 


[ha |a = hy ),a, where hoa is calculated using 


Ne pea ogiib sa) 
Cpa tae = (€32 69) 
r CU eles) 


Furthermore, it is true that | 8| a = ho pa: 

Equations 3.70 - 3.74 are the approximate sma// argument, three region 
configuration, power dissipation equations, when "the /ossy rod is a good conductor”. 
(The term “the lossy rod is a good conductor” has the meaning that the electrical 
properties of the rod material are such that the requirements listed in equations 3.75 are 
satisfied.) These equations are valid for the three region sheath helix surrounding a lossy 
coaxial rod configuration. 

The relative contribution that each of the three region 1 electric field components 
makes towards the total power dissipated within the lossy coaxial rod element can be 
understood by examining equations 3.73 and 3.74. Making use of the requirements 

Yolueg - K Da lee and |gla Si z,/a exe which are listed in 
equations 3.75, equation 3.73 shows that ee 220 dr’. For the three region, 
small argument representation, when “the /ossy rod is a good conductor’, the 
contribution to the total power dissipation associated with the region 7 axial electric 


field is much greater than that associated with the region 7 radial electric field. 


ae 


‘Sve. ice verse Petar ed 
. id ny a 
ng ele A Map yemeivenG ncviemunaiy eit Ye 


~ 


vVinreoueo NIG 2 om 9 ziti gM &\.e Pe a) op 


: orwau betatoteo si 6.5! eres «8 
. . 
, a 
is 4 S- 
"i a\ « F) 
f 
ai 
7 i Lev") ae “6 
We wena! rate GED Hole heals sites novhe 
j ah = 
a ee cu) “uber bOOg 4 Bi GO yacol ory” ire 
? a ae 
ero wun: trl feet? clove eee Gelataen ov f to ee 
et 
(vp ier) i8 » sever ot: vat & Silsv _ enviiaupe 7 ie. 


4 | — pols 

a svi? shvtaele | nolge® eewtt et to foes paabioe cx el os 7 
do ieamela bol lence. yaeot ort etiiw: berm ww0K infor art sy 
“ammetune ert io ee guia AVA ba 25.8 ree dt 
: ie row .f so thes BS ape) pm 2 < 
Leet. eens et Sok 4 8 ot ‘tet wore BE 
afi “yates Doon ® ale O4 baa wr tiie Hove 
\itee ve \eive 4 ie aC ws halve iano ooh ‘ 
Jy\al\ Sivioe le le\net A nage mA Ham 


ms 
i 


- 
i 


’ 


201 


Since | 10g(0.891 hob) | =k a WOKS LOS hoa) * Pogcubya) yes 


| 10g(0.891 hoa)| for 0 < b/a <1 and [hola < 0.100, 


equation 3.74 shows that when y __ is small, cae > ree occurs, unless the value 
of b/a_ is very small. Assuming that the sheath helix is tightly wound, for the three 
region, small argument representation, when "the lossy rod is a good conductor", the 
contribution to the total power dissipation associated with E 0] is usually greater 
than that associated with oe : The single exception to the previous statement 
occurs when the rod radius is much smaller than the sheath helix radius. 

To conclude part 3.3.1, it will be mentioned how the total power dissipation is 
distributed throughout the lossy coaxial rod element volume. Substituting just the first 
term of equations A.36 and A.37, the large argument Bessel function representations, 
into equations 3.2 -— 3.4, the region 1 electric field components, making use of the 


relation hy oe ee) ei \fo/2weg from equations 3.75, it is seen 


that the radial: dependence is dominated by the exponential 


-(1+j) V c/2ue kb (1-r/b) 
e 0 . Once again making use of equations 3.75, it is 


known that o/ weg ~ kbfeeils and so all the electric field magnitudes are at 
least relatively rapidly exponentially attenuated throughout the rod-filled region, as the 
radial distance decreases. (Figures 2.24 and 2.26 illustrate the radial dependence of the 
electric field components for the three region configuration small argument case, when 
“the lossy rod is a good conductor”.) This has the important meaning that the total 
power dissipation occurring within the lossy coaxial rod element is concentrated near 
the surface of the rod, for the three region configuration smal/ argument case, when 
"the lossy rod is a good conductor’. A further discussion of this behavior is given later in 


part 3.5.3. 
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3.3.2 Three Region Configuration Large Argument Representation 

The large argument approximations of equations 3.12, 3.14, and 3.16, the exact 
power dissipation equations, will be obtained for the case neni lossy rod is a good 
sige and for the geometry where b <a. It is assumed that the requirements 
listed in equations 2.127 are satisfied, which means that the approximate wave numbers 
solution is given by equations 2.128. 

The first term of equations A.38, A.39, and the first two terms of equations 
A.36, A.37, which are the large argument Bessel function representations, are 


substituted into equations 3.12, 3.14, and 3.16. Equations 2.127 and 2.128 are used. 


Finally, two additional assumptions are made. First, it is assumed that the lossy coaxial rod 


element length is sufficiently large so that 2 Zi/a Shou Second, it is assumed 
that the value of | 8; | a is sufficiently small for the particular element length of 
concern, so that 8; | ance 52 Z,/a cee le Making the previously mentioned 


assumptions and substitutions, equations 3.77 — 3.81 are obtained. 
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Pdr ~ cotan@y d 

RGA wy Re eon (3.80) 
dz 0 

p 
do. 2 

Pa cotan y. (3.81) 


Equations 3.80 and 3.81 were obtained by taking the appropriate ratios of 
equations 3.77 — 3.79. It is convenient to list in one location the approximations made in 


deriving equations 3.77 — 3.79 from the exact power dissipation equations. 
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When the requirements mentioned in equations 3.82 are satisfied, it was previously 
mentioned in sub-part 2.3.2.2 that the following approximate wave numbers solution 


results. 
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“~~ _ 
ora Ba = ka cotany, h,a = 3 o/ weg ka, 
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and [hos la = Js, [a << ka cotany. 


Equations 3.77 - 3.81 are the approximate /arge argument, three region 
configuration, power dissipation equations, for the case when "the lossy rod is a good 
conductor”. (As it is used in part 3.3.2, the expression in quotation marks has the 
meaning that the electrical properties of the lossy rod satisfy the requirements listed in 
equations 3.82.) Assuming that the sheath helix is relatively tightly wound, equation 3.8 1 
makes it clear that Pa aa ae - Making use of equations 3.82, it is apparent from 


equation 3.80 that Pa ee P pe The question concerning which of the three 


region 1 electric fields makes the largest contribution to the total power dissipated 


within the lossy coaxial rod element is easy to answer. For the /arge argument case of 
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the three region configuration, when "the lossy rod is a good conductor", the angu/ar 
region 7 electric field makes the dominant contribution towards the total power 
dissipation, assuming that the sheath helix is relatively tightly wound. The total 
power dissipation is therefore approximately given by equation 3.78. Note that it rapidly 
decreases in an exponential fashion when ka cotany _ increases or when bia 
decreases. The explanation for this behavior is the same as that discussed previously in 
sub —Datt.3.2,202: 

Substituting equations A.36 - A.39, the large argument Bessel function 
representations, into equation 3.3, the region 1 angular electric field, making use of the 
relation for ha from equations 3.83 and the fact that |h,|b > 1 from 


equations 3.82, the radial dependence of E is seen to be similar to that discussed 


61 
previously in part 3.3.1. Therefore, for the three region configuration, large argument 
case, when "the /ossy rod {is a good conductor”, the total power dissipation is 
concentrated near the surface of the rod. Part 3.5.3 presents a more detailed discussion 
of this behavior. 

To conclude part 3.3.2, the power dissipation expressions presented here will be 
compared to the expressions listed in sub-part 3.2.2.2. These latter mentioned 
equations, equations 3.50 - 3.54, are for the large argument case of the three region 


configuration, when “the lossy rod is not a good conductor”. It will be assumed in sub- 


part 3.2.2.2 that the conductivity of the lossy rod is sufficiently large so that 


o/weg Banes and o/wey >> cotan“y. (3.84) 


(Note that this does not violate any of the requirements listed in equations 3.55, which 
were used in the derivation of equations 3.50 — 3.54 from the exact power dissipation 
equations.) Equations 3.84 mean that the approximate wave numbers solution listed in 
equations 3.46 reduce to the wave numbers solution listed in equations 3.83. The wave 
numbers solution associated with the three region, large argument case, when “the /ossy 
rod is not a good conductor", has become the solution associated with the large 
argument, three region configuration, when “the /ossy rod /s a good conductor”. Making 


use of equations 3.83, 3.84 in equations 3.50 —- 3.54, and simplifying by eliminating the 


less significant terms, it is discovered that the corresponding equation of the set 3.77 - 3.81 
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is obtained. When the conductivity of the lossy rod is large enough to satisfy 
equations 3.84, the power dissipation equations which were previously obtained for the 
three region, large argument case, when "the lossy rod is not a good conductor”, 
become simplified to the equations associated with the three region, large argument 
case, when “the /ossy rod is a good conductor’. This means that it is possible to 
consider the discussion given in part 3.3.2 as a specialized form of that given in sub- 
part 3.2.2.2, when the conductivity of the lossy rod becomes sufficiently large. Note 
that demonstrating the equivalence between the two sets of equations serves as a check 


on the accuracy of equations 3.77 - 3.81. 


3.4 Approximate Representations of the Power Dissipation Equations When the 
Lossy Rod is an Excellent Dielectric, Based on the Ideal Dielectric Rod Configuration 
Wave Number Solution 

Sections 3.2 and 3.3 discussed approximate power dissipation equations. These 
approximate expressions were derived from the exact equations given in section 3.1, 
for the special cases when the magnitude of the radial wave numbers are either small or 
large, so that the Bessel functions appearing in the exact equations could be 
approximated by simpler functions. The electrical properties of the rod material were 
allowed to assume a relatively wide range of different values. They were restricted only 
to the extent that the radial wave number magnitudes were either sufficiently small or 
large to justify the usage of the small or large argument Bessel function approximations, 
respectively. The radial and axial wave numbers are complex-valued. Section 2.3 
discusses the small argument and large argument solution of these wave numbers. 

A completely different approach to that used in sections 3.2 and 3.3 will be 
followed in sections 3.4 and 3.5, in order to derive and discuss approximate forms of 
the exact power dissipation equations. It will be assumed that the conductivity of the 
lossy rod is either very small or very large. The approximation will be made of using the 
(real) radial and axial wave numbers solution, for the sheath helix surrounding an ideal 
dielectric coaxial rod, or for the sheath helix surrounding a perfectly conducting coaxial 
rod. (Recall that in the limit as the rod conductivity approaches zero, it was shown in 


part 2.2.2 that the free mode field solution associated with the sheath helix surrounding a 
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lossy Coaxial rod becomes that of the sheath helix surrounding an ideal dielectric coaxial 
rod. Part 2.2.3 showed that in the limit as the rod conductivity approaches infinity, the 
free mode field solution associated with the sheath helix surrounding a lossy coaxial rod 
becomes that of the sheath helix surrounding a perfectly conducting coaxial rod. 
Therefore, one expects that when g_is very small (but nonzero) or is very large (but 
finite), the wave numbers solution associated with the lossy rod configuration will 
approximate that of the ideal dielectric rod configuration or the perfectly conducting rod 
configuration, respectively.) 

Appendices C and D provide a relatively thorough discussion of the free mode 
field solution associated with the sheath helix surrounding a perfectly conducting coaxial 
rod and the sheath helix surrounding an ideal dielectric coaxial rod, respectively. It is 
shown that the solution of the dispersion equation and the separation constant equation, 
in order to numerically evaluate the radial and axial wave numbers, is relatively easy to 
accomplish. It is very attractive to use these wave numbers to derive approximate power 
dissipation equations. This is because these approximate equations can be numerically 
evaluated for a wide range of operating frequencies, sheath helix geometries, and lossy 
rod geometries. It is not necessary to restrict the values of these (real) radial wave 
numbers to be either small or large. 

In summary, sections 3.4 and 3.5 will put sharp restrictions on the conductivity of 
the lossy rod. By using the wave numbers solution associated with Appendices D and C, 
it will be possible to derive and evaluate approximate power dissipation equations, 
without using the small and large argument Bessel function approximations. Section 3.4 is 
concerned with the approximate power dissipation equations for the case when the 
lossy rod conductivity is very small. Section 3.5 discusses the approximate expressions 


for the case when the lossy rod conductivity is very large. 


3.4.1 Derivation of the Approximate Power Dissipation Equations 

It is assumed that the lossy rod is an excellent dielectric. Approximate 
expressions for the power dissipation occurring within the lossy coaxial rod element will 
be obtained from the exact power dissipation expressions, equations 3.12, 3.14, and 


3.16. Previously, in part 2.2.2, it was demonstrated that taking the limit of the radial and 
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axial wave numbers as the lossy rod conductivity approaches zero, the (real) radial and 
axial wave numbers associated with the sheath helix surrounding an ideal dielectric 
coaxial rod are obtained. Therefore, the following approximations are reasonable, when 


the lossy rod conductivity is very small. 


o/ weg SFine ge ha ade > [hysla, 


: ShERSNS) 
hepa >> [hosla, and 8a >> |8; la. | 


An additional approximation is made that the imaginary parts of the radial and axial 
wave numbers will tend to approach zero. This result is evaluated as a limiting case of 
equations 3.12, 3.14, and 3.16. During the course of evaluating these limits, it was 
necessary to apply L’Hopital’s rule (for example, see 47, pp. 651) in order to obtain the 


following three results. 
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In order to evaluate equations 3.87 and 3.88, the differentiation rule 
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where n= 0,1 and the "|— denotes differentiation with respect to the total 
argument, was used. Furthermore, equations A.5 and A.7, the Bessel function recurrence 
relations, were employed. 

Calculating the limits of equations 3.12, 3.14, and 3.16, as the imaginary parts of 
the radial and axial wave numbers approach zero, making use of equations 3.86 — 3.88, 


the following three equations are obtained. 
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In equations 3.89 - 3.91, the quantity oie 4 o/weg has been approximated as 
En: In order that these equations are in a form where they can be relatively easily 
numerically evaluated, it is desirable to make one additional approximation. This 


approximation is that 


a Thoa @ pa = hia. (3.92) 
ack is the (single) wave number which determines the radial and axial spatial 
dependences of the approximate field components for the sheath helix surrounding an 
ideal dielectric coaxial rod. It is discussed in section D.2. 

Substituting equations 3.92 into equations 3.89 - 3.91, equations 3.93 - 3.95 


are obtained. 


oN 
: ai _ 
7. 
GOR, 4. 
ne 
) 
Sate | 
_ 
La A 
; = 
A if 
>» } vy? 
i % 
7 . 
u | . 
' 
f | 
ey 
f yy! 
{ ' ' 
77 YI 
5] 
Wiwage mix6 One igit 


row w Sp . 
payed (2) 78),! 4 


4 


sky ert sentir vediaky igi vedere), evew 
na golbnuorwe xilert ritkere edt sot erinniog”ne. via alarixo rs 


iE ensituins 
aB.6 - SRE an Mavs Ie > 28.6 snoltiupe cin maga 


Lips 


be teed 


(di ettdel 


ew 


Stns ene he aoe: 


oof + (a. ai iad (414091 ® aa 


& 7 a) -—_ eOSt 
. ; D7 ® 0 +8: 
“Kyi 
‘),17) “Cte. od) 8] 
13 U 


ne y os 8 ad 
i > 
‘ —— 


ee ee ee 


yo & @ ,9 yeep Se, al a 
retw met a ni aw enn itauye ease tect 


: 
e eno eter of sidmigeb ei 1 jbefaulave 


<0 nextoee ev becavaaib & — ¥ Es 


; 
= 


— . ian 


210 


ay ene Ro ae 
Region qe hea (G Rovane Bos ay 
: d 
Serie 2en ane eZ) meen 
(noa)* [kp(hSa)]® (1 - ——,——l') —1- (3.93) 
20n zy a 


2 
({1,(h%b)]* - [Ig(h%b)1* + ae Ig(n°b) 14(h%b)) 
Elle Soy) GLP 


d d 
(Ua fad Kenitiebye te) 


ie sinty : 


a4 2 
P a0 = du Tae (b/a)? Oo (1207) ¢ (ka cotanv 


sin(2 hn? 


d 


ee ee (3.94) 
2° zy a 


Peer (1 + 


2 
GitGhaby 5 : UUs ae ju) 1,(n°b)), and 


7S) lie Sak 120" _)2 


2 
E diz 4 dl laa cotany CO 


sin(2 n? Z1) 


(nfa)® [kK y(h%a)]® (1 + 
Zan zy a 


(Tinchy doe bia Ch bya) 
CAG eect) UNS. 


Relation A.25, which was obtained from the Bessel function Wronskian identity, was 
used for simplification in the derivation of equation 3.94. 
Equations 3.93 - 3.95 are the approximate power dissipation equations when 


the lossy coaxial rod is an excellent dielectric, based on the wave number so/ution for 
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the sheath helix surrounding an ideal dielectric coaxial rod. Equation D.47 lists the 
variables needed to determine pibare From equations D.47 and 3.93 —- 3.95, the 
variables on which the approximate power dissipation expressions are dependent can be 


stated. 


eee Concocany seb) cymes tray C2) /c, oo Si): (306) 


wherena. Sanmsiee'sticZ). 


It is mentioned in part D.2.1 that equations D.57, D.58, and D.59 must be 
satisfied to justify the usage of nta . These equations put a limit on how large the 
value of €, is allowed to be, and they will be more easily satisfied for a relatively 
tightly wound sheath helix. The value of nda is obtained for the particular set of 
variables ka cotanyp, b/a, Ep: by solving the dispersion equation, 
equation D.41. Extensive graphs of this wave number solution are given in Figures D.1 — 
D.8. For small or large values of ails f the approximate representations, 
equations D.49 and D.53, respectively, can be used for the solution. Once the value of 

nce is known, equations 3.93 — 3.95 can be directly evaluated for a particular set of 
the variables listed in equation 3.96. 

A digression will now be made to discuss an alternative procedure which was 
used to derive approximate power dissipation equations, when the conductivity of the 
lossy rod is restricted to being very small. This is actually a perturbation method based 
on the region 1 electric fields associated with the sheath helix surrounding an ideal 
dielectric coaxial rod. When the conductivity of the lossy rod is very small, the 
approximation is made of using the ideal dielectric rod configuration fields in place of the 
actual lossy rod configuration fields. (For example, see 3, pp. 13.) 

Equations D.23 - D.25, the approximate region 1 electric fields for the ideal 
dielectric rod configuration, are used in the integrand of equations 3.6 — 3.8. A similar 
procedure to that followed in section 3.1 is used to evaluate the three integrals. In the 
course of carrying out these calculations, it was necessary to make use of equation 


A.52, a relation involving the integral of Bessel functions; and equations A.5, A.7, which 
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are both Bessel function recurrence relations. It is discovered that the resulting 
approximate power dissipations associated with the radial, angular, and axial region 1 
fields are exactly the same as the corresponding expressions listed in equations 3.93 - 
3.95. The power dissipation equations, which were obtained by making approximations 
to the exact expressions /isted in section 3.1, are the Same as those obtained based on a 
perturbation method involving the region 7 electric field components associated with 
the sheath helix surrounding an ideal dielectric coaxial rod. 

This demonstration serves two important purposes. First, it supports the 
accuracy of equations 3.93 -— 3.95. Second, it provides a new way of regarding the 
approximations which were made to the exact power dissipation expressions, in order to 
derive equations 3.93 - 3.95. These approximations can be considered as being 
equivalent to replacing the region 1 electric fields associated with the lossy rod 
configuration, with the corresponding fields associated with the ideal dielectric rod 
configuration. 

To conclude part 3.4.1, a discussion is given concerning the overlap involving the 
approximate power dissipation equations listed here and those given previously for the 
case when’ the lossy rod is not a good conductor, parts 3.2.1 and 3.2.2. Equations 
3.30 —3.32 are the two and three region, small argument, approximate power dissipation 
expressions, weenie lossy rod is not a good conductor” The small argument Bessel 
function representations, equations A.26 — A.29, are used to approximate equations 


3.93 — 3.95. The single exception is in the approximation of the quantity 
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where it is necessary to use the approximations given by equations A.30 and A.31. The 


following additional approximations are made. 


(n°b)? 4 
1 - €. — 10g9(0.891 h 


b) = 
Uae? 


iT 
— 
w 
= 7 
pes) 
e 
ine) 
N 
—d 
= 
mw 
A 
A 
— 
~~ 


sis | AS 


oe 

anaes’ ett an ‘pee Mi al. 1 cone sles 

noiget jab Ore a yore sit 2i90 

- £26 pote Mm beiat annaanrgis @ abnoaeen 

ath KREIS DOV Ye ‘penieite 9 pete. 
Leted teenie saath ae gritos ove 1 22 ¢ 

WaAl\nQeies ZINSnOUiNeae a\elt sistoe\e % pees: 5 

Nady AGixnes otVioe\9l0 te bm. 

Sey iad wareounr owt conide “oie 

ow owe @ ewbiveN 1 Bocce] .c - 8. 900 gL 


aguiyd no veesvwetib wood 4.40 art 67 setae? aan 


: ile 
- 
y 2a 5 ad med shooernisatgos egort? .26 6 = eer 3 
ol ert rid 3noormen apie rete f some ore erioaiges al am 
eet ati eT oainoqes nog eri citi vit | J i 


‘on 
jae 
= 7 - 
. a ors eto" mvie 2 mores jae: he af ue Tw sbulone OF 


—_ 


slo betail enone novtaqieaits mwOg 4 rey 


janes Hoop & ror a bo yanet ait atv 
reeniwy” je’? sate call ea wit hae a cee. 


a ofT Sotaubnos Gea a fon aio yesor wit? a 


A - Sty) wrateupes encima 


~ : " 
bas ra ye td ’ iss 


> 
> Aohwri~e vary eff 1 ores inti oA? oe 


(aa) ot mpm + SEA Ah ea 
od - 


aol’ : A DOS OFA ara { val nevig adugitarnixa Maye vd eeu oF. vans 
ee am anaitenixo age lanoilibba gah 
Oe — 7 


a 
: 
+4 ig 
‘ot -—— 


Z2i3 


which means that sin(2 h¢ z1) 2h 
6 ean acini 
and (Ka cotany)2 = (continued) 
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which is equation D.49, the crude small argument approximation of the dispersion 
equation. 

Making the previously mentioned approximations, it is discovered that equations 
3.93 - 3.95 are transformed into equations 3.30 - 3.32. When the value of pate iS 
sufficiently small, the approximate power dissipation equations based on the ideal 
dielectric coaxial rod configuration wave number reduce to the small argument 
representations of the approximate power dissipation equations, for the case when the 
lossy rod is not a good conductor” This latter mentioned case was previously discussed 
in part 3.2.1. 

Consider the two region, large argument, approximate power dissipation 
expressions, equations 3.40 - 3.42, which were previously discussed in sub-part 
3.2.2.1. The relation o/weg ° (ka cotany)< Zs A ha ha is used, 
which is obtained by squaring equation 3.38 and then equating the imaginary parts. 
Furthermore, it is assumed that the conductivity of the lossy rod is sufficiently small so 
that o/ weg << €,* From equation 3.38, this means that ha >> jh la. 
Finally, the limit of equations 3.40 - 3.42 is taken as the imaginary part of the (single) 


wave number solution approaches zero. The following relation is used. 
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Attention is now directed to equations 3.93 - 3.95, for the special case when 

b = a. Just the first term of equations A.38, A.39, and the first two terms of 
equations A.36, A.37, the large argument Bessel function representations, are used to 
approximate equations 3.93 - 3.95. To justify usage of these representations, it is 
necessary that nda > ]. The approximate two region, large argument dispersion 


equation, equation D.54, is used. Finally, it is assumed that 


Sinan 
2 ras OS MOS" whitcosmeans tia t= |r aA PE ie 1 Rss 9 8) 


Making use of the restrictions and assumptions mentioned in the preceding two 
paragraphs, it is discovered that equations 3.93 —- 3.95 equal the corresponding equation 
of the set 3.40 - 3.42. When the wave number 4, is assumed to be sufficiently 
large in the equations considered in part 3.4.1, and when the value of the lossy rod 
conductivity associated with the equations considered in sub-part 3.2.2.1 becomes 
sufficiently small, the two sets of approximate power dissipation equations agree with 
each other. 

Finally, the three region, large argument, approximate power dissipation 
expressions, equations 3.50 - 3.52, which were previously discussed in sub-part 
3.2.2.2, are considered. It is assumed that the conductivity of the lossy rod is sufficiently 
small so that o/weg << e,- Furthermore, it is assumed that the sheath helix is 
sufficiently tightly wound so that cotan“y ene From equations 3.46, this 
means that [hy [a © hy a = ka cotany. 

Equations 3.93 - 3.95 are now investigated. Just the first term of equations 
A.38, A.39, and the first two terms of equations A.36, A.37, are used to approximate 
the previously mentioned expressions. To justify using the large argument Bessel 


d 


function representations, it is necessary that h~b > 1. The assumption listed in 


equation 3.98 is used. Finally, the three region, large argument approximation of the 
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dispersion equation, equation D.53, is used. 

When the restrictions and assumptions mentioned in the previous two paragraphs 
are made, it is discovered that equations 3.93 - 3.95 agree with the corresponding 
expression of equations 3.50 - 3.52. For a sufficiently large value of nas the 
approximate power dissipation expressions given in part 3.4.1 become the same as the 
approximate expressions given in sub-part 3.2.2.2, provided that for the latter 
mentioned equations, the conductivity of the lossy rod is assumed to be sufficiently 
small. 

In summary, a discussion has been given of the overlap between the approximate 
power dissipation equations given in part 3.4.1 and those given in part 3.2.1, sub- 
part 3.2.2.1, and sub-part 3.2.2.2. It was discovered that if the value of Aste is 
assumed to be sufficiently small or sufficiently large, and if the value of the lossy rod 
conductivity is assumed to be sufficiently small, then the approximate power dissipation 
equations based on the wave number solution for the ideal dielectric coaxial rod 
configuration, become the approximate small and large argument power dissipation 
equations, respectively, for the case when “the lossy rod is not a good conductor”. This 
result is expected. It provides a check on the accuracy of the previously mentioned 


equations. 


3.4.2 Graphs of Deeg and a ree 

It is desirable to know how much of a contribution towards the total power 
dissipation is associated with each of the three electric fields present in the rod-filled 
region. In particular, knowing which electric field provides the dominant contribution is 
useful. This means that the total power dissipation occurring within the lossy coaxial rod 
element is approximately given by a single equation of the set 3.93 - 3.95. The total 
power dissipation can be studied more easily now than it could if all three of the 
previously mentioned equations had to be considered. 

The contribution that each of the radial, angular, and axial region 1 electric field 
components makes towards the total power dissipation is obtained by examining the 
ratios Ped Aires and Pa ale dz° These ratios are easily obtained from the power 


dissipation expressions, equations 3.93 - 3.95. 


ars ay 


escargered ont SiG A OTT — a 
gribrogenos st ctw ange CBh + BLE 2 an ” hci 
ott 6° 10 sul egal yinsisittve+ Seal ‘sai oe snd 
wi ce often ot emowed (2 eg 01 ravig cnolsee tq Nota m1 : 
srisi wit Yo? tert? bepivong 4.6.5.2 heq~ ue al. lo omen 
inpioittue od peraaue ol hoy yazot ert? tc aaa ext 


. 7 2 iis 
~nixcooge ot reevted agave ext To fevig mead ast roles «yee | 
otue . SS hee 0 eavig eee tee 1.62 tag nf nevig enoirupe noiteqiesi 


; 54 Yo Sulay edt N tet beneyonsibdew J 5.5.5.6 Nagedue one vas 
> dev ett W ben Apel ytireiaitiue ve heme ybesinitue ad ort 


Te 


BG vinwae «& i. sf 


lenient: Tewog stanikovas ort Nort Marna yliresialt Pus ad of berween 2 ¥. 
ett +o? maltyioe wdres: evew a NO. Regad, 
oc: transcre egw tra fete as mkKolaga wt eriased sous 
te yap ¢ Toon bow yeeo! af” nertw sass art sot ~.yisviiosoasy 
ee a Juuoive: of te yaa acne efi no Aperto 4 aebiwor) ff befosqxe ai Me 


q q | 

wey ee et ehwwet eoiuditnes = fo fount wood word, at sidevieed ai 2 

ball+bor en ai been eblatl oitanta savt: er te rose iiw beteisoess at 

ai foludivinoes want oh wt seen O18 tie ariicels irive griwons .aluaineg 1 | nic 

> xeon veeo! elf nitliw gninugge mapemetio ~wwog Into? artt tert anger sicfT. 

aot adT BEL + CS toe ort to colaipneipa « yd ravlg Yoremine oh 

att 1o eowt lie ti bhugs 1 nett Wert yine art, bette ad feo noltegianity mi 

etwsienon ed ot bart znotaupe benoite waiveng 

niet oitewle § eaigey ihe Ora Oalapra ile artt to dows fantt noticia 

at geinwrmaxe yd beniside ai notequatly, werog lsat at rao 
avvog edt mowt beriedo viens am soita seit fel 

Mae 2 i 0 af Piste — 

: aaa 7 a 

|» 


Zo 


2 
dua? quae d d 
fecnop Teh ob ee 
ae a [I 9 ( )] ade I)(hb) I,(h we 
Paz GROKC he Benen en Cia ake 
(2 geome dierati Z2) 
7 5 » and (3.99) 
aan Zz, + sin(2 h Z1)) 
p K,(h%a) ]° 
— a (<a_gotanv) # (hb)? tan-y Ll ih ne C3100 
dz h-a [Ky(h a) ] 
‘ hactdegs dite e d d 
(L1(nb)}° ~ [rg¢h2b) 1 + G- Ty(h%b) 14 (nb) 


(i aSaiBe = ini) 


(1) (hb) K, (nb) te 1,(h°b) Re iaoyi ian 


Equations 3.99 and 3.100 are the power dissipation ratios, when the lossy rod /s 
an excellent dielectric, based on the ideal dielectric rod configuration wave number 
solution. Making use of equation D.47, which lists the variables on which the wave 
number ,d is dependent, the functional dependences of the previous two equations 


h~a 
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Equations 3.99 and 3.100 are more easily understood if approximate forms of 
them are derived. These approximations are valid when the Bessel function arguments are 
either small or large. First, the small argument representations are considered. Equations 


A.30 and A.31 are used to approximate the quantity 
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Equations A.26 —- A.29 are used to approximate all the other Bessel functions appearing 


in equations 3.99 and 3.100. To justify the usage of these small argument Bessel 


function representations, it is necessary that nd a < 0.100. One discovers that 
i dig eal Digan ea adeene data? 
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are the small argument forms of equations 3.99 and 3.100, for the three region 

(b < a) configuration. When performing the calculations required to obtain equation 
3.103, equation D.49, the small argument approximate dispersion equation, was used. 
Furthermore, it was assumed that the value of Fels - b/a is sufficiently smail for 


the particular value of E, which is specified, so that 
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Peden? 
1 - c, SUP) tog(0.891 nob) 1, 


In order to obtain equation 3.102, it was assumed that the value of nds is 
sufficiently small for the specified value of the lossy coaxial rod element length 


normalized with respect to the sheath helix radius, 2 zy Ja, so that 


d 


oan z= Hh. Fase z,/a =e. 


Therefore, sin(2 no 


d 


The value of h-a, which appears in equation 3.102, is approximately evaluated using 
the small argument form of the dispersion equation, equation D.49. 

The special case of the power dissipation ratios associated with the two region 
configuration (b = a) can be obtained by simply taking the limit as b > a of 
equations 3.102 and 3.103. Equation D.49 shows that for a particular value of 

ka cotany, the wave number solution nda f which appears in equation 3.102, 
is the same for both the two and three region configurations. 

The large argument representations of equations 3.99 and 3.100 are now 
considered. The first two terms of equations A.36 and A.37 are used to approximate the 


expression 
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Just the first term of equations A.36 - A.39 is used to represent all the other Bessel 


functions appearing in equation 3.100. To justify usage of these large argument Bessel 


function approximations, it is necessary that fh qd > ]. _ It follows that 
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Bay th 

Pee and (3.104) 
Rder Dae? 

Pa carey ee eal p ame tacil) Rabi (3.105) 


are the large argument representations of the power dissipation ratios, for the three 
region configuration. 

It was necessary to assume that nta > ka cotanw when the derivation of 
equation 3.105 was performed. This assumption is just a statement of the three region, 
large argument, approximate dispersion equation, equation D.53. In part D.2.1, it is 
mentioned that equation D.53 is approximately valid when ka cotany 

(1-b/a) > ]. During the calculations followed to obtain equation 3.104, it was 
assumed that 2 Z1/a a On 

The special case of the two region, large argument, power dissipation ratios is 
now considered. These are obtained from equations 3.99 and 3.100 by using a similar 
procedure to that followed to derive equations 3.104 and 3.105. However, the two 
region, large argument, approximate dispersion equation, equation D.54, is used, instead 


of the three region, large argument equation, equation D,53, It is discovered that 


P 

pe 21, and (3.106) 
dz 

P dae 2 

es We tan y (3°10) 
dz 


are the large argument approximate power dissipation ratios, for the two region 


configuration. Note that equations 3.106 and 3.104 are identical, but equations 3.107 
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and 3.105 are different. 

The ratios Big! ae and Paap have been visually represented as 
graphs for some typical sets of the variables mentioned in equations 3.101. These 
graphs were obtained by first solving the dispersion equation, equation D.41, for the 
specified values of ka cotany, bia, Sn? in order to obtain na . Equations 
3.99 and 3.100 are then directly numerically evaluated. A single graph based on each of 
equations 3.99 and 3.100 has been prepared. For these two graphs, it was always 
ensured that equations D.57 and D.59 are satisfied, so that the usage of h d. as the 
single wave number determining the radial and axial spatial dependences of the ideal 


dielectric rod configuration field components is justified. (This is discussed in part D.2. 1.) 


Figure 3.12 is a graph of Pag/ Py, versus ka. » = 0.100°, 
1.00°; bla = 0.100, 0.900; ©. = 2.00, 1.00x102; and 
A 


100x108 


angle were used in order to satisfy equation D.59.) Equations 3.103 and 3.105 are seen 


< ka < 10.0. are used. (Note that quite small values of the pitch 


to be in good agreement with the curves for very small and large values of ka, 

respectively. For very small values of ka (or, equivalently, small values of 
ka cotany), it is clear that es mg PAG - In addition, when ka_ is large (or, 
equivalently, ka cotany_ is large), Paz os Cae is usually true. This is apparent 
from equation 3.105, keeping in mind that 4 = tan“ y < ] must be true, since 


this is just a statement of equation D.57. Only if «€ is very large and yp _ is small will 


r 
it be possible to satisfy the previously mentioned inequality, and also satisfy the inequality 
i ral ) aa. tan oi > |]. Except for this special case of the large argument 


form of the ratio Ede » equations 3.103, 3.105, 3.107, and Figure 3.12 show 
that for both the two and three region configurations, the contribution to the total power 
dissipation associated with the region 1 axial electric field is usually much larger than that 
associated with the region 1 angular electric field. 

Figure 3.13 shows several different curves of the ratio Banaue > plotted 
versus ka. 2 Z,/a =") 02035 aay’ = 0 NOOSE 1R-00°R b/a = 0.100, 


A <u Ka! @<i F101,10 are 


0.900; ¢€. = 2.00, 1.00x10%; and 1.00x10 
used. When ka_ is small or large, equations 3.102 and 3.104, respectively, are seen to 


be in good agreement with the curves. Equations 3.102, 3.104, 3.106, and Figure 3.13 
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Figure 3.12 Graph of P4y,/Py, versus ka, based on 


equatton’3.7100. "the*lossy rod ts an excellent dielectric. 
Curves for b/a=0.10, 0.90; y=0.10°, 1.0°; €,72.0, 1OOm0: 


and 1.00x10"*<ka<10.0 are shown. (Note PDe=P4,, PDZ=Py., 


and KA=ka. B1IE2.P.1 means the curve represents b/a=0.10, 
e,2.0, and y=0.10°. B9EE2P1. means the curve represents 


b/a=0.90, e,=100.0, and y=1.0°.) 
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equation 3.99. The lossy rod ts an excellent dielectric. 
Curves for b/az0.10, 0.90; y=0.10*, 1.0°; e,72.0, 100.0; 
2 z,/a=10.0;3 and 1.00x107*<ka<10.0 are shown. (Note 
PDR=P ais PDZ=P,,. and KA=ka. BIE2.P.1 means the curve 
represents b/a=0.10, E,=2.05 and y=0.10°. B9EE2P1. means 
the curve represents b/a=0.90, e,=100.0, and y=1.00°.) 
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show that when the value of ka_ is very small (which means that ka cotany is 
small), P doe P dr occurs. On the other hand, when ka_ is large (which means 
that ka cotanw is large), Ke and Pig are, to a good approximation, equal in 
value. The preceding two sentences are valid for both the two region and three region 
configurations. 

In summary, the previous discussion has assumed that the sheath helix is tightly 
wound and it is has shown that for small values of ka cotan w (which also means 
that hts is small) Payee coe and Py,/P4, << 1 occurs. When 

ka cotany is large (which means that nta is large), the region 1 axial electric 
field usually contributes significantly more to the total power dissipation than the 
region 1 angular electric field. However, in this situation, the region 1 radial electric field 
makes a contribution equally as large as that of the axial electric field. 

For both the two region and three region configurations, when the /ossy rod /s 
an exce//ent die/ectric, so that the ideal dielectric coaxial rod configuration wave 
number solution can be used, the contribution to the total power dissipation associated 
with the region 7 axial electric field is usually much larger than that associated with 
the region 1 radial and angul/ar electric fields. One exception to the previous sentence 
occurs when the value of ka cotany /s/arge. /n this situation, the region 1 radial 
and axial electric fields each contribute nearly half of the total power d/ssi pation, for 


both the two region and three region configurations. 


3.4.3 Graphs of the Spatial Distribution of the Power Dissipation, Based on E£ 2} 

The preceding part, part 3.4.2, has shown that the contribution to the total power 
dissipation associated with the region 1 axial electric field is much greater than the 
contribution associated with the region 1 radial and angular electric fields, for small 
values of nda » assuming that the sheath helix is relatively tightly wound. For large 
values of Aaa , the power dissipation contributions associated with the region 1 axial 
and radial electric fields are equal, and they are usually much larger than that associated 
with the region 1 angular electric field. 


An understanding of how the total ohmic heating is distributed at different points 


within the lossy coaxial rod element can be achieved by following the procedure 
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suggested by Brown et al. (3, pp. 13). This involves defining the dimensionless ratio 


Eo » which is a function of the radial and axial spatial position. 


Oo Z Z 
Sf lEn# dv IE,y# J a 
a V a V 
E5(1q> Zq) ms : 2 ra 
Di J [ES Pid Redz 
Oo 
2 ot be 2 Zz, Je #1¢ 
PP ota caste SLA Dette EL ore MONS.) 
Paz 


The volume of integration is taken as the lossy coaxial rod element volume. a 2 as 
given by equation 3.95, is the contribution to the power dissipation associated with the 
region 1 axial electric field. ae # | is the magnitude of the region 1 axial electric 
field for the case when the lossy rod is an excellent dielectric, based on the ideal 
dielectric coaxial rod configuration wave number solution, evaluated at a particular point 
( ro? Z) within the lossy coaxial rod element. Furthermore, this electric field is now 
assumed to be constant in magnitude throughout the lossy coaxial rod element volume, 
which means that it can be taken outside of the integral sign, as was done in equations 
3.108; 

Whenever c, is greater than unity at a particular point, the meaning is that if 
the axial electric field which exists at that point had the same value at all points through— 
out the lossy coaxial rod element volume, the associated power dissipation would be 
greater than Rds . Therefore, studying the value of bo at several different points 
gives information concerning the spatial distribution associated with the power 
dissipation or the ohmic heating, which arises from the contribution associated with 

Eo] * When this contribution is much larger than that associated with the two other 


region 1 electric fields, & approximately represents the spatial distribution of the 


yA 
tota/ power dissipation occuring within the lossy coax/al rod e/ement. 
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In order to evaluate equations 3.108, it is necessary to obtain Eo fee Thises 
done from the (exact) axial region 1 electric field component, as given by equation 3.4, 


by making the approximations listed in equations 3.85 and 3.92. .It is discovered that 


Etro, Zq) = j ou peste ie cosy nfa . 


b/a ka cotany (33109) 


Ky(hoa) I) (hor) cos(h"zp) 
(15 (h%b) K,(h°b) te, 1, (nb) Ky(h%b) ) 


is the region 1 axial electric field associated with the case when the lossy rod is an 
excellent dielectric, based on the ideal dielectric coaxial rod configuration wave number 
solution, nda _ (Note that equation 3.109 is the same as equation D.25. Applying the 
approximations listed in equations 3.85 and 3.92 to the (exact) region 1 electric field 
components associated with the lossy coaxial rod configuration, the electric fields 
associated with the ideal dielectric coaxial rod configuration are obtained. This is an 
expected result. It was previously mentioned in part 3.4.1 that the approximate power 
dissipation expressions, equations 3.93 - 3.95, could be obtained by using a 
perturbation procedure based on the ideal dielectric coaxial rod configuration region 1 
electric fields.) 

Equations 3.95 and 3.109 are used to evaluate equation 3.108. It is easily shown 


that 
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Making use of equation D.47, which lists the variables on which the wave number nd a 


is dependent, the nonspatial functional dependence of bs is 


foe fF ka cotaninmbyidas) 6 


: ee z,/a)- (3s: Teles) 


r 


6 z has been visually represented, to show the spatial distribution of the power 
dissipation associated with the region 1 axial electric field, using several different sets of 
the variables mentioned in equation 3.111. &, ( ro? 0) was plotted versus ro/b 
to show the radial dependence occurring at the transverse plane Zo = 0% 

fs (b; Zq) was plotted versus Zo/ 4 to show the axial dependence occurring at 
the lossy rod surface. The numerical solution was achieved by ffirst solving 
equation D.41, the dispersion equation associated with the ideal dielectric coaxial rod 
configuration, for the specified values of the variables ka cotany, b/a, En? in 
order to obtain nta . Equation 3.110 was then directly evaluated. 
The six figures presented here are each chacterized by b/a = 0.100, 0.500, 
0.900; aa LO Oscar z,/a Se Or and a particular value of 
ka cotany. (Note that the pitch angle does not have to be explicitly specified. 
However, it must be sufficiently small so that equations D.57 and D.59 are satisfied, in 
order that the usage of the wave number nda is justified. As an example, yw = 
1.90° could be used in these figures.) 
Figure 3.14 illustrates E(t» 0) versus 'p/b, for 0 < rp/b x 
1 and ka cotany = 10.0. Clearly, when b/a = 0.900, the ohmic heating is 
large at the lossy rod surface, and it decays rapidly as the value of r o/ b decreases. 
However, when b/a = 0.100, the ohmic heating is smaller at "9 = b, and it 
exhibits only a slow change as the normalized radial position, ro/ b, is varied. 
Figure 3.15 displays BPs Zq) versus ZQ/Z) pp aforns Urs a kage 
0.20 and ka cotany = 10.0. Each of the three curves shows that the 
ohmic heating is distributed very nonuniformly along the lossy coaxial rod element 
surface. It is large at some points but it is small just a short axial distance away. The 


maximum value of ES tends to increase as the value of b/a_ increases. 
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Figure 3.14 Graph of E, versus ro/b FOr Zo=0; based 


on equation 3.110. The lossy rod is an excellent dielectric. 
CURVeSaLOTm D/ d=0 a05) 0.50, 0.905 e,= 10.0; 2 z,/a=10.0; 


ka cotany=10.0; and 0.0<rp/b<1.00 are shown. The line 
E,=1.00 is presented. (Note EZ= os R/B=r)/b; Z=Zos 
KA CP=ka cotany, and B/A=b/a.) 
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ELGUYr en 3415 Graph of E, versus Z9/Z) for ronbs based 


On equation 3.110. The lossy rod is an excellent dielectric. 
Curves. for b/a=0-10, 0.50, 0.90; e,= 10.0; Z z,/a=10.0; 


ka cotany=10.0; and 0.0<Z)/Z,<0.20 are given. The line 
£,=1.00 is shown. (Note B= oo R=ro; Z/Z1=Z)/2,; KA CP 
=ka cotany, and B/A=b/a.) 
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The next two graphs are based on ka cotany = 0.500. Figure 3.16 
displays Ej(1 > 0) versus To/b for O< Fo/b < 1. It is obvious that 
the ohmic heating is approximately uniform throughout the transverse plane Zo =U)’, 
for a particular value of b/a. Furthermore, the value of b/a does not have a very 
strong effect on the ohmic heating. 


The other graph of the previously mentioned set, Figure 3.17, shows 


eos Zq) versus Zo/Z) for 0 < ZQ/Z, AGG At 2Z 


‘“ 


0 0, the 
ohmic heating is large but it becomes small near the endfaces of the lossy coaxial rod 
element. Once again, the value of b/a does not have a great effect on the ohmic 
heating. 

Finally, two graphs were prepared using ka cotany = 1.00x107°. 


Figure 3.18 displays ut 0) versus Po/b fOr meas ry/b <0] om E = 


Ya > 
1 is now true for b/a ere 0.500, 0.900, and for all values of ro/b ; ; This 
has the meaning that the ohmic heating occurs uniformly within the lossy coaxial rod 
element, at the plane ZQ = On 
Figure 3.19 is the second graph of the previously mentioned set. It illustrates 
E,(b; Zq) versus Zo/Z, formu Zo/Z, < |. Once again, &, = | 
occurs. This is true for all three values of b/a_ and for all values of Zo/ Z Taken 


together, Figures 3.18 and 3.19 show that the ohmic heating is uniformly eee at 
all points within the lossy coaxial rod element. 

It has been previously mentioned at the beginning of part 3.4.3 and in part 3.4.2, 
that for large values of ka cotany (which also means large values of naa) » the 
region 1 radial electric field makes the same contribution to the total power dissipation 
as the region 1 axial electric field, and both of these are usually much larger than the 
contribution associated with the region 1 angular electric field. Although to a good 
approximation, Figures 3.16 — 3.19 represent the spatial distribution of the tota/ power 
dissipation occurring within the /ossy coaxial rod element, this is not necessarily true 
of Figures 3.14 and 3.15, because the power dissipation contribution associated with the 
region 1 radial electric field has been neglected. 

A similar procedure to that followed at the beginning of part 3.4.3 was used, in 


order to calculate an\ ro» Zz Equation 3.93, the approximate power dissipation 
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Figure 3.416 Graph of E, versus o/b for Z9=0; based 


on equation 3.110. The lossy rod is an excellent dielectric. 
Curves for b/e=0. 10, 0.50, 0.90; e,- 10.0; 2 z,/a=10.0; 


ka cotany= 0.50; and 0.0<rj/bs1.00 are shown. The line 
E,=1.00 is given. (Note 3 Leal a R/B=ro/b, Z=Zy> KA CP 
=ka cotany, and B/A=b/a.) 
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Figure, 3. h7 Graph of E, versus 29/2, for rubs based 


on equation 3.110. The lossy rod is an excellent dielectric. 
Curves for b/a=0.10, 0.50, 0.90; e,— 10.0; 2 z,/a=10.0; 


ka cotany=0.50; and 0.0<Z9/2,<1.00 are given. The line 
£,=1.00 is shown. (Note eae R=ro> Z/Z1=Z)/2Z; KA CP 
=ka cotany, and B/A=b/a.) 
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PEOT OF EZ-VS; R7B* POR* Z=05 WHENS Nea CRe 0G aee? 


ELgGuUures cs. 1o Graph of E, versus ro/b for Z 70, based 


On equation 3.110. The lossy rod is an excellent dielectric. 
Curves” tor’ b/a=07105"0.50;70.905 e,- 10.0; 2 z,/a=10.0; 


ka cotany=1.00x10"°; and 0.0<ry/b<1.00 are shown. The 
line £,=1.00 is presented. (Note Bias R/B=ry/b;, Z=Zy; 
KA CP=ka cotany, and B/A=b/a.) 
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Figure 3,19 Graph of E, versus Z9/Zy for ro=b, based 


on equation 3.110. The lossy rod is an excellent dielectric. 
Curves “tor 07 a=0 $1057 0750’, "0.90% calaiale olt Tr 2 z,/a=10.0; 


ka cotany=1.00x107¢; and 0.0<Z)/z,<1.00 are given. The 
line By, Fah 0.0 is shown. (Note EZ =iEets R=ro; Z/Z1=2Z5/2,> 
KA CP=ka cotany, and B/A=b/a.) 
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associated with the region 14 radial electric field, for the case when the lossy rod is an 
excellent dielectric, and equation D.23, the region 1 radial electric field associated with 
the ideal dielectric coaxial rod configuration, were used in the denominator and 
numerator, respectively, of equation 3.108. Assuming that fi Serine nda ° 

2 Z,/a > 10, and using equations A.36 and A.37, the large argument Bessel 


function representations, it was discovered that 


=2 heb (1-15 /b) 
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The same approximations mentioned in the previous sentence were made to equation 


3.110. This resulted in 
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The value of h-b = h-a «= b/a appearing in the previous two equations is 
approximately evaluated for the two and three region configurations by using the large 
argument approximations of the dispersion equation, equations D.54 and D.53, 
respectively. 

In short, examination of equations 3.112 and 3.113 is necessary to obtain an 
understanding of the spatial distribution associated with the total power dissipation, when 
the value of ka cotany is large. Note that the approximation for er only differs 
from that for Se because it has a gs in?(noz5) type of axial dependence instead 
of cos*(h°z,) . This means that the total power dissipation occurring within the 
lossy coaxial rod element is concentrated near the surface of the rod, and it rapidly 
becomes small as the value of ro/b decreases, as shown in Figure 3.14. Since the 
region 1 radial and axial fields each contribute nearly one half to the total power 


dissipation, the spatial distribution of the total power dissipation is approximately given 
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simply by the sum of equations 3.112 and 3.113. Making use of the trigonometric 


identity cos - 


x + sin’x = alts it is seen that the total power dissipation is 
approximately constant over the entire axial length of the lossy coaxial rod element. 
Figure 3.15 does not accurately represent the spatial dependence of the tota/ power 
dissipation on the axial position. 

In summary, the approximate spatial distribution associated with the tota/ power 
dissipation has been examined. For /arge va/ues of ka cotan wv (which also means 
/arge values of hoa) , the power dissipation is /arge near the rod surface and it 
rapidly decreases as the radial distance becomes smal//er. /t is approximately constant 
for a fixed value of ro/ b, as the axial distance is varied. On the other hand, for 
small! values of ka cotany (which also means sma// values of hoa) >» the 
power diss/ pation is approximately distributed uniformly throughout the entire /ossy 


coaxial rod e/ement vo/ume. 


3.5 Approximate Representations of the Power Dissipation Equations When the 
Lossy Rod is an Excellent Conductor, Based on the Perfectly Conducting Rod 
Configuration Wave Number Solution 

The final section of this chapter is concerned with investigating the power 
dissipation occurring within the lossy coaxial rod element, when the lossy rod is an 
excellent conductor. A similar format to that of section 3.4 is followed. The 
approximation is made of using the radial wave number and the axial wave number 
associated with the sheath helix surrounding a perfectly conducting coaxial rod. As 
explained in section C.2, the free mode field solution discussed in Appendix C for the 
perfectly conducting coaxial rod configuration is not valid for the special case when the 
perfectly conducting rod surface touches the sheath helix surface. Therefore, the 


discussion in section 3.5 will be restricted to the three region configuration (b < a). 
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3.5.1 Derivation of the Approximate Power Dissipation Equations 

Representations of the exact power dissipation expressions, equations 3.12, 
3.14, and 3.16, will now be derived which are approximately correct when the lossy rod 
is an excellent conductor. More specifically, the conductivity is assumed to be 


sufficiently large so that the following approximations are valid. 


o/weg 22) SB h,a =i o/weg Ran 
[hy /a >> |ho|as and [hy |b = \Jo/we, KD aeons 


(341-14) 


(Note that from the separation constant equation, equation 2.88, the restriction 
[h, Ja >> [hoa is required to justify using h,a a j o/ weg “Kan 
[hy |b > ] is restricted in order that the large argument Bessel function 

representations, equations A.36 and A.37, can be used to approximate equations 3.12, 

3.14, and 3.16, as will shortly be done.) 

Two other assumptions are made which result in a significant simplification. These 


are 


|hja K,(hob) + hoa K (hob) | = {hy la {Ky (hob) | 


= Yo/we, ka [Kj (h, ite and (31k oo) 


Jhya K,(hyb) + (e, - § c/wep) hoa Ko(hob) | 


Yr 2 gh» 


= o/weg [hola |Ky(hob)|. (35116) 


Making use of assumptions 3.114 - 3.116, keeping just the first term of the 
large argument Bessel function representations, equations A.36 and A.37, in order to 


approximate all Bessel functions with arguments h, b and fis b, and performing a 
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small amount of algebra, equations 3.12, 3.14, and 3.16 are transformed into the 


following equations. 


T a Cone 
dr 2\J2 b/a o Jo7uey ka cotanyp 


[Ky (hoa) 1° sin(2 h° Z1) 2 zy 
C 2, e C 9 (2 ecTsyiea) 
DAC) 2a liz a 
0 ] 
: Yi Te Ve On od cos“y 
ge 2 GE Vo/weo bia 
[k, (na) 1 SMe G2) Be, 
ane 1 + ak a eR » and (e3ze1818) 
[k, (hb) J 2. EZ, a 
2 
n 120n a Syd 
~ SLM) 
Pdz Yi Ie ee b/a 
oO oe) 
[Ky (hoa) 1° Sri On meena 
mete leet qupuGne Aa (3.119) 
[Ky ¢h b)] Can zy a 


It is now assumed in equations 3.117 - 3.119 that the imaginary parts of ha a 
and ga are much smaller in absolute value than their real parts. Furthermore, it is 
assumed that the real parts of these wave numbers are similar to the corresponding (real) 
wave numbers for the sheath helix surrounding a perfectly conducting coaxial rod. A 


summary of these assumptions is given below. 
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(3.120) 
(continued) 


|8;|a << Bas and Ba Be ay 


where hoa and Ba are the radial and axial wave numbers, respectively, for the 
perfectly conducting coaxial rod configuration. 
Next, it is assumed that the imaginary parts of n, a and Ba approach zero. 


L’Hopital’s rule is used to evaluate 


[8 .b sinh(2 8 Z1) ae 8 5b Sint2 Bee z1) J 
in 
Dordt 8B .b 


Seca sin(2 Bp Z,). 


Finally, the approximation a°a i hoa is used. This is discussed in section 
C.2, and it is usually well justified for a relatively tightly wound sheath helix. It requires 
that equation C.30 is satisfied. 

Applying the assumptions and approximations discussed in the previous three 


paragraphs to equations 3.117 - 3.119, equations 3.121 - 3.123 are obtained. 
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2 
1207 a 2 
~ Jae cos 
Pan = UI : 


ATO Vo7weg b/a 


[k, (hoa) 1° SH DiG2bN tezi ed 2x 2, 
eae sn reg eee pe de sraZe) 
[K,(h op ual 2h zy a 
2 
= 42 Tre 20 mae) oo? 
p, = Wi tal ie ; 
dz 22 suey b/a 
[Ky (ha) 1° eH 2atice 2 maze 
——— (oreo on 
[Ky (h b) ] Pah Oz. a 


Equations 3.121 - 3.123 are the approximate power dissipation equations for 
the case when the /ossy coaxial rod is an exce//ent conductor, based on the wave 
number solution for the sheath helix surrounding a perfectly conducting coaxial rod. 
Keeping in mind equation C.19, which lists the variables on which the wave number 

hoa is dependent, the functional dependences of the three types of power 


dissipation contributions can be stated. 


Pa = fi (ka COUN Ue neDy de.) Us uedieeere Z,/a; o/ weg os \,,), 


Where i = r, 6, 2. selici’) 


The wave number Cc. is obtained by solving the dispersion equation, equation 
C.14, for a given set of the variables listed in equation C.19, Graphs of this wave number 
solution are shown in Figures C.1 - C.3. For small and large values of h CS , equations 
C.24 and C.28, respectively, can be used to obtain an approximate wave number 
solution. When a _ is known, equations 3.121 — 3.123 can be directly evaluated for 


a particular set of the variables listed in equation 3.124. 
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A digression will be now be made to discuss an investigation. of the power 
dissipation occurring within the lossy coaxial rod element, making use of the concept of 
surface resistance and the magnetic fields associated with the perfect/y conducting 
coaxial rod configuration. This procedure can be regarded as a perturbation method, 
based on the fields associated with the sheath helix surrounding a perfectly conducting 


coaxial rod. The (time-averaged) power dissipation is 


R 
= 5 
eat > = { JHeSI* ds 
5 


; seal 2oy) 
=e ghee 2 
; (igo : aaa ds. 


R. = Re we ] is the surface resistance associated with the nonmagnetic lossy rod. 


S 
Fw lug, mo! gay 
lige pape SO (Giviee 3) al ON le is the 
Ss 4 fo) 9 o 6 


Surface impedance, where 6 = aie is the skin depth. 


(For example, see 38, pp. 153 — 155; 44, pp. 356 - 360; 48, pp. 263 - 269; and 49, 
fel eWec re See re tee Hie & Le ene ee a, is the magnetic field tangential to 
the coaxial rod surface, assuming that it is perfectly conducting. H 92 and Hoo C 
are given by equations C.6 and C.7, respectively. The surface of integration, S, 
consists of the lossy coaxial rod element cylindrical surface, which is specified by 
el oy ONE "2, < 2 2Z1- 

Equations 3.125 are actually an approximation of the left hand side of equation 


3.20, which is a form of Poynting’s energy theorem. This can be understood by 


examining the integrand in the left hand side of equation 3.20. 
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(E, x H,) - a CEA SH ee H 2) 
] ] = ale el caer 4l Zod ys 
(3etlic oO) 
te 2 2 A 2 
== Z_o( (Rost. f+ Ab) Pano lin epediskeoah dG oe 
S 6] Zz] 3 fs S 62 ra “fee 


since the region 1 and region 2 magnetic fields tangential to the lossy rod surface are 


continuous at r=b. (See equations 2.45 and 2.46.) 


ait) ss alll 


r=b Mellems 


is the surface impedance. Next, the approximation is made in equations 3.126 of using 
the magnetic fields for the perfectly conducting coaxial rod configuration, Hoo © and 


Hoo c , in place of the magnetic fields associated with the lossy coaxial rod 
configuration, — Hoo and Hoo : respectively. Finally, the closed surface of 
integration mentioned in equation 3.20 is taken as the cylindrical rod element surface. 
The power flow through the area consisting of the two element endfaces, which are 
specified by 2 = +2); De ie <2 vets is neglected. This is justified when the 
conductivity of the lossy rod is very large, because the skin depth is much smaller than 
the rod radius. The region 1 electric and magnetic field magnitudes are only large very 
close to the surface of the lossy rod. 

Making use of the discussion given in the preceding paragraph, it is seen that the 
left hand side of equation 3.20 approximately simplifies to equations 3.125. In summary, 
the perturbation type of procedure used to investigate the power dissipation occurring 
within the lossy coaxial rod element, based on the magnetic fields associated with the 
perfectly conducting coaxial rod configuration and the concept of surface resistance, is 
actually an approximation of Poynting’s energy theorem. 

Attention is now directed to the simple task of evaluating equations 3.125. It is 


convenient to rewrite these equations as 
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R 
cae c)2 
3 I eae M2201) dz b de, 
6=0 Z=-2Z bee 
1 
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Making use of the values of H 9 : and Ho from equations C.6 and C.7, 
respectively, and the value of Re mentioned after equations 3.125, and making the 
approximation aca oy h&a ‘ it can be shown that equation 3.127 is just the sum of 
equations 3.122 and 3.123. Taking the ratio of equations 3.121, 3.122, and of equations 
Soleus. i23,Jt-is¢clean that_.P 

P 


At is smaller by the factor 1/o _ than Pete and 
dz° Therefore, since the rod conductivity has been assumed to be very large, the 
tota/ power dissipation is, to a good approximation, given only by the sum of equations 
3.122 and 3.123. This means that using the concept of surface impedance and the 
magnetic fields associated with the perfectly conducting coaxial rod configuration, the 
same tota/ power d/ssipation was Calculated as that given near the beginning of part 
3.5.1, which was obtained directly by making approximations to the exact power 
dissipation equations listed in section 3.7. 

The preceding discussion serves three purposes. First, it provides a check on the 
accuracy of the approximate power dissipation expressions, equations 3.121 - 3.123. 
Second, a better understanding of the meaning of the assumptions made during the 
derivation of these approximate power dissipation expressions is achieved. Third, an 
alternative interpretation of the nature of the power dissipation is obtained. Instead of 
saying that the power dissipation results from ohmic heating associated with the 
presence of electrical currents flowing within the lossy coaxial rod element, the power 


dissipation is considered from the point of view of the time-averaged power flow 
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through the cylindrical surface of the lossy coaxial rod element. 

To conclude part 3.5.1, a discussion will be given of the overlap which occurs 
between equations 3.121 - 3.123, the approximate power dissipation equations for the 
case when the lossy rod is an excellent conductor, based on the perfectly conducting 
coaxial rod configuration wave number solution, and equations 3.70 - 3.72, 3.77 - 3.79, 
the approximate power dissipation equations when “the lossy rod is a good conductor”, 
as discussed in section 3.3. 

First, equations 3.121 - 3.123 and equations 3.70 - 3.72, the small argument 
approximate power dissipation equations for the case when “the lossy rod is a good 
conductor”, are considered. For the first mentioned set of equations, it is assumed that 

hic ae eae] OQ mendraap, Gowran? zy oe Semel 8 Equations A.28 and A.29, the 
small argument Bessel function representations, are applied. Finally, equation C.24, the 
small argument approximation of the dispersion equation, is used. Keeping in mind the 
approximations listed in equations 3.76, it can be shown that the corresponding 
equations of the sets 3.121 - 3.123 and 3.70 - 3.72 are equal. When the value of 
h°a is sufficiently small, the approximate power dissipation equations for the case 
when the lossy rod is an excellent conductor, based on the perfectly conducting coaxial 
rod configuration wave number solution, become the same as the small argument 
approximate power dissipation equations for the case when "the lossy rod is a good 
conductor”, which were previously discussed in part 3.3.1. 

Finally, equations 3.121 - 3.123 and equations 3.77 - 3.79, the large argument 
approximate power dissipation equations for the case when “the lossy rod is a good 
conductor”, are examined. Consider equations 3.121 - 3.123. It is assumed that 

h°b = h°a + b/a > 1, and that 2 z,/a > 10. Equation C.28, the 
large argument approximate dispersion equation, is used. The large argument Bessel 
function representations, equations A.38 and A.39, are applied. Making these 
approximations and performing some algebra, equations 3.121 - 3.123 are transformed 
into the corresponding equation of the set 3.77 - 3.79. If the values of f° a and 
2 Z1 /a_ are sufficiently large, the approximate power dissipation equations for the 
case when the lossy rod is an excellent conductor, based on the perfectly conducting 


coaxial rod configuration wave number solution, become the same as the large argument 
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approximate power dissipation equations for the case when ‘the lossy rod is a good 
conductor’ which were previously discussed in part 3.3.2. 

In summary, it has been shown that when the values of 4 oe and 2 z,/a 
are sufficiently small or large, the approximate power dissipation equations given in part 
3.5.1 become those given in parts 3.3.1 and 3.3.2, respectively. This overlap is an 
expected result. It supports the accuracy of the approximate power dissipation 


equations listed in the three previously mentioned parts of Chapter 3. 


3.5.2 Graphs of sO a and Be eed > 

In order to achieve a better understanding of the power dissipation which occurs 
within the lossy coaxial rod element, for the case when the lossy rod is an excellent 
conductor, making use of the perfectly conducting coaxial rod configuration wave 
number solution, it is desirable to know how much of a contribution to the total power 
dissipation is associated with each of the three region 1 electric fields. It is especially 
important to determine which electric field makes the dominant contribution. This means 
that the total power dissipation can be investigated by considering just a single equation 
of the set 3.121 — 3.123. In order to obtain this information, it is necessary to study the 
ratios lal i and Somes . Equations 3.128 and 3.129 are obtained simply 
by taking the appropriate ratios of equations 3.121 - 3.123. 
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do = cotan“y Uk (h&a) J° [Ky (hb) 1° 
i [Ky(n°b) 1? [kK (nea) ]2” (3.129) 


Equations 3.128 and 3.129 are the power dissipation ratios, when the /ossy rod 
is an excel//ent conductor, based on the perfectly conducting coaxial rod configuration 
wave number so/ution. Equation C.19 lists the variables on which the wave number 

h°a is dependent. Keeping this in mind, it is possible to state the functional 


dependences of equations 3.128 and 3.129. 


P 

dr 

Pp = f(ka cotany, b/a, Wiss 3G) Meryntc azn Oem al cl 

dz 0 ] 

P (32130) 
dg _ 

Pay sega cotanys by ay wu): 


It is important to realize that the requirements listed in equations 3.114 — 3.116, and in 
equation 3.120, must be satisfied to justify the usage of equations 3.128 and 3.129. 
Equations 3.128 and 3.129 can be more easily understood by using 
approximations of the trigonometric and Bessel functions, which are valid for certain 
values of the arguments. First, the small argument approximations are considered. 
Restricting hoa <0 400 so that the small argument Bessel function 


representations, equations A.28 and A.29, are well justified, and substituting these into 


equation 3.129, it follows that 
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1og(0.891 h°b}) = 10g(0.891 hoa) + log(b/a) = 1og(0.891 Dva). 


Therefore, equation 3.131 approximately simplifies to 


dz ; (orale 2) 
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can be used. In addition, the small argument approximation of the dispersion equation, 
equation C.24, is employed. As mentioned in section C.2, this is valid for h°a < 
0.100 if b/a_ is not too small, and it tends to be more accurate for a fixed value 


of b/a when hoa becomes very small. Making the two previously mentioned 


approximations in equation 3.128, 


Pp OZ ] 

nt a ( Tye Pace (ka cotanw)¢ cotan’y 
i= by aie (3.133) 
(log(b/a) ) 


is obtained. Equations 3.132 and 3.133 are very convenient because the two ratios are 
explicitly given in terms of the operating frequency, the sheath helix geometry, the lossy 


coaxial rod element geometry, and the lossy rod conductivity. 
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The large argument approximations of equations 3.128 and 3.129 are now 
obtained. Just the first term of equations A.38 and A.39 is substituted into 
equation 3.129. To justify using these large argument Bessel function representations, it 
is necessary that pop 5 1, The large argument approximation of the dispersion 


equation, equation C.28, is used in equation 3.128. Finally, the assumption 2 Z1 /a > 


10 is used in equation 3.128. The following two equations are easily obtained. 


dr ~ 2 
Pas a ; cotan py, and (Sans 49) 
P de ~ 2 
pew ="co tan Ws (3hehs 5) 
dz 


A graph for each of equations 3.128 and 3.129 has been prepared. It was 
necessary to first solve equation C.14, the dispersion equation, for the specified values 
Of Ika’ co tany and b/a, in order to obtain hoa. Equations 3.128 and 3.129 
were then directly evaluated. 

Figure 3.20 is a graph of the ratio Pha tee » as given by equation 3.129. 
py = 1.00°, 10.0°; b/a= 0.100, 0.500, 0.900; and 1.00x107’ < ka < 
10.0 are used. (Note that as mentioned in equations 3.130, the value of o/ weg 

does not have to be explicitly specified. However, the lossy rod conductivity must be 
sufficiently large so that the requirements listed in equations equations 3.114 - 3.116, 
and in equation 3.120, are satisfied.) Equations 3.132 and 3.135 are seen to be in good 
agreement with the curves, for small and large values of ka, respectively. It is clear 


from this figure that Ae ite P dz_ is usually true. 


Figure 3.21 is a graph of Parinas? based on equation 3.128. yw = 
1.00%, 10.0% bla = 0.100, 0.900; o/weg = W005 Cue 
15 
1.00x10°%; 2 2)/a = 1050; and 1.00x1079 < ka < 1.00 a 


used. (Note that a large value of o/W€,g must be used to ensure that Q 
g [weg \ o/we 0 
ka *- b/a > 1. This requirement is mentioned in equations 3.114.) It is apparent 


that equation 3.134 is in good agreement with the curves when the value of ka _ is 
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PLOT COP SRDEA RNAS KA 


Figure 3.20 Graph of Pael td versus ka, based on 


equation 3.129. The lossy rod is an excellent conductor. 
Curves t0reb/a=0..10, 0,503°.0.90;  g=1.0-, 10°07: and 


1.00x1077<ka<10.0 are shown. (Note PDO=P4,, PDZ=Py,. 


and KA=ka. B.10P10. means the curve represents b/a 
=0.10 and y=10.0°. B.90P1.0 means the curve represents 
b/a=0.90 and y=1.0°.) 
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large. For small values of ka, there is reasonably good agreement between the curves 
and the prediction of equation 3.133. More specifically, there is just a few percent error 
atta 1) I. 00X] ie when b/a = 0.900, but there is about fifty percent error 
ateka m=. vl SOOx107> when b/a = 0.100. The large error results from using 
equation C.24 in the derivation of equation 3.133. Equation C.24, the small argument 
approximation of the dispersion equation, will only be highly accurate for values of 
b/a as small as 0.100, for values of ka cotanw _ less than those used here. It 
is obvious from the figure that Eee SE ee is true. 
In summary, graphs of the power dissipation ratios a al Maa and 
els have been presented, assuming that the sheath helix is relatively tightly 
wound, using different operating frequencies, sheath helix geometries, lossy coaxial rod 
element geometries, and lossy rod conductivities. It has been clearly shown that 
Cane P dz and Bae eed dr are almost always true. 7h/s has the important 
meaning that for the case when the /ossy rod is an exce//ent conductor, making use of 
the wave number solution for the perfectly conducting coaxial rod configuration, the 
contribution to the total power dissipation associated with the region 7 angu/ar electric 
field is usually much greater than that associated with the other two region 7 electric 
fields. Therefore, to a good approximation, the total power dissipation occurring 


within the lossy coaxial rod e/ement is given by equation 3.122. 


3.5.3 Graphs of the Spatial Distribution of the Power Dissipation, Based on £ eel 

The preceding part, part 3.5.2, has shown that the contribution to the total power 
dissipation associated with the region 1 angular electric field is usually much greater than 
that associated with the region 1 radial and axial electric fields, when the sheath helix is 
relatively tightly wound. Therefore, an understanding of the spatial distribution of the 
total ohmic heating occurring within the lossy coaxial rod element can be achieved by 
repeating the same procedure previously followed in part 3.4.3, using Ey as the 


electric field component. 


The dimensionless ratio Eg is defined as 


Qas 


vas 7 esac wet 6 uae : oq r fi 

ioe Pal 

ead wrt necidte bk wveet yer 08.0 = 

~4 

, ov ates tore egal en? OOD i“ we P rer 

a 

i? *k. noieups were roitaupe ¥0 7 Olney Mis 
- 

ese rigir wd yin hay ‘poteige TOI Le 


peso’ catt cool GaP od ay zavlev 10! 0a 
fis wip 


eu 2 q << 5? | tart awe? oat 
on 


1b 
pide nolteqiaedy wewog ett 74 egae were oP 
fe ert? Jer’ Ofirrwese hal rege Nd nend sue * 


syarnosg xian Siserta 2eioneupett pnitareqo rmove¥ > ri 


’'* a 


1S heen si 4 aelivizQuonos  O0' ye2o! bre ish 


‘ oot t aw % - Nd ee 1 eli ma P 

; re i — 

slots Y“iew'heg oft 10) Movolen sehen ed 
enient’s vawed Vaid ont of N0¥ wan 
1 ands wieaye (50m “ive en), 


oy) CHOY e 0} ayorevent ta 


tee win <\ wanes DON \e\ nes ean yan \ 
7 7 > . 
ye’ ati to aoiswedivsid ft alzecd eft Yo gro Om 
vw 
er? fuyewte ‘far! Dae ey yea poibeceng, ° uy 
iP } 
Sr 2eie “ahaa I ranger art? ritiw b barniocesa He ON 


Loses lain bre isited ¢ Hoe) ort Hiw = 
_ 
bes ~ ¢ b tals rg Ts. b +4 j road siotewt Sue ¥ 


oe! a kel . - he 
- = 


ae 
af 


30 i 


erie, £2.28 Ped w nanan? ylRuotve sg wuts mee 
Sree + rn toh 


wale bert bebe MMO! acl? iri person pet 


i 


Zot 


ame 2 2 
2 Let lee dv rn Ea if dV 
e (r Sy | A ) = vi = 
eMC 0! 51 ; 

2 js JE ay a Pde 

So Qi Eee 

= £—_____1__6t (er ie6) 
lec 


The volume of integration in equations 3.136 is the entire lossy coaxiai rod element 
volume. ap is specified by equation 3.122. LEQ Fl is the magnitude of the 
region 1 angular electric field component evaluated at the particular point within the lossy 
coaxial rod element specified by (ro 3 Zq) : Futhermore, this magnitude is then 
assumed to be constant at all points throughout the element volume. Therefore, as shown 
in equations 3.136, it can be taken outside of the integral sign. 


The value of & has the same meaning as the value of § 5s which was 


8 Zz 
previously discussed in part 3.4.3. Studying Es at several different points 
(ro : Zq) gives information concerning the spatial distribution of the ohmic heating, 
which arises from the contribution to the total power dissipation associated with 
Ey . However, as was discussed in part 3.5.2, this contribution is, to a good 
approximation, equal to the total power dissipation. Therefore, equations 3.136 
approximately show the spatial distribution throughout the lossy coaxial rod element of 
the total power d/ssi/ pation. 
In order to evaluate equations 3.136, the approximations listed in equations 


“YT 


3.114 and 3.115, as well as the approximations ga hp = h°a : are used in 


a 
2 
the expression for the region 1 angular electric field, equation 3.3. It follows that 
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Substituting equations 3.122 and 3.137 into equations 3.136, 


26 | 1, ( \/J o/ueg k ry) /* 


kb 


40 |, ( V3 o/weg k b) |< 


) 
u (3.138) 


is obtained. If the radial distance of concern is sufficiently large so that , [o/weg . 


kb - ro/ b > 1, just the first term of equation A.37, the large argument Bessel 


function representation, can be used to approximate equation 3.138. It follows that 


7~ 2 (9) 
Eg (To> Zo) = kb 


32313.9)) 
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Keeping in mind equation C.19, which lists the variables on which hoa is dependent, 


the nonspatial functional dependence of equation 3.139 is 


Eg = F(ka cotany, b/a, y, o/weg, 2 z,/a). ee 
To achieve a better understanding of equation 3.139, it has been graphed using 
several different sets of the variables mentioned in equation 3.140. Two different types 


of figures were used to show the spatial distribution of the power dissipation. First, 


Eglo» 0) was plotted for different values of ro/b, to show the radial 


7? nae 
544 nt = i — i a | ? eM igs 
Sit 2 or” \0 yt! iene ey 
: ae, ; 
(9% * iS aed! 7 Pat ub 
(Be it} —s ri 
= “d Spate 
»5 pees tj Wy ; . - 
yh fF. eq ur 


: ve 


Cl. twit oe equal Gieitiie @ AanoY 96 vinnnalb died art Tate © 
ninwes My crm. tent att reid 2 * ok 7 


2 rTUt ig A a _; 7 
iL in) 2 AoE alatid aati | we heen BS te Ne 
; Vy 1 ey 
= 1 f e 
: - ‘ = ie «gtig? 
a\_™ . miu f 
"a)" 26: 
7 ad Siere 
5) nll ace tj | 
on 7 fa a) , 
> : 
tf J sinha: ee taideray OA 22c) doldve QT HovRapE bien (MH ui 
a BET E reifaue to 2c rani OPN si 
' 
ale) (aN gt 3 egie Ve a8 rahe .yndtod “647 + 


Yeh" 
1) 


oiriaiy teewege ay eee OOF nh BEI Z noihespe FO griibrele sehr votre f 2 . i 
cacy? ewes owt ORTLE retnape of anctnom vate at 908 
nv? aitinqes sewoq. of, tp vepituesrsal lerage ort world. cy 


‘givgs art ote OF ek e, naan vot t t0' ~( Qs 
= ra * 


| 
: 
a 
a ae | 
~~. 


a 
; 7 


253 


dependence occurring at the transverse plane 2g ~ 0. Second, & 9 Gb; Zz 0) was 
plotted versus Z o/ Z4 to show the axial dependence occurring at the lossy rod 
surface. Numerical calculation of equation3.139 was achieved by first solving 
equation C.14, the dispersion equation, for the specified values of ka cotany and 
b/a, in order to obtain h°a. Equation 3.139 was then directly evaluated. 
The six figures which follow are each characterized by b/a = 0.100, 0.500, 
O90) = 1.002; c/Wep tml 00x10 “se =2.7./a = 10.0; 
and a particular value of ka cotanw. (Note that the value of o/ weg was chosen 
sufficiently large so that the requirement fe/vey « bee ro/b sa te which 
is mentioned after equation 3.138, is always satisfied.) 
Figure 3.22 shows Eg(ry, 0) versus rg/b For Oi 9'99'5uR< ro/b < 
1.0000, andfor ka cotany = 10.0. All three curves make it immediately 
clear that the value of E69 is very large at ro = b_ but it decays extremely rapidly 
as the value of Y,/b decreases. This means that the ohmic heating is very strongly 
concentrated near the lossy rod surface. It can be seen that the larger the value of 
b/a, the larger is the value of & g at Yo = b, andthe more rapidly it decays as 
the value of ro/ b is decreased. 
Figure 3.23 displays Eb > Zq) versus ZQ/Z) for a0s< Zo/24 = 
0.20 and the same value of ka cotany aS was used previously. All the curves 
show that the ohmic heating at the lossy coaxial rod element surface is very large at 
certain axial positions but it is small just a short distance away from these positions. The 
distribution of the power dissipation as a function of the axial distance is very 
nonuniform. 
Next, Figure 3.24 graphs Balter oeU))) S for Ono 0 me rj/b < 1.000, 
and it is associated with ka cotany = 0.500. Similar behavior to Figure 3.22 
occurs. However, the fact that the value of ka cotanyw used here is smaller than 
that used in Figure 3.22 means that the value of & 9 at Sah b, although large, is 
not as big as that of the previously mentioned figure. In addition, although the rate at 


which €& 9 becomes smaller for decreasing values of rg/b is very rapid, it is not as 


great as that exhibited in Figure 3.22. 
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Figure 3.22 Graph of Eo versus ro/b for Z9=05 based 


On equation 3.139. The lossy rod is an excellent conductor. 
Curves for b/a=0.10, 0.50, 0.90; y=1.0°3 o/wep=1.00x10!2; 

2 z,/a=10.0; ka cotany=10.0; and 0.9995<r)/bs<1.0000 are 
shown. The line E = 1.00 is also given. (Note EO=E Qs R/B 
=1o/bs Z=Zo; KA CP=ka cotany, and B/A=b/a.) 
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Figure 3.23 Graph of EB, versus Z9/Z) for ronb, based 
OM-equationss. lod. ine lossy rod iSs@anvexcerlenc .congucton. 
Curves for b/a=0.10, 0.50, 0.903 y=1.0°s c/weg=1.00x10!?; 

2 z,/a=10.0; ka cotany=10.0; and 0.0<Z5/Z,<0.20 are 
displayed. (Note EO=E,> R="o> Z/Z1=z)/Z); KA CP 

=ka cotany, and B/A=b/a.) 
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FaAgurey 3. 24 Graph of BE, versus ro/b for Z=0; based 


on equation 3.139. The lossy rod is an excellent conductor. 
Curves for b/a=0.10, 0.50, 0.90; y=1.0°s o/weg=1.00x10'*; 

2 z,/a=10.0; ka cotany=0.50; and 0.99<r,/b<1.00 are shown. 
The line E,=1.00 is also displayed. (Note Ee=E,> R/B 


=ro/b, Z=Zo> KA CP=ka cotany, and B/A=b/a.) 
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Figure 3.25 displays Bib; Z 9) using O< ZQ/Zy < W005 ‘and it 
corresponds to ka cotany = 0.500. At Z = 0, the ohmic heating is 
large. It exhibits a relatively slow variation as the axial position changes, and it becomes 
small about halfway between the plane Zo = QO and the two endfaces of the lossy 
coaxial rod element. 

Figure 3.26 graphs Eg(ro> O) tor m0. 90" < ro/b < 1.00, ana it 
uses ka cotany = 1.00x] 07? , Similar behavior to Figures 3.22 and 3.24 is 
exhibited. The differences are that since the quantity ka cotanw is now smaller than 
it was for the two previously mentioned figures, the value of S69 at ro =) Denis 
less, although it is still large, and the rate of decrease associated with G69 as Po/b 
becomes smaller is less, although it is still rapid. 

The final graph, Figure 3.27, shows alGy ’ Zq) for O< Z9/ a 

1.00, and it is associated with ka cotany = 1.00x107°. The ohmic 
heating which now occurs at the rod surface is seen to be constant over the entire lossy 
coaxial rod element length. This behavior is greatly different than that of Figure 3.23, 
which has a large value of ka cotany associated with it. 

/n summary, when the lossy coaxial rod element /s an excellent conductor, the 
({tota/) ohmic heating is very /arge near the surface of the rod, but it extremely rapidly 
decreases moving radially inwards toward the center of the rod. When the value of 
ka co tan yp és large (which means that hoa is large), the ohmic heating is very 
large at ro = b and Z == Oe [t changes rapidly in value along the rod 
surface as the axial distance is varied. On the other hand, when the va/ue of 

ka cotany js smal! (which means that h°a is small) the ohmic heating is large 
at ro Sem and, Zo = 0, a/though it is much smaller than for the previously 


mentioned case. /t is now constant along the rod surface, for al// the values ~4) < 
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BLOULC 43 ua0 Graph of E, versus 29/2, for ronbs based 

on equation 3.139. The lossy rod is an excellent conductor. 
Curves for b/a=0.10, 0.50, 0.90; y=1.0° o/weg=1-00x10'*; 

2 z,/a=10.0; ka cotany=0.50; and 0.0<Z_/z,<1.00 are given. 
(Note EO=E 4s R=ro> Z/Z1=Z)/Z); KA CP=ka cotany, and 
B/A=b/a.) 
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Figure 3.26 Graph of E, versus ro/b for Z9=0, based 

On equation 3.139. The lossy rod is an excellent conductor. 
Curves for b/a=0.10, 0.50, 0.90; y=1.0°5 a/weg=1.00x10!?; 

2 z,/a=10.0; ka cotany=1.00x10"°; and 0.90<rp/b<1.00 are 
shown. The line E,=1.00 is also given. (Note BOS ee: R/B 
=1o/b, Z=Z> KA CP=ka cotany, and B/A=b/a.) 
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Figure 3.27 Graph of Ey versus Z9/Z4 for ronbs based 

on equation 3.139. The lossy rod is an excellent conductor. 
Curves for b/a=0.10, 0.50, 0.90; y=1.0°s o/weg=1.00x10'; 

2 z,/a=10.0; ka cotany=1.00x107¢; and 0.0<Z9/z,<1-00 are 
given. The line E,= 1.00 is also shown. (Note EO=E,; R=V > 
Z/Z1=2Z)/Z); KA CP=ka cotany, and B/A=b/a.) 
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3.6 Summary 


This chapter is concerned with studying the time-averaged power dissipation 


occurring within the lossy coaxial rod element, which is surrounded by a sheath helix. 


(The lossy coaxial rod element is described by O < r id OS ~Zy ZS zy : 
where Q < zy CO.) Exact power dissipation equations were derived. (The 


term “exact” means that the field components of part 2.1.1 were used and that no 
approximations were made to these fields during the calculation of the power dissipation 
expressions.) Poynting’s theorem for complex fields was applied to the lossy coaxial rod 
element. Both sides of the equation stating this theorem were evaluated, and it was 
demonstrated that the theorem is correctly satisfied. This provides a check on the 
accuracy of the exact power dissipation equations. It also shows that the total power 
dissipation occurring within the lossy coaxial rod element could be considered either 
from the point of view of electrical currents flowing within the lossy rod which result in 
ohmic heating, or from the point of view of the net radial and axial time-averaged power 
flow which pass through the closed surface defining the element volume. 

Although exact power dissipation equations have been derived, it is usually 
extremely difficult to calculate the wave numbers hy che hoa, and ga. which 
appear in these equations. In order to achieve a good understanding of the power 
dissipation occurring within the lossy coaxial rod element, it is necessary to develop 
approximations to the exact power dissipation equations. 

One type of approximate power dissipation equations, which were derived from 
the exact equations, are valid for the case when “the lossy rod is not a good conductor”. 
(The term "the lossy rod is not a good conductor” as used here has the same meaning 
that it did in part 2.3.1.) These approximate equations make use of the approximate small 
and large argument wave numbers solution discussed in part 2.3.1. Two region 
configuration (b = a) and three region configuration (b < a) small and large 
argument approximate power dissipation equations were derived. 

Assuming that the sheath helix is relatively tightly wound (as an example, Q < 

Vy « L002) a for the small argument case, both the two and three region 


~ 


configurations have the property that the region 1 (0 < r < b) axial electric 


~ 


field provides a much larger contribution to the total power dissipation occurring within 
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the lossy coaxial rod element than the region 1 radial and angular electric fields. For the 
large argument case of the two region configuration, the region 1 radial and axial electric 
fields approximately make an equal contribution to the total power dissipation. This 
contribution is much larger than that associated with the region 1 angular electric field. 
Finally, the large argument case of the three region configuration is more difficult. 
Usually, the power dissipation contribution associated with the region 1 axial electric 
field is greater than that associated with the region 1 radial electric field. The contribution 
associated with the region 1 angular electric field may or may not be greater than that 
associated with the region 1 axial electric field, depending on the electrical properties of 
the lossy rod and the pitch angle of the sheath helix. 

To help understand the circumstances under which either the angular or axial 
region 1 electric field makes the larger power dissipation contribution, two sets of 
graphs of the ratio P ded as were prepared. The first set displayed both the small 
and large argument approximations of the ratio on the same graph. A gap was left in the 
middie, where neither of these approximations was justified. The second set of graphs 
showed only the large argument approximation of Pa F ae dz: 

Another type of approximate power dissipation equations were derived from the 
exact equations, for the case when “the lossy rod is a good conductor”, making use of 
the approximate small and large argument wave numbers solution discussed in part 2.3.2. 
(The term “the lossy rod is a good conductor” as used here has the same meaning that it 
did in part 2.3.2.) Only the three region configuration was considered because 
approximate wave number solutions for the two region configuration were not obtained 
in part 2.322% 

For the small argument circumstance, the contribution to the total power 
dissipation associated with the region 1 axial electric field is much greater than that 
associated with the region 1 radial electric field. In addition, the contribution associated 
with the region 1 angular electric field is usually greater than that associated with the 
region 1 axial electric field. When the large argument case was investigated, it was seen 
that the contribution to the total power dissipation associated with the region 1 angular 
electric field is much greater than that associated with the region 1 radial and axial 


electric fields. 
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Another set of approximate power dissipation equations was derived from the 
exact equations by assuming that the lossy rod is an excellent dielectric. This makes use 
of the wave number solution associated with the sheath helix surrounding an ideal 
dielectric coaxial rod, As _ The conductivity of the lossy rod is restricted to being 
very small. However, it is not necessary to restrict the value of nd am Wriine 
approximate equations are useful because they can be evaluated over a wide range of 
operating frequencies, sheath helix geometries, and lossy coaxial rod element 
geometries. 

As a check on the accuracy of these approximate power dissipation equations, 
the region 1 electric fields associated with the ideal dielectric coaxial rod configuration 
were used to develop a set of approximate equations. It was discovered that these 
equations are identical to those obtained by making approximations to the exact power 
dissipation equations. Therefore, the approximate power dissipation equations for the 
case when the lossy rod is an excellent dielectric can be considered as a perturbation 
so/ution, based on the ideal dielectric coaxial rod fields. 

A discussion was given of the overlap associated with these power dissipation 
equations and the equations for the case when “the lossy rod is not a good conductor”. 
Roughly speaking, if the conductivity of the lossy rod is assumed to be sufficiently small 
for the second mentioned set of equations, and if the value of hoa is assumed to be 
sufficiently small or large for the first set, the two sets of equations were discovered to 
be equal. This is an expected result. It provides a check on the accuracy of these two 
sets of equations. 

Graphs of FO toe and Ea! eae were prepared. For both the two and 
three region configurations, it was discovered that for small values of ka cotany, 
the contribution to the total power dissipation associated with the region 1 axial electric 
field is much greater than that of the region 1 radial and angular electric fields. On the 
other hand, for large values of ka cotany, both the two and three region 
configurations showed that the contribution associated with the region 1 axial and radial 
electric fields is equal, and that this is usually much greater than the contribution 


associated with the region 1 angular electric field. 


’ » 
i we . 
oy yea) “7 pawireab gy - ie na whe Leu - awe 


ate eadam ean shirssleib saan m8 3 srb09 fc oe 

emt a tyriteeuer rae Sethe street on tii oe 

d at »maivtwe a bor yoo! art te ioc act 3 bia | 
to. aula’ ary —— of ye 2800h 20 ie 

a vevo byerayiivt “ fas yet “ anne 


> \eleeon yoo! bree hciheithiaaite ile’ dell 
| at 2 — 


. yunbs ofr 

Vinh Towed etamiasgns eer 40 OOS no 
— 

bey inion cotontelh Ingbi ach Ati bansincwes hier ernie ; 

eioney mw f 2Aotmps GhTSHO ee io fos. 8 qolevety m be 

a a 


sistent va Seriaide saddt oF eat ane 


7 
ry 
* 


recgltigeyete & il 24 SNe a otewrit seditadad 


sraginie tretieoke ih &) SOT er thn t 

os} woelsiy meni avd nd heed > 

_ wa 

aw | ree ene wt To nevig save noma ‘ 
eviv’- cand ert Vor SretEUpe act bose 


ai wot wseol war To yilvitouknes ert nivesd 


} @o3 
‘ : A ; 7 7. 
bre 2rotmupe to 19a seinen oa ort 
tnt ar) Jax tev? att Tot agualne fem ay 
oe ay A pan § aetwyvow>  Jheee' velseare mS ‘i at - 
: f° ae 
2NomUpe: 
| Pat 
ey tenet oo fee ew S\..9 tre A) 5 0 angus 
wr sb’ ob ab ai 


; hry mit pevevGna® few - snotrugiines: O1ge1 
Lerhuitiw Dannocded Aaltegpeells wewvor Ingo? ow a HENS 
& a fosly chopra bee delbay I noige? art To tell meet = 
| cow bre cet et fed) 99reTeo 2 Yo seulav ogra! 
aie ? moze ort rie Setsinogas NetuCIOD wit ravtt oe aaa 0 
7 

ipod ent raw teeny dour ‘yileueu ol sir tart brig 
sleit oivoele wiupre f ROIQe 


264 


The spatial distribution of the total power dissipation occurring within the lossy 
coaxial rod element was examined. It was found that for large values of 
ka cotany, the power dissipation is large near the surface of the rod and it rapidly 
decreases moving radially inwards toward the center of the rod. It is approximately 
constant with respect to the axial position over the entire length of the element. When 
the value of ka cotany _ is small, the power dissipation is uniformly distributed at all 
points throughout the lossy coaxial rod element volume. 

The final set of approximate power dissipation equations discussed in the chapter 
were derived from the exact equations for the case when the lossy rod is an excellent 
conductor. The wave number solution for the sheath helix surrounding a perfectly 
conducting coaxial rod, hoa ,» ts used. Only the three region configuration Is 
considered. (In Appendix C it is mentioned that the free mode field solution associated 
with the two region configuration is not of interest.) The approximate power dissipation 
equations are convenient because they can be evaluated over a wide range of operating 
frequencies, sheath helix geometries, and lossy coaxial rod element geometries. 

In order to check on the accuracy of these approximate power dissipation 
equations, a perturbation procedure was performed, making use of the concept of 
surface resistance and the region 2 (b «< r < a) magnetic fields associated 
with the perfectly conducting coaxial rod configuration. It was discovered that 
approximately the same total power dissipation was calculated from this procedure as 
that obtained by making approximations to the exact power dissipation equations. 

The overlap associated with these power dissipation equations and the equations 
for the case when “the lossy rod is a good conductor’, was discussed. Roughly 
speaking, it was discovered that if the value of hoa is sufficiently small or large for 
the first mentioned set of equations, and if the lossy rod conductivity is sufficiently large 
in the second set, the two sets of equations are equal. This result is expected. It 
provides a check on the accuracy of the two sets of equations. 

Graphs of Pielars and P4,/P4, were prepared. Assuming that the 
sheath helix is relatively tightly wound, it was discovered that the contribution to the total 
power dissipation associated with the region 1 angular electric field is usually much 


greater than that associated with the region 1 radial and axial electric fields. 
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The spatial distribution of the total power dissipation occurring within the lossy 
coaxial rod element was examined. For large values of ka cotany, the power 
dissipation is very large near the surface of the lossy rod, and it very rapidly decreases 
moving radially inwards toward the center of the rod. Furthermore, the power dissipation 
is very nonuniformly distributed over the axial length of the element. For small values of 

ka cotany, the power dissipation is large at the lossy rod surface and it rapidly 
decreases as the radial distance becomes smaller. It is uniformly distributed over the axial 


length of the element. 
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4. Chapter 4. Summary and Conclusions 

The purpose of the thesis is to derive and investigate the free mode field solution 
associated with a sheath helix surrounding a lossy coaxial rod, and then to examine the 
time-averaged power dissipation which occurs within the lossy rod. Equations for the 
exact electric and magnetic field components, and for the exact total power dissipation 
within the lossy rod, are derived in Chapters 2 and 3. (The tota/ power dissipation 
results from contributions associated with the presence inside the lossy rod of the radial, 
angular, and axial electric field components.) It was not possible to solve the exact 
dispersion and separation constant equations, in order to numerically evaluate the two 
radial wave numbers and the axial wave number. As a result, the exact electric and 
magnetic field components, and the exact power dissipation, could not be numerically 
evaluated. 

In order to obtain numerical values for the field components and for the power 
dissipation, it is necessary to make approximations. Four distinct major classes of 
approximations are made. (Although the exact equations derived for the fields and power 
dissipation are valid for all pitch angles in the range O < wy < 90.0°, _ it is usually 


assumed that the sheath helix is relatively tightly wound, for example 9g < wv < 
SS 


10.0°, when the approximate equations are considered.) 

The first two classes of approximations are concerned with the cases when “the 
lossy rod is not a good conductor" and when “the /ossy rod is a good conductor”. (The 
meanings of the two expressions in quotation marks are defined in part 2.3.1 and in 
part 2.3.2, respectively.) Within these two classes of approximations, the magnitudes of 
the two radial wave numbers are restricted to being either small or large. This means that 
all the Bessel functions appearing in the dispersion equation, the electric and magnetic 
field components, and the power dissipation equations, can be approximated by replacing 
them with their small and large argument representations. With this approximation, it is 
possible to solve the dispersion equation and the separation constant equation to 
calculate approximate radial and axial wave numbers. These wave numbers can then be 
used to approximately evaluate the electric and magnetic field components, and the 
power dissipation. Unfortunately, the resulting solutions are only valid for certain ranges 


of the operating frequency and for certain geometries of the sheath helix and lossy 
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coaxial rod configuration. 

The second two classes of approximations are concerned with the cases when 
the lossy rod is an exce//ent dielectric, and when the /ossy rod js an exce//ent 
conductor. For these cases, the radial and axial wave numbers solution associated with 
the ideal dielectric (zero conductivity) coaxial rod configuration, and the perfectly 
conducting coaxial rod configuration, respectively, are used in order to obtain numerical 
values for the field components and to investigate the power dissipation occurring within 
the lossy rod. It is now not necessary to make any approximations to the Bessel 
functions which appear in the field components and in the power dissipation equations. 
The solution is valid over a wide range of operating frequencies and for many different 
goemetries of the sheath helix and lossy coaxial rod configuration. However, sharp 
restrictions are placed on the electrical properties of the lossy rod. 

For the four classes of approximations, it is possible to determine how much of a 
contribution towards the total power dissipation is associated with each of the three 
electric field components present within the lossy rod. Furthermore, it is possible to 
determine how the total power dissipation is distributed spatially throughout the lossy 


rod volume. 


The discussion presented in Chapter 2 and in Chapter 3 considers a relatively 
wide range of different cases. It is recognized that for the purposes of actual 
electromagnetic heating applications, some of these cases are of more academic interest 
than practical interest. In order to provide an illustration of the conclusions which can be 
reached using the information presented in Chapters 2 and 3, a brief discussion will be 
given of two important practical applications of electromagnetic heating involving a 
cylindrical rod of lossy material centered inside of a physical helix. 

For both of these practical applications, the following variables are used. It is 
assumed that the length of the physical helix (which is the same as that of the lossy rod) 
is ten times as great as the radius of the physical helix. This is done so that the effects 
of fringing associated with the finite length physical structure are insignificant near the 
mid-plane, which is chosen as the transverse plane z= 0. Furthermore, in order that 


the sheath helix model is well justified as a representation of the physical helix, it is 
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assumed that the physical helix is tightly wound with a wire of small cross sectional area. 

A pitch angle of 1.00° _ is used. It is assumed that the physical helix has a radius of 
0.100 m. Therefore, the length of the physical helix is 1.00 m_ and it consists of 
91 turns of wire in total. Next, it is assumed that the radius of the lossy rod is 
0.090 m. Finally, an operating frequency of 1.00 x] 04 Hz is employed. 

For the first practical application of electromagnetic heating, it is assumed that 
the lossy rod consists of a sample of Douglas Beech Wood whose conductivity and 
permittivity are listed in Table E.1. The electrical properties of this sample are such that it 
can be considered as an example of the small argument case, when “the lossy rod is not 
a good conductor’. Thus, from the information presented in sub-parts 2.3.1.1 and 
2.4.1.2, the electric field components in all three regions can be numerically evaluated 
and so their behavior at different points in space is known. 

The axial electric field within the lossy rod does not change as the radial distance 
is varied. (When the radial dependence of the electric fields is discussed, it is assumed 
that the axial position is held constant.) However, the radial and angular electric fields 
within the lossy rod are directly proportional to the radial distance. At a// rad/a/ 
positions within the Douglas Beech Wood rod, the magnitude of the axial electric field 
is much greater than that of the radial and angu/ar e/ectric fields. 

The axial electric field within the air gap between the lossy rod surface and the 
physical helix windings is constant with respect to changes in the radial distance. The 
radial and angular electric fields within the air gap change relatively gradually as the radial 
distance is varied. In the air-filled region just outside of the physical helix windings, all 
the electric fields are slowly reduced in magnitude as the radial distance increases. More 
specifically, the axial electric field has a logarithmic radial dependence while the radial and 
angular electric fields are proportional to the inverse of the radial distance. One 
exception to the behavior mentioned in the two preceding sentences occurs at very large 
distances away from the physical helix windings. All of the electric field components are 
now rapidly exponentially attenuated as the radial distance increases. 

Consider now the axial dependence of the electric field components. (It is 
assumed that the radial position is held constant.) Within the lossy rod, as well as in the 


air gap region and in the air-filled region outside of the physical helix windings, the 
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angular and axial electric fields are constant as the axial distance is varied. However, the 
radial electric fields increase linearly in magnitude as the axial distance from the 
transverse plane z= 0O_ increases. 

Attention is now directed towards examining the time-averaged power 
dissipation which occurs within the Douglas Beech Wood rod volume. Since the power 
dissipation is calculated by integrating the square of the electric field components 
throughout the rod-filled region -- as shown in equations 3.6 - 3.8 -- the power 
dissipation contribution associated with the axial electric field component is much larger 
than the contribution associated with the radial and angular electric field components. 
Since, as has been previously mentioned in this chapter, the axial electric field component 
is constant at all points throughout the lossy rod volume, the total power dissipation 
within the Douglas Beech Wood rod is uniformly distributed. The total power dissipation 
is approximately given by equation 3.32. 

Finally, it is of interest to discuss how the total power dissipation within the lossy 
rod behaves when relatively small changes are made to the variables which were initially 
specified. These variables consist of the terminal current associated with the physical 
helix windings, the physical helix pitch angle, the physical helix radius, the lossy rod 
radius, the length of the physical helix (which equals that of the lossy rod), and the 
operating frequency. (The electrical current present at the two terminals of the physical 
helix windings is 19 (A). It is related to the electrical surface current present on 


the sheath helix “windings”, Vy (A/m), according to 


19 = aT p cosy = di 27a Siny. 


p is the pitch distance -- the axial distance between two successive windings, a_ is 
the helix radius, and w_ is the helix pitch angle. See Figure 1.5b.) When one particular 
variable is altered, it is assumed that all other variables are held constant. 

Doubling the terminal current means that the total power dissipation increases 
four times. Reducing the helix pitch angle by a factor of two means that the total power 


dissipation increases sixteen times. Varying the helix radius has approximately no effect 


at pevewert hermy 2 


ami mott sorateth ino 2 


y Hee teve-sint art ° er 


2 enue Bor <a ne 


ee Me ae eeupe aT ONE ae 
ay _ 


~ 84 - 3% anginageai rere am. Lani 


— 


=p otolt oftoaly iebes arty rane heveigoses wae 
a wher Sr igha4 art ritiw nemizoe2s ? 4 7 


; ft iz te 


To earner qteue . * Wee 


, 
A ‘ : ’ 
' mi j Pf (V4 


mjc oot yesol-ont suorguawlt. 43 rion » 


vs wei eat yin arte) Pha at bot bow Aoootl 2 ix i 


SEE noleupe ya aot hait 


\s i Ae 5 Sate of 13 yer 1a al axtia Nir 
Pan-~ 
é mento lara Vievitaton at al aneltial 
 \o teianes seldaitey CON! cate 
— 


leary jayeigg atl ehore ‘oe aie? molevlg: art, grin? 


ie 


ah 
wy # ‘ort (acai eurig wth 10°F Breree 


7 


wr niaie eT) A iened Ph 


~ svizaeoua ont sogwted sorerchs Mik ati -* 4onen 


warn (dat ewer yak aigre ine xneN aie 

rutanoe Het ow , aaldare ro Nas gst? tae | 
; ori aoieanelt sewer Mahar salina angat Mev - 
wee intoh-oet tak endern owt toy Naat ys 8g Aah 
relte on pleteninoasges anri wna aa et ari 


ee 


! i 4 cL 


270 


on the total power dissipation. If the lossy rod radius is reduced by a factor of two, the 
total power dissipation decreases by a factor of four. Doubling the length of the helix 
means that the total power dissipation is doubled. Finally, reducing the operating 
frequency by a factor of two means that the total power dissipation decreases by a 
factor of four. 

If just the contribution to the total power dissipation associated with the angular 
electric field had been considered -- which is the type of analysis performed by 
Brown et al. (3, pp. 27) -- a different value for the total power dissipation would have 
been obtained. Furthermore, its functional dependence would be different than that 
discussed in the preceding paragraph. One important achievement of the thesis is the 
recognition that the total power dissipation within the Douglas Beech Wood rod is 
approximately given by the contribution associated with the axial electric field and not by 


the contribution associated with the angular electric field. 


The second practical application of eletromagnetic heating assumes that the lossy 
rod consists of a sample of aluminum with Ey = ] and o = 3.54x!1 a! Sifts 
Here the electrical properties are such that this is an example of the small argument 
representation, for the case when “the lossy rod is a good conductor”. The same 
physical helix geometry, terminal current of the physical helix windings, and lossy rod 
geometry, used in the first practical example of electromagnetic heating are employed 
here. 

Assuming that the axial position is held constant, all of the electric field 
components within the rod-filled region are rapidly exponentially attenuated as the radial 
distance decreases. /n the rod-fi/led region, the angu/ar electric fie/d component is 
much larger in magnitude than the radial and axial electric field components, except 
at radial distances very close to the center of the aluminum rod. Electric field 
components in the air gap, and in the air-filled region outside of the physical helix 
windings, vary relatively gradually as the radial distance is changed. There are, however, 
two exceptions to the preceding statement. Inside the air gap, near the surface of the 
lossy rod, the magnitudes of the angular and axial electric field components decrease 


rapidly while the magnitude of the radial electric field component increases rapidly, as the 
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radial distance becomes smaller. At large distances from the physical helix windings, the 
electric fields are rapidly exponentially attenuated as the radial distance increases. 

At a fixed radial position within the lossy rod, the air-gap region, and the air- 
filled region outside of the physical helix windings, the angular and axial electric fields 
remain the same when the axial coordinate is varied. However, in all three regions, the 
magnitudes of the radial electric fields in¢rease linearly as the axial distance from the 
transverse mid-plane z=0Q becomes larger. 

Since the angular electric field has a magnitude much greater than that of the 
radial and axial electric fields at most points throughout the lossy rod volume, the power 
dissipation contribution associated with the angular electric field dominates over that 
associated with the other two electric fields. (In fact, the total power dissipation is 
approximately given by equation 3.71.) Since the magnitude of the angular electric field 
within the lossy rod is rapidly attenuated as the radial distance decreases (for a fixed 
axial position) but is constant as the axial distance is varied (for a fixed radial position), 
the total power dissipation is strongly concentrated near the surface of the aluminum rod 
and it is uniformly distributed over the axial length of the rod. 

Attention is now directed towards +nvestigating the behavior of the total power 
dissipation when relatively small changes are made to the initially specified variables. It is 
assumed that all other variables are held constant when a particular variable is altered. 
When the terminal electrical current associated with the physical helix windings is 
doubled, the total power dissipation increases four times. If the pitch angle of the 
physical helix windings is reduced by a factor of two, the total power dissipation 
increases by a factor of four. Decreasing the radius of the aluminum rod by a factor of 
two means that the total power dissipation becomes half of its original value. If the radius 
of the physical helix doubles, the total power dissipation is reduced by a factor of four. 
Doubling the length of the physical helix means that the total power dissipation doubles. 
Finally, increasing the frequency of operation four times means that the total power 
dissipation doubles. 

For this practical application involving the aluminum rod, the contribution to the 
total power dissipation within the rod associated with the angular electric field is much 


greater than that associated with the axial or radial electric fields. Therefore, the 
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assumption made by Brown et al. (3, pp. 27) in only considering the angular electric field 


for calculating the total power dissipation is well justified here. 


While only two practical numerical examples have been cited, the free mode field 
solution and the power dissipation derived and discussed in this thesis can be used to 
give important information concerning the field distribution and the power dissipation for 
many other practical cases of interest. This information is invaluable in the design and use 
of induction coils for the purpose of electromagnetic heating. Potential applications 
occur in many disciplines, ranging from biomedical applications to the food and 


construction industries, and resource recovery operations. 
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A. Appendix A. The Modified Bessel Functions 

The purpose of this appendix is to collect in one convenient location the many 
mathematical identities and properties of Bessel functions, which have been used 
throughout Chapters 2 and 3, and in Appendices B, C, and D. References used are 50, 
pp. 355-389; 51; 52, Chapter 15; 53; 54; and 55, pp. 306-333. It is definitely not the 
intention to prove or derive the following properties. Interested readers are directed to 
the references. 

An explanation of the symbols which are used is now given. Zils X- 
and a are complex numbers, x_ is a real positive number, Te means “is 
approximately equal to”, ” 7 ” means “differentiate with respect to the total 
argument”, and Marts means “take the complex conjugate”. Only Bessel functions of 
integral orders q where q = 0 or 1, are used since just these integral order 


functions are of concern in the thesis. Many results presented here are actually valid for 


a much wider class of orders. 


A.1 Differential Equation, Recurrence Properties, Relation with other Bessel 
Functions, Analytic Continuation, and Wronskian Identity 


The modified Bessel equation of order q_ is 


2 
ze f¥erV- (ez cer ga) yaar (A.1) 
dz Z 


Employing the power series method of Frobenius, taking into consideration the fact that 
the roots of the indicial equation differ by an integer, yields two linearly independent 
solutions (55, pp. 306-333). These are I, » the modified Bessel function of the first 
kind of order q, and Kg » the modified Bessel function of the second kind of order 


q. Hence 
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Vee Gel 4(:X 2) eet D eke eZ) (A. 2) 
where 
oO (azyohnd 
T (Az) - > ak+ 3 and (A.3) 
k=0 2°°"9 kI (k+q)! 
Were) == le (Xz) 
Kqbaehenr 5° Vimp_l—ae (A.4) 
v>q sin( vr) 
For real positive arguments, I and K are plotted in Figure A. 1. 


gq q 


I, and Kg do not obey the same recurrence relations. These are 
tg (a) = 1 eae (A.5) 
SAP fatten al Ga (A.6) 

] 
Az) I) (z) mes 1,(z); and WA?) 
] 
Ky (2%) -Ky(z) ey K,(z). (A.8) 


The modified Bessel functions are related to the Bessel functions of the first and 


second kinds. 


ea ts 


JQ(iz), (A.9) 
= -j J,(Jz); (A.10) 
j 3 (JQ (dz) + j No(z))> andy GAE11) 
- a (J, (3z) + J Nt52)); CAT) 
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Graphs of the Bessel functions I), I; 


for real positive arguments. (Note I0=IQ; 


Wy 


and K1=K, .) 
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where Jaq is the Bessel function of the first kind of order gq, and Ng is the 
Bessel function of the second kind (or the Neumann function) of order q. Jqf AZ) 


and Ng (Az) are two linearly independent solutions of the Bessel equation 


These two solutions satisfy the Wronskian identity 


pel COn(zdmNed2)) RideezjaN, (2) = Jo (2) Naz) 


Se vbe & (A.13) 


Modified Bessel functions formed by a change in the algebraic sign of the 


argument are related to the original functions according to 


Ig(-z) = I9(z), (A.14) 
1y(-z) = - 1, (2), (A.15) 
Kg(-z) = Kolz) - gm Ig(z), and (A.16) 
nea merKiz > J 1 y(z (A.17) 


It is convenient to express equations A.9 — A.12 in another manner. This is done 


using equations A.14 -— A.17. 


Deiat Dalz). (A.18) 
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Teaa(e tz ieee ORKeZINR (A.19) 
K )(5z) = 8 2 (NQ(z) 4 Jy (z)); and (A.20) 
Spl aes 0 (a) cal aa) (A.21) 


Daz) = IZ) and (A229) 
K, (2) = K, 72 Nite CAvi23)) 


This is a property of analytic continuation. 


The Wronskian identity is 


EP Cate inhale chi, (2) abel (2) a Tgz aka 


(A.24) 


\ 
| 
N|— 


It is very useful to combine equation A.24 with equations A.5 and A.6, when 


q=0, with the result that 


CAt25)) 


N|— 


I) (z) K,(z) + [,(z) K Q(z) = 


The preceding formula was used many times throughout the thesis. 
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A.2 Small and Large Argument Approximations of the Bessel Functions 
One can obtain the small argument representations of the modified Bessel 
functions by only keeping the most significant term in the infinite series expansions, 


equations A.3 and A.4. 


Te) aap (A.26) 
tbe) Soe CASA) 
Ki Z) = -wlog(0.891 z), | and (A.28) 
K,(z) © 4, (A.29) 


are the small argument approximations of the modified Bessel functions. Table A.1 is a 
list of the percent error associated with the exact functions compared to equations 
A.26 — A.29, for real positive arguments. Clearly, for Q< xg 0.10, the error 
involved with using the approximate equations is very small, about one percent or less. 
Sometimes, such as when two nearly equal quantities are being subtracted, it is 
necessary to use more accurate small argument approximations. In particular, if the first 


two terms in the infinite series expansion for Ty are kept, there results 


2 

a z) = Ol ee io: and (A.30) 
f-~ Z es 

14(z) 75+ Fe. (A.31) 


In a similar fashion, small argument representations of the Bessel functions of the 
first and second kind can be obtained from their infinite series representations (50, pp. 


360). 


J9(z) rl, (A. 32) 
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Bea DLUe: Ace | Percentage error associated with the 
Small argument representations of the Bessel functions 
Ip; I, Ky: and Ky> based on equations A.26 - A.29. 


(Note I0=I9; I1=1,, KO=Kp; K1=Ky > and SM means the 
small argument approximation.) 


X 10(X) SM 10(X) *ERROR SM 10(X) 

OF TOOGE-03 1.000 1.000 0. 2500E-06 
0.4000E-03 1.000 1.000 0.4000E-05 
OF, 2000E-03 1.000 1.000 0.1225E-04 
Oy. KOOE-O2 1.000 1.000 0.2500E-04 
0.4000E-02 1.000 1.000 0.4000E-03 
0.7000E-02 1.000 1.000 C2 i225R-02 
0.1000E-01 1.000 1.000 025008702 
0.4000E-01 1.000 1.000 OCI SgE= 04 
0.7000E-01 2.007 1.000 0.1224 
0.1000 b.00s 1.000 0.2495 
0.4000 1.040 1.000 3.883 
0.7000 14226 1.000 Tie 

1.000 1 Asis 000 21402 
4.000 Lae 1.000 Gare hs 
7.000 168.6 1.000 99.41 

X 11(X) SM 11(X) *ERROR SM 11(X) 

0.1000E-03 0.5000E-04 0.5000E-04 0.1250E-06 
Q0.4000E-03 OS2Z060E-03 0.2000E-03 0.2000E-05 
0.7000E-03 OnssO0E-03 OFSS00E-03 O-GIZSE=05 
Oj NOOGE-O2 0.5000E-03 0.5000E-03 0.1250E-04 
0.4000E-02 0.2000E-02 OF2000E-02 0. 2000E=0¢ 
0.7000E-02 OMSS00E-02 OFS500E -02 0. 6125E-03 
0.1000E-01 OFS000E-02 0.5000E-02 OQ 1250E-02 
0.4000E-01 0.2000E-01 O7200CE-01 Q.2000E-01 
0.7000E-01 ORS502E-01 O23500E-01 OIGN22E-01 
0.1000 OZ5006E-01 0.5000E-01 0.1249 
0.4000 0.2040 0.2000 1.974 
0.7000 OS 719 0.3500 5.884 

t., O06 0). 5652 0.5000 ToS 
4.000 Sh HPS), 2.000 Lao 

73,000 io67,0 3.500 Gieale 
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Table A.1 (continued) 


X KO(X) SM KO(X) *ERROR SM KO(X) 
OLUD0E- 03 Seeceds eh SPS Oe DOS SE Ue 
0.4000E-03 7.940 ied 0. 6562E-02 
Oe /DO0ESO3 OU 7.5380 0.7069E-02 
UaVVO0E-02 7.024 i023 0.7442E-02 
0.4000E-02 S40G7, Sekai OS O70 Es02 
0; /O000E-02 OL OLe epee) OP TiViZEa Ot 
ew CUE O01 oa 4.721 0.1406E-01 
0.4000E-01 Sos 3.334 OrGiSebe U1 
0.7000E-01 2 7/80 Best dhe. O82 
0.1000 2.427 2.418 OSS: 
0.4000 ike 1032 7.432 
0.7000 0.6605 0.4721 200s 

1.000 0.4210 0.1154 (a oe) 
4.000 Or 1 m6E= 0 Saline 4a 0.1149E+05 
7.000 0.4248E-03 = 1.0300 0.4310E+06 

X K1(X) SM K1(X) *ERROR SM K1(X) 
OS 1000E=03 0.1000E+05 O71 000E705 [Oa Ous E00 
0.4000E-03 20007 2500: “Oe bv oceo04 
US7O00E30s 1429. 1429. Pillay iegetuhies (O26 
O- 1000E-02 1000. 1000. AG) SiMe Palle: 
0.4000E-02 2500 250720 =0249 108= 02 
02 000E-02 142.8 142.9 AOhy SIMS 0) 
0] LOCOE=0)1 Sn Se 100.0 Orla Ou 
0.4000E-01 24.92 Zoo Oe 
0.7000E-01 14.17 14.29 s0i.8095 
0.1000 9.854 10.00 -1.483 
0.4000 2.184 2500 - 14.45 
0.7000 1030 1.429 michel te 

1.000 0.6019 1.000 -66.14 
4.000 0.1248E-01 0.2500 mire leer 


7.000 0.4542E-03 0.1429 alOeSatclej ss 501s 
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Ula) Hes (A.33) 
No(z) 4 = 10g(0.891 z), and (A.34) 
Ny(z) ? - a (A.35) 


The asymptotic representations valid for large arguments are known in the form 
of an infinite series. Keeping the first three terms of the series for the modified Bessel 


functions, the asymptotic representations are 


1y(z) eee [i + O18 , eek (A. 36) 
1,(z) = [1 - 232 . Se: (A.37) 
Ko(z) © fe? f1 - 2-128, 9 Za and (A.38) 
Ky(z) Jar e 72 [1 + O38 - Soc (A. 39) 


Table A.2 compares equations A.36 — A.39, first keeping only the initial term and then 
keeping only the first two terms, with the exact values. (When only the first term of the 
series is kept, the resulting representation is called the zero order /arge argument 
approximation.) Real positive arguments are used in the table. If only the first term is 
kept, the error associated with using the approximation is large at x = 1. However, it 
rapidly decreases with increasing values of x, and the error is only a few percent for 

x > 10. When the first two terms of equations A.36 - A.39 are kept, Table A.2 


shows that the error involved in using the approximation is about one percent or less for 


x > 4. In fact, the error associated with using these approximations for values of x 
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Table A.2 Percentage error associated with the large 
argument representations of the Bessel functions I> I, > 


Kos and Ky> based on equations A.36 - A.39. Errors for 


the approximations using only the first term of the series, 
and the first two terms of the series, are given. (Note 
10-1), Tl=I,; KO=Kos and KI=K,. ASO I0 means only the 


first term of equation A.36 is used to approximate Ip: 


AS1 Kl means the first two terms of equation A.39 are 
used to approximate K,-) 


X 10(X) ASOMEO GG ASi 10(X) 
0.1000 1.003 1.394 13 
0.4000 1.040 0.9410 hoo 
0.7000 26 OF 9602 We toe 

1.000 1.266 1.084 y. 220 
4.000 TSU 10.89 ina 
7.000 168.6 165.4 166 +3 
10.00 281163 oe 2814. 
40.00 0.1489E+17 Omi 4S SE Ox t48SE+17 
70.00 0. 1202E430 Ce RSI H eh, Oe AOE 3-30 
10070 0.1074E+43 OF TO72Esas 0.1074E+43 
2080 0.4755E+5 1 0.4750E+51 O4755E+51 
140.0 OP 2s oet500 Os 2ab3 SERGO O23 BERG O 

X *ERROR ASO 10(X) *ERROR AS1 10(X) 
0.1000 oo. 08 PONS 
0.4000 Seon) Sion 
0.7000 14.75 -0.4772 

1.000 14.35 5,039 
4.000 33036 0.6268 
7.000 to 20 Oe 1687 
10.00 Ie, Ie Ory Oi ote Ob) 
40.00 Oe soel Oat 0.4616E-02 
70.00 OnweyAs}s: Onto / 1b O2 
100.0 Org l2 57 0.8266E-03 
1203-0 0.1047 O70090E-03 
140.0 Die8968E =04 0.4780E-03 

X 11(X) AS Omen.) Nod 11(X) 
0 1000 0.5006E-01 1.394 mon OO4 
0.4000 0.2040 0.9410 Oe SSTE> 0 1 
0.7000 On S019 0.9602 0.4458 

1.000 Wa slelsy 1.084 0.6778 
4.000 92759 HOmeg 9738.70 
7.00U 156.0 165.4 1:0:6..79 
10.00 200. 2119 264 5s 
40.00 0 1471 eS 1/ 0.1485E+17 Oil 7A E17 
70.00 O24193E330 O;FISSES30 Decl Ose +30 
100.0 0.1068E+43 0.1072E+43 0.1068E+43 
12020 0.4735E+51 0.4750E+51 Oba Misiseeey 
140.0 Oe 21 25E760 0. 2133E460 0.2128E+60 
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Table A.2 (continued) 


%ZERROR ASO 11(X) 
BeC Cor 
SS One 
Too 
sie) iets: 
ala) ale, 
S15) SH 
-4.036 


- 0. 
ri 
=O: 
7 Os 
a0 


KO(X) 
2.427 
loghdg 
.6605 
»4210 


shoe 
5409 
cps 
3142 
269 1 


ODD WDOVOO000 


ral et Oe Og) 
-4248E-03 
.1778E-04 
-So9SEaiS 
»O945E- sel 
-4657E-44 
.8764E-53 
7-16 /8Es6d 


%ERROR ASO KO(X) 
AT. 16 
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as little as unity is relatively small. 
The large argument asymptotic representations of the Bessel functions of the 


first and second kinds are listed. 


ig(z) 22 Leos(z - 4) + fy sin(z - Ps (4.40) 
J,(z) SY 4% [sin(z - f) + gy cos(z - Al, (A.41) 
No(z) J 4 [sin(z - #) - ay cos(z - G)], and (A.42) 
Ny (z) 7J% [-cos(z- F) + gy sin(z - @)]. (A. 43) 


Limiting cases, as the argument of the modified Bessel functions becomes very 
small or very large, can be readily obtained by making use of equations A.26 —- A.29 and 


equations A.36 —- A.39. For x approaching zero, 


ee I 5 (x) =e 1s (A.44) 

x+0 

ee I, (x) = 0, and (A.45) 

x>0 

lg Kg (x) = lim K(x) = 00. (A. 46) 
+ 

x+0 x>0 


On the other hand, as x becomes very large, 


lim I) (x) = lim 1, (x) = 0, and (A. 47) 
X70 x7>0O 
lim K(x) = lim Ky (x) = 0. (A. 48) 
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If the argument is restricted to being real and positive, the behavior of the 
modified Bessel functions is quite easily understood. Ty and I, are strictly 
increasing positive functions, while Ko and Ky are strictly decreasing positive 
functions. Figure A.1 provides an illustration of this behavior. From equations A.26 — 


A.29, and A.36 — A.39, the following inequalities can be inferred. 


0< I, (x)< T(x) < 00, and (A.49) 
0< Ky(x)< K1 (x) < ©; (A.50) 


where 0< x< OO. 


A.3 Integrals Involving Bessel Functions 


The first mentioned two equations are equally valid if I, and I,’ are 
replaced by Ka and Ka » respectively. 
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In the final two equations, the integrand involves the modified Bessel functions of 


both the first and second kinds. 
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2 X E 
$1yox) K, (ax) x dx = aD can? 


Qa 


[a Ky (ox) 1,’ (x) - a I (ax) K,' (ax) ], and (A.53) 
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B. Appendix B. The Empty Sheath Helix 

When air fills both the interior and exterior regions, the simplest possible sheath 
helix structure results. It can be considered as a special case of the sheath helix 
surrounding a lossy coaxial rod. This is true when the lossy rod radius becomes much 
smaller than the sheath helix radius, or when the electrical properties of the lossy rod 
become similar to those of air. 

Considerable past work has been done on the empty sheath helix. Chu and 
Jackson (10), and Pierce (11) are two examples where research was performed in 
connection with applications to traveling wave tubes. Sensiper (5; 6) performed a very 
comprehensive study on this configuration, although most of the labor was directed to 


waves having angular dependence. 


B.1 List of the Field Components and the Dispersion Equation 
It is not the intention of this section to show the derivation of the dispersion 
equation and of the free mode field components. Interested readers are directed to 


Sensiper’s thesis (5, pp. 22-27). An electrical current of the form 
a a 
where y r (A/m) is a constant with respect to the spatial coordinates, is assumed 


to be present on the sheath helix “windings”. (See Figure 1.5b. This displays the 


developed sheath helix.) 


Summary of the Field Components 


See is 1207 a a 
En] = J du ka cotanyp COS Ve ants s 


Ky (h@a) igh sine Z4 (B.1) 


Zoo 


Atearte wicdiezog tesiqmie of smcigar ohms 
nile tase: ertt Jo eam laignge eae & rebienag 
dou aemooed evlbs) bon yaw! 1 mari Gut ef aT be 20 ue “ 
bo yaeol art to aeireqoig moiwaels ath nertw © piace: 
” eTown ot 
ns utd .xilet rtitserta yiqne a no anok need earl snow req @ 
ni barmotad 2a Moiseae) eat eels owl aie 41 cori | bine . 
viv = bernohaq (3 1a) opened eacdut avew grileved of enoitasligge wil 
ot betoewb eew todal-ert to teem aguarita motte woliqes 2itt ino youre 
eonekriaged Wigs. yeaaed 


y 
. 7 


ee 


rw 


_ 

noltaups noleadqes! ott he einencaemod biel’ edi to told 1 
noieregels ett to nolavnab ell work o? noroge sir? to nolmetri art fon ef tH | 
of baielt ow eiabser belee ven .zinensgmos disil eborm. es?) ef] to bre ¢ 


«net arf to ine mun eormtgele nA ITS-SS .qq ,€) aiesrt @ 


4 
e yf 2 8205 ak 


hevryoee ge! 2atarltwoos isitege et of oeqen” rliw neeno? & 8! (mVAd uh arth 
at avelceis eitT .dé.! gw eed) ““ageibniw” xilert isede ert no theese ed a 
(.xitearl Heucty & 


sinenoqgos bfohi sft to yismane a7 


fe > 4 =& 0) f_ notpoa 


; v0 986 0309 saris te 
Fcincge ones oe De 


\T, 8) 


6] 


Zl 


CZ 


62 


z2 


a MT 1207 ka cotany - 


Siny K,(h@a) Cte.) cosg°z, 


= i\, eZee cosy (h2a)¢ : 


ka cotany 


K (hoa) Whar) cosg°z, 
Yi cosy gia K,(h@a) Phat) sing°’z, 
= yi sinp h&a Ky (hoa) 1, (hor) cosg°z, and 


bat cosy h®a K, (ha) Wg" cosBp°z. 


RegiOneebaes Yr < co ) 


eo ene Yi me) On cosy a camiea 


ka cotanw 


I) (h@a) K,(h°r) sing°z, 


ad Sit 1207 ka cotanyp ° 


a a 
siny 1,(h%a) Ky (Ch i ecOS Garces 


; 200 ne 2 
J yr ka cotany cosp (h’a) 


Ip (h@a) Ky (hor) CosB°z; 


296 


G@iwisy 


(B.6) 


(EB e/s) 


(B38) 


Coro.) 


. & | 
: 716 ni) y 2a yas a ase 


pe 
cea Ae 
maw 


~eOSh.. 


— ~ 


i 
“ 


ae 


bean> (9 ie Ns 


ecun is 


yt CPt ah a oe 


Ay 
(a Wi} g? aaa qnte ng 


co | ¢ | ; 
gastos nA e087 Af t= 7 
7 a 


oa” 209 (x'a) pr ie*d) ely 
a | a7 sy i 


Ae ie 
nOSt -- 


. £ i ; a oy 
ts = an0> tnssorae Kt 


ns 


oo 


a = aT cosw B%a 1, (h®a) kergher) sing?z, (B.10) 


ee = Mi sinv h@a I) (h°a) K,(h?r) cosg°’z, and CBratel) 


a 
Hoo = yi cosy ha 1, (h@a) Ky (nor) cosg°z. (B 12) 


Summary of the Dispersion Equation 
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Along with the separation constant equation, 
hoa = + (pa)? - (ka)? : (B.14) 


equation B.13 is used to calculate the radial wave number hea , and the axial wave 
number, gta ‘ 

Equations B.1 - B.14 comprise the free mode field so/ution of the empty sheath 
helix. The superscript "a" is used on all the electric and magnetic field components, 
and on the radial and axial wave numbers, so it is obvious that they are associated with 
the air-filled sheath helix, and not with any of the other configurations which have been 


studied in the thesis. The operating frequency and the sheath helix geometry are 


specified by two variables, ka cotany = w V¥0 £0 a cotany and 
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values of these variables. Throughout the remainder of this appendix, it will usually be 
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assumed that the sheath helix is sufficiently tightly wound so that O < yx 
1:02:02. 

Equations B.1 - B.14 agree with the angularly independent form of the field 
solution given by Sensiper (5, pp. 25-27). The dispersion equation, equation B.13, was 
mentioned in references 10; 11, pp. 231; 16, pp. 78; 17, pp. 43; 18, pp. 395; 27, 
pp. 404; 28, pp. 469; and 30, pp. 259. 

It is convenient to consider the wave numbers solution of the dispersion equation 
and the separation constant equation as 4%, and (g%a) 2 rather than as 4 
and (pe) 2 A respectively. The advantage of this is that the sheath helix radius does 


not appear by itself as a variable, it only appears in the quantities (ka)¢ and 


(ka cotany) 2. In equations B.1 - B.12, the spatial dependences of the field 
components are now regarded as being normalized with respect to the sheath helix 
radius so that f@r and ge become fa . r/a and gta - Z/a, 


respectively. 


B.2 Discussion of the Dispersion Equation and Graphs of the Radial Wave Number 
Solution 
Attention is now directed to equations B.13 and B.14, the dispersion equation and 
the separation constant equation, respectively. Since the pitch angle and the angular 
frequency appear only as (ka) 2 and (ka cotany) é “ it is clear that these 
equations are even functions of y and w. The wave numbers solution hea and 
(g%a)¢ do not depend on the positive or negative sense of the sheath helix 
“windings”, or on the algebraic sign of the frequency. (As was previously mentioned in 
part 2.1.2, the dispersion equation along with the separation constant equation cannot 
determine the algebraic sign of the axial wave number. They are said to determine 
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is very important in showing that the radial and axial wave numbers cannot be generally 
complex, with nonzero real and imaginary parts (5, pp. 232; 39; 40). A detailed 
investigation of the possible values hea and gta which may satisfy the dispersion 
equation and the separation constant equation, shows that only rea/ wave numbers such 


that 
ae ore Fay 2 
Dt OOjns ald aleBinadae eolika de (B.16) 


are permissible to obtain the free mode field solution. (Equations A.14 - A.17, A.18 - 
A.21, and A.24 can be used to evaluate the right hand side of equation B.13 and show 
that negative real or purely imaginary values of hea are not possible. A relatively 
thorough discussion of this is given in 5, pp. 231.) 

It is clear from equations B.13 and B.14 what variables the radial wave number 


and the square of the axial wave number depend on. 


h?a = f(ka cotanw) and (Ba ye) 


(g%a)@ = g(ka cotany, »p). Beal) 


So that a better understanding of the behavior of the radial and axial wave number 
solutions, for different operating frequencies and sheath helix geometries, is obtained, 
and to facilitate computation of these wave numbers, it is very useful to develop 
approximations of equation B.13. First, the approximation valid when the radial wave 
number is large will be considered. Keeping all three terms of equations A.36 — A.39, 
substituting into the right hand side of equation B.13, and performing a small amount of 


algebra, yields 


(Ka cokanyyé eee ——> . (B.19) 
ha (ha) 


7 
_ 7 7 


“teawmoop sd ae Cae ye. . i " 
nin A 0s 86 SES ays 
never ‘Wt 21% y wii aE | woe 


eum arene way NE sant swore Jpop 


: _ oa 


53) noes bia sham eda ast raat’ 18 
» bewet abl: att atawleve Gt Gesu ears 

Nie. iL 
ny A ; | 5° 4 | to seulay ypuripere YG esis 
l2s..40 me mewn ei eH 1S noine woe 
) tev Gi bee €/ 8 anoiupe mow ries 
_ 


le waciret Gwow ieee att TO eRe | 


—— 


aw ¢ 
(anton way ahh VE 


19 ann a Ste) — 
- _ 
sane 
Loe 7 rp 


ie all 
» wiwerted ert to oribratmebmn taiene -_e = 
; ; 


es clear (awta te eeoneupe enrsreae gniatkyh OT ght 
Ree ee 
roukrugt evew osertt fo roliaingerod) et ei 
es a pent: 
wrnimetage at Jew £18 roiteupe to ¢ barr 
‘ 
ioe jo armel? eeu he owas A hs syabianog LJ Aaiee: al 


hi &} & nolteune 3. eum bea gh ra 


a 


Equation B.19 is the accurate /arge argument approximation of the dispersion equation. 
Keeping only the first term of equations A.36 - A.39 (which is the zero order 


asymptotic representation), and repeating the previous procedure, results in 


ka cotany w 

ae =a (B.20) 
Equation B.20 is the crude /arge argument approximation of the dispersion eguation. 
Note that this equation is very convenient because the radial wave number is explicitly 
given in terms of the operating frequency, the sheath helix radius, and the sheath helix 
pitch angle. 

A data table (which will not be presented here) was prepared to compare the right 
hand side of equation B.13 with that of equations B.19 and B.20. It demonstrated that 
for values of ka cotanw as small as 1, the maximum error associated with 
equation B.19 is two percent, while that associated with equation B.20 is twenty percent. 
As ka cotany increases, the error very rapidly decreases, and _ for 

ka cotany > 5, __ itis less than one percent for both equations B.19 and B.20. 

Substituting equations A.26 — A.29 into the right hand side of equation B.13, it is 


seen that for small values of the radial wave number, 
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This is the sma// argument representation of the dispersion equation. 

Another data table was prepared which compared the right hand sides of 
equations B.13 and B.21. It was discovered that for values of ka cotany as large 
as 0.10, the maximum error is about 0.20 percent, while for ka cotanyp as 
large as 0.50, it is about 7 percent. The error involved with using the small 
argument representation of the dispersion equation decreased as the value of 


ka cotany became smaller. 
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Equations B.19 - B.21 show that for very large ka cotany, haa = 


ka cotany, while for very small ka cotany, h?a << ka cotany. 


The right hand side of equation B.13 is a strictly decreasing positive function, which, for 


h Shs close to zero, has a large value and a large negative slope, but which approaches 


unity from the upperside with a zero slope as h2a becomes large. Therefore, it is 


always true that 


0 < h®°a < ka cotany < ©. (Bac 


A useful approximation which simplifies calculating the field components is to 


equate the absolute value of the axial wave number with the radial wave number. Equation 


B.14 is rewritten as 


Ig°la = cneayeeeikay® = ha il (ee et ey 


Using the Binomial theorem (47, pp. 737) to expand the square root as an infinite series, 


and keeping only the first two terms of the series, yields 


a ] are 
lier Naam whiga Galjat*, (— = eels (B.24) 
h-a 
The approximation |e*}a > h2a is valid within about ten percent error if 
ka ka 
5 (ee ih a = ONO Un= 02508 (B.25) 
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Hence, if 


eee Caen (B.26) 


is satisfied, [e°}a a hea is an approximation which is accurate within the 
previously mentioned error limitation. 

Inequality B.26 is now examined, using the approximations of the dispersion 
equation which were previously stated. Equation B.20, the crude large argument 
representation of the dispersion equation, shows that when ka cotany_'s large, the 
inequality is clearly satisfied for all pitch angles in the range O < w~ < 10.0°. 


From equation B.21, the small argument representation of the dispersion equation, 


ka = tanp h°a ./-2 1og(0.891 haa) . (Biss2-qs) 


Therefore, inequality B.26 becomes 


Zetaniu|ocmlod( 02891 haves de Be 23s 


It is apparent that inequality B.28 is most easily satisfied if the sheath helix is very 


tightly wound. As an example, if ~ = 10.0°, _ the inequality is satisfied for values 
of 2a as small as oats 2 “ral (Making use of equation B.21, this 
value of h%3, corresponds to ka cotany = NTO RSE ) hi Gem 


50 2, then the inequality is satisfied for values of h?a as small as pel = 
Onoxon ee (This value of ha corresponds to ka cotany = 
Beal Ou 7 x One concludes that inequality B.28 will be satisfied down to very small 
values of the variable ka co tany, if the pitch angle is small. However, as 
ka cotany > o* : inequalities B.22 demonstrate it must be true that hea > 
Cian Therefore, for any (fixed) value of the pitch angle, regardless of how small, 


when the variable ka co tany becomes sufficiently small, inequality B.28 will not be 
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satisfied. 

In summary, the approximation | a la = h*a is valid over a wide range of 
ka cotany values. For a tightly wound sheath helix, it is always valid for large 
ka cotany (ka cotany > 1); and it is justified until ka cotany 

becomes very small (ka cotany =< |)= However, it is never correct in the 
limitas ka cotany approaches zero. 

One can obtain numerical solutions to equation B.13, the dispersion equation, in a 
very straightforward manner. The method is to first choose a value of hea and then 
calculate by direct evaluation of Bessel functions, the corresponding value of 

ka cotany. !t is now pretended that the value of ka cotany was originally 
specified, and that this determined the value of Aca So that better accuracy in 
reading the graph is obtained, it is helpful to shrink the ordinate axis scale by plotting the 
quantity ka cotan /hea versus the variable that depends on the operating 
frequency and the sheath helix geometry, ka cotany, _ rather than directly plotting 
h?a versus Ka cotany. For a desired value of ka cotany, _ the 


corresponding value of hf qa. is easily obtained from this graph. Interestingly, since 


] 
ka cotany/h@a = ae eo KdmeeG tannin. (B.29) 


lines of constant p24 on the graph are straight lines through the origin, having the 


slope 1/h@a. 


Using the approximation | ae la = ha, it follows that 


ka _cotany ~ ka cotany 
a a 
ha |a°|a 


W V 


= Boh Bde 
a [u9 Eq cotany ~ cotany. (B30) 


a 
of Sao be? ae 
5) in iy : 
aor? ativw 2 tevo bie 2 Pur) : Bi. a - 


718! wil nheV eye’ wall at i sit te eee on yi a 7 
i6%09 ee ore beni tel ei bee ~ otf wis i ine , 
foanoo vever ef i Cawpaohl’ St] (eer ‘anes o> | st 


_* i . Ul 7 at 7 
Ow Serty 5 a A 


‘i. 


witsuos domeqay et FB noideupe of enoitulos -s wnt DP 
nieve saborts eet or af Doreen. a oft sar ta oF 
onibnegeerio rt) ar ae thew _ prottautovs ° 
» os nefoo 68 % @uiev ets rt) oatonereig wan ait ae 
ray to euhew art benierretsty pie 
thevey enh Mint: aren rated al hanidde oie 

eqem tent algmnay eff quetey. .& my re 
fy oye? vec iis wiatars Os  vyierre an sitedt rtimacte on b - 3 * 
jeab & -ONb209 Sh aus a 


yt MOR; # Won bernie viene) ©» a 42 cin @ IOG 


satan) oa + cee @ ‘e A\gaetos Ba 


ow iris we Te BOT tO 
a* 
a 4°a © al 4)! reumuvonage of ani 
7 bo 
gngsor sas gnotor 6 
, fj al \ 6 7 _ 


Vv 
yherod Be # ynotoa Ta ga 


a, 


304 


Therefore, the graph of ka cotany/h@a versus ka cotany_ is proportional to 
a graph of the phase velocity normalized with respect to the speed of light in air, as a 
function of frequency. (The phase velocity is associated with traveling waves having 

wad g°z axial dependence.) The previously discussed method of presenting the 
radial wave number solution can be regarded as a type of d/spersion curve. 

Figures B.1 and B.2 were computed directly from equation B.13 by first choosing 
several different values of h@a , calculating ka cotanw/h?a at each point by 
evaluating the right hand side of the equation, performing the multiplication hta ° 

ka cotany/h@a in order to obtain ka cotany, and finally pretending that 

ka cotany was originally specified and that this determined the quantity 
ka cotanw/h?a _ Software program routines from the IMSL library (43) were 
used to evaluate the Bessel functions, and the graphs were prepared by the Amdahl V/8 
computer at the University of Alberta. 

Figure B.1 is a linear graph of ka cotanw/ha versus ka cotany. 
Several different lines of constant h@a values are shown. In addition, the large 
argument asymptote ka cotany/h?a = ] is presented. 

Figure B.2 is a semilogarithmic graph, having the same abscissa and ordinate as 


the previous figure. Many decade ranges of ka cotanw values are shown. The 


asymptote ka cotany/h@a = ] is given. 


B.3 Discussion and Graphs of the Field Components 
Some properties of the field components wiil now be mentioned. Replacing 
gta by - gt in equations B.1 — B.12, the field components, in equation B.13, the 
dispersion equation, and in equation B.14, the separation constant equation, results in no 
change. Therefore, no loss in generality occurs from restricting Be SOF 
Decreasing the pitch angle in such a fashion that the variable ka cotanw remains 
constant (keeping in mind equation B.17, which gives the functional dependence of 
ha) , will greatly decrease the magnitude of the angular electric and magnetic fields, 
because they have an explicit sin dependence. However, to a good approximation, 
the other field components are not affected. The previous two sentences have assumed 
~ ~ 


that the sheath helix is sufficiently tightly wound so that cosy = ] and =g4a0c 
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Ragure Be | Graph of ka cotany/h@a versus ka cotany 
based on equation B.13. Several lines of constant hea 


are shown, and so is the asymptote ka cotany/h@a SP beats 
(Note that HA=h%a and KA COTANP=KA CP=ka cotany.) 
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KA CP/HA 
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Figure B.2 Graph of ka cotany/h@a versus ka cotanyp 
based on equatton B.13. The asymptote ka Gotan) Ne ame 0 
is shown. (Note that HA=h%a and KA COTANP=KA CP=ka cotany.) 
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(See equation B.26. This states the requirement necessary so that the axial and 
radial wave number can be equated.) If this is true, it is apparent that the field 


components have the following approximate functional dependences on the operating 


frequency, the sheath helix geometry, and the sheath helix “windings’” current. 
Bes = OE Kamecotani., vs Come sils) 
ae = SM: ka cotany, wv), GBaea2) 
Ee = Qn(S) > ka cotany), Brac) 
say = Un Yip> ka cotany), GBieesian) 
Hn = @ Ie ka cotanwv), and GBs 5) 
Harti = Wid ka cotanyp); GBs Oy) 


where n = 1, 2. 


Since the interior sheath helix region fields’ radial dependence is characterized by 
either I g( h an) or I, ( h°r) » while that of the exterior region fields is either 
Kg ( h@r) or Ky ( h?r) ; with all the Bessel function arguments being real 
positive, it is true that for one particular operating frequency and for one particular 
sheath helix geometry (which means that hea has one particular value), the interior 
region field magnitudes always increase as the radial distance increases, while the 
exterior region field magnitudes always get smaller with increasing r. (See Figure A.1. 
This shows graphs of Ig ; I, ; Ko : and Ky » for real positive arguments.) All 
field magnitudes attain a maximum value at r= a, the sheath helix surface. 
For values of ka cotany sufficiently large so that ka cotany > 1, 


equation B.20 and Figures B.1, B.2 show it is true that )%, = ka cotany. 
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Table A.2 demonstrates that for this valueof h?a > 1 , the large argument Bessel 
function representations, equations A.36 - A.39, have a relatively small error associated 
with their usage. Substituting equations A.36 - A.39 into equations B.1 — B.12, it is seen 
that all the electric and magnetic field components rapidly decay about the sheath helix 


surface in an exponential fashion, according to 


eka cotany(1-r/a) for interior region fields, or 


( Bay) 


eka cotany(r/a-1) for exterior region fields. 


(The single exception to this behavior occurs at points in the sheath helix interior region 
where the radial distance is sufficiently small for the particular value of 7%, 5 re 

so that hoa shal de “mil is true. Table A.2 makes it clear that a large error is 
involved with using the approximations given by equations A.36 - A.39, when the 
arguments of the Bessel functions are smaller than unity.) 

Attention is now directed to the radial dependence of the field components for 
small values of ka cotany. When ka cotany < 0.10 occurs, it must be 
true that h?a < 9.10. (See equation B.22 and Figures B.1, B.2.) Table A.1 shows 
that for this argument, very little error is involved in using the small argument Bessel 
function representations, equations A.26 - A.29. Substituting these equations into 
equations B.1 — B.12, it is apparent that the approximate radial dependence of the field 


components is 
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(For the fields in the sheath helix exterior region, when the radial distance is sufficiently 
large for the particular value of h°a < 0.10, it will be true that h%a . 
nya 0210. Table A.1 makes it apparent that a great error is associated with 
using equations A.26 — A.29 when the argument is this large. For this special case, the 
radial dependence of the sheath helix exterior region fields given by equations B.38 is 
not correct.) 

In summary, for large values of ka cotanw (which could be considered to 
mean high frequencies since ka cotanyp = 2rf J¥o £0 a cotany), 
the fields cling very closely to the sheath helix “windings”. The sheath helix is now acting 
like a waveguiding structure. On the other hand, for small values of ka cotany 
(which could be considered to mean low frequencies), the fields in the exterior region 
have a large radial extension. The waves associated with the sheath helix are now largely 
unguided. 

The fact that the field components cling closely to the sheath helix surface for 
high frequencies is in agreement with the experimental work that Cutler (12) performed 
on a physical helix. This was previously mentioned in part 1.2.2. 

Attention is now directed to examining the phase velocity of the traveling wave 
form of the field components. These are characterized by having spa g°z axial 
dependence. They can be easily obtained from the standing wave fields, equations B.1 — 


B.12, by using the identities 


a 
COS Baz 


(B.39) 


sing?z 


. a 
multiplying by two, and by keeping only thee J 8 2 term. 


The phase velocity normalized with respect to the speed of light in air, is 
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Ww ka 


F Vo Sot wemane (B.40) 


B bard 


2) Es 


For large values of ka cotanw, equation B.20 and Figures B.1, B.2 show that 


(cee foes : 
hoa = ka cotanyp. It follows from equation B.14 that 


g°a = (n2a)? + (ka)? = ka cosacw. CB a) 


Substitution of equation B.41 into equation B.40 yields 


V 
eS sili: (B.42) 


This can be interpreted as describing a wave traveling with the speed of light in the 
direction of the sheath helix “windings”. (See Figure 1.5b. It displays the developed 
sheath helix.) From the discussion presented earlier in section B.3, this is the expected 
behavior of a guided wave. 

For very small values of ka cotany, hta will be very small. (This is 
apparent from equation B.22 and from Figures B.1, B.2.) Equation B.21 makes it clear 
that hea << ka cotany. Furthermore, for any fixed value of the pitch angle, if 
ka cotany _ is sufficiently small, it will be true that the radial wave number is such 
thatie thita Tkerekia: Equation B.14 shows that gta = ka; and it follows 


from equation B.40 that 


(Bi43)) 


The phase velocity now describes a wave traveling in the axial direction with the speed 
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of light. This is the expected behavior when the sheath helix does not act to guide the 
wave. 

Equations B.42 and B.43 are in agreement with the theoretical investigation of 
helical wires at high and low frequencies, respectively, performed by Pocklington (7). 
This was previously discussed in part 1.2.1. 

In general, the phase velocity is between the limits specified by equations B.42 


and B.43. 


V 
siny < <P < 1 (B.44) 


A brief mention will now be given of the power flow that is associated with the 
air-filled sheath helix. The time-averaged power flow in the axial and radial directions 
can be calculated by integration of the Poynting vector over the appropriate surfaces, as 
was previously explained in section 3..1. Rather than repeating this procedure here, only 
the results of the author’s calculations will be discussed. Through any transverse plane of 
constant .Z = ZQ (-CO < Zq < oO ) which extends to infinity in the radial 
direction, the time-averaged power flow associated with the fields given by equations 
B.1 — B.12 is zero. In fact, this result is also true for any area of the transverse plane. 
Considering traveling waves characterized by cine! g°z axial dependence, Sensiper 
(5, pp. 59) has shown that the time-averaged axial power is nonzero but it is independent 
of the position of the transverse plane Zz = Z through which it is calculated. 

The time-averaged power flow based on equations B.1 — B.12 and calculated 
through a cylindrical wall of radius r = ar (.0 \< aoe oO ) was discovered 
to be zero. Therefore, the empty sheath helix cannot act //ke a radiator. This property 
was noted by Cutler (12). A discussion of his investigation was previously given in part 
PRPs 

In order to help understand the behavior of the field components at different 
points in space, several graphs of their radial dependence have been prepared. All the 
electric field components, equations B.1 — B.3 and B.7 - B.9, were normalized from 
a 


dividing them by an electric normalizing coefficient, E-0 All the magnetic fields, 
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equations B.4 — B.6 and B.10 — B.12, were normalized from dividing them by a magnetic 
a 


normalizing coefficient, Hoo ‘ The electric and magnetic normalizing coefficients 
are defined as 
z=0 
ant a ; 1207 
er bY i), Sera 
z0 7A ad Restcib J G'\l ka cotany ©°S¥ 


(n2a)* T5(ha) Ky (ha) 


(B.45) 
j iT 1207 ka cotany cosy 1, (h%a) K,(h@a), and 


feces kee ol ae \ a a a 
z0 z1 = gy cosh hoa Ip(h’a) Ky (h°a). (B.46) 


(The dispersion equation, equation B.13, was used in the derivation of equations B.45.) 
Only the radial dependence of the normalized fields has been graphed. It is 
assumed that the axial coordinate is held constant. The transverse planes specified by 
z=0 and by gta —z/a = t2nn (n = 1, 2, 3, ...) are considered for the 
angular and axial field components. This means that COS gz =+], On the other 
hand, for the radial field components, the transverse planes aca - z/a = 
(4n + 1) 5 and gta Orig = ea Aye enale s (e220 7"1.2>...) sare 
used. It is now true that sin pez =+1. 
Three different types of graphs have been prepared. The first set represents the 
"high frequency” case. This term means that the value of ka cotany_ is chosen 
sufficiently large so that the corresponding value of hoa ,» which results as a solution 
of the dispersion equation, is such that little error is involved in using the large argument 
Bessel function representations. Equations A.36 - A.39 can be used to approximate the 
dispersion equation, the normalizing coefficients, and the normalized field components. 
The second set of graphs represents the "mid frequency” case. Here the variable 
ka cotanw is chosen so that considerable error is involved with using equations 


A.26 - A.29, or equations A.36 - A.39. The small or large argument Bessel function 
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representations cannot be used to approximate the dispersion equation, the normalizing 
coefficients, and the normalized fields. 

Finally, the third set of graphs represents the “low frequency” case. 
ka cotanyw_ is chosen sufficiently small so that little error is involved in using the 
small argument Bessel function representations. Equations A.26 — A.29 can be used to 
approximate the dispersion equation, the normalizing coefficients, and the normalized 
fields. 

The method of solution which is used to obtain the graphs will now be explained. 
For the specified value of the variable ka cotany, equation B.13 is solved to 
obtain the radial wave number, h%q. (Actually, as was discussed in section B.2, the 
dispersion equation is solved by first specifying h@a and then by calculating the 
corresponding value of ka cotany.) Making use of the specified value of the 
pitch angle and the value of ka cotanw, equation B.14 is solved to obtain the axial 
wave number, Ban ? Next, equations B.45 and B.46 are evaluated to obtain the 
normalizing coefficients. Finally, the normalized field components are calculated for many 
different values of the radial distance -normalized with respect to the sheath helix radius, 
r/a. All the Bessel functions were directly evaluated by making use of software 
program routines from the IMSL (43) library. It will be emphasized that the six graphs of 
the field components’ radial dependence presented here are “exact” - no 
approximations have been made to the dispersion equation, the separation constant 
equation, the normalizing coefficients, and the normalized fields. 

Figures B.3 and B.4 show the absolute value of the normalized electric and 
magnetic field components, respectively, as a function of r/a. The vertical line 
represents the sheath helix surface. In both the interior and exterior sheath helix regions, 
the algebraic sign of each normalized field is given. The sheath helix goemetry and the 
operating frequency are specified according to the variables ka cotanY = 
LODO mee Vas bale Oe This is an example of the “high frequency” case. 
hea TKO and gta = el0r. 0 are the calculated values of the wave 
numbers. (Note that the value of h a. is in good agreement with equation B.20, as one 


expects.) 
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Figure B.3 Curves of the radial dependence associated 


with the normalized electric fields. The variables ased 
are ka cotany=10.0 and wy=1.00°. They determine the wave 


numbers, h°a = 10.0 and gta = 10.0, and the electric 
normalizing coefficient, Es qi = j Di 188 (V/m). (Note 
thate ER, Poem ere / Ee nt, BO/EZ0s=hE 0 /EOe ba EZ/EZ One 
ELt/EdG anand R/A = r/a.) 
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Figure B.4 Curves of the radial dependence associated 


with the normalized magnetic fields. The variables used 
are ka cotany=10.0 and y=1.00°. They determine the wave 


numbers, h?a = 10.0 and pea = 10.0, and the magnetic 
normalizing coefficient, iene = 9), 0.525 (A/m). (Note 
that HR/HZO = H°/H,.°, HO/HZO = H,°/HJ9°, HZ/HZO = 
Hees and R/A = r/a.) 
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a = j yi 188 (V/m) and eae - Yi 0.525 (A/m) 


are the calculated values of the normalizing coefficients. 

It is apparent that all the field components are rapidly attenuated at increasing 
radial distances away from the sheath helix surface. The radial dependence of the fields 
is approximately given by equations B.37. Since the fields cling tightly to the sheath helix 
“windings”, the sheath helix is said to act like a waveguiding structure. 

Figures B.5 and B.6 show the radial dependence of the normalized electric and 
magnetic fields, respectively, for the “mid frequency” case. ka cotany = 

1.00 and y= 1.099° £areused. pta = 0.734 and g"a = 0.734 
are the calculated values of the wave numbers. The values of the normalizing coefficients 


are calculated to be 


E07 = FM 145 (W/m) and Hyg? = Yu 0-820 (A/m) 


Note that both the interior region and the exterior region fields change much more 
gradually as the radial distance is varied, compared to the behavior exhibited in Figures 
B.3 and B.4. 

The final two graphs included in this appendix are Figures B.7 and B.8. These 
represent the radial dependence of the normalized electric and magnetic fields for the 


2 and Uae Onemn are 


"low frequency” case. ka cotanwy = 5.00x10° 
chosen. The wave number solutions are calculated tobe ha = 1, Vax Oe 2 and 
eo = 1.74x!] Ome : (As expected, the value of %3 approximately agrees 


with that predicted by equation B.2 1.) 


Eo = FM 9-44 (W/m) and H,9? = Ott 1.00 (A/m) 


Z, 


are the computed values of the normalizing coefficients. The radial dependences of the 


fields are approximately given by equations B.38. It is apparent that the sheath helix 
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Figure B.5 Curves of the radial dependence associated 


with the normalized electric fields. The variables used 
are ka cotany=1.00 and y=1.00°. They determine the wave 
numbers, h°a = 0.734 and g%a = 0.734, and the electric 
normalizing coefficient, Eva = j Dy 145 (V/m). (Note 
cieeee R/iezOe- seme Emam, (EO/EZO-= E O/E aa, EZ/EZ0 = 


a a E 
ES [E69 » and R/A = r/a.) 
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Figure B.6 Curves of the radial dependence associated 


with the normalized magnetic fields. The variables used 
are ka cotany=1.00 and y=1.00°. They determine the wave 


numbers, ha = 0.734 and goa = 0.734, and the magnetic 
normalizing coefficient, teva =i 0.820 (A/m). (Note 
that HR/HZO = H.°/H,,°, HO/HZO = H,°/H_,°, HZ/HZO = 

3 5 r z 8 z 
He /Ho9 » and R/A = r/a.) 
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Figure B.7 Curves of the radial dependence associated 
with the normalized electric fields. The variables used 


are ka cotany=5.00x107¢ and y=1.00°. They determine the 
wave numbers, h@a=1.73x10~* and g?a=1.74x107¢, and the 
electric normalizing coefficient, ay = j Yu 9.44 (V/m). 
(Note thet ER/EZO = 6 G/c 4, EO/E7O = 6 S/7Eo d. EL/E ZO, = 
E /E,9 » and R/A = r/a.) 


i“? 
| see 
ee caer? : 


Py 


D 


4 


betslooaze ainebasysb (sfhax adz . eset) |. cone 
bern 2sidetrev sal .2bfeh? slab tg pede | 


eid sntomeseb yaat 00g a ata 3 
<7 “Dtaht. tne ®. bas ° "8 

fr) ba. e uh t -* 3 aay 
= OSI\53 "9 dV, i « ‘053,04 


a 


es 


SM EU ES\ESO 


att, ian 
2 antat 


320 


i : ea 
eo a 5 
eo 4 3) 
eo 4 a Bs 
© 4 a 
Soo 6 a4 5 zal 
NANNY eo 4 [3 up) LU 
LS oe ) iiss a 
NO © 4 Bp ie 
pares e 4 o O) 
gate © < 8 a 
Bae dq 6 4 13} fhe 
© 4 a e 
oe a 3) 
OW 
@ 4 5 ; Be 
oe 4 5 EN C2 
© a 8 Gi 
© 4 a aE 
oe 4 Q 
= 4 5 ae 
8 < 2) eS: 
3) a >) ep) 
3} a 3) Oo Ly 
S a © Gs fe) 
=f 4 (3) bo wa 
(3) <4 © OE (aia 
6 a 3) = 
13] 4 (3) Zz 
2 oOo 4 © : aii 
8 PN SN < © So Lt | 
8 Soe SLs 4 © (= 
Se 
Berio SEW tind : 
ei Biya oe 
S +i + mod © Gn 
3] Ho 4 4 © 
g 6504 - © M~ t+ 
8 a 3) s Ca 
oO Cle 
3} a 
3} 4 ar 
3} < 
a 4 
13] 4 oO 
ce aq e 
bp eS 
ice n Aw mn Ow nm ow Vay GW 
= O f hi or a a i 
© oO S) S S &) 3) Cc 
——7 = —_— _ —_ —_ oe 5 ee | 
OZH/ZH'OH"YH 
Figure B.8 Curyes of the radial dependence associated 


with the normalized magnetic fields. The variables used 
are ka cotan =5.00x107* and y=1.00°. They determine the 
wave numbers, h@a=1.73x10~* and g2a=1.74x107°, and the 

magnetic normalizing coefficient, eee = Tr 1.00 (A/m). 
(Note that HR/HZO = H,°/H,,°, HO/HZO = H,°/H 9°, HZ/HZO 
Ho {/Hog > and R/A = r/a.) 
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exterior region electric and magnetic field magnitudes decay slowly with increasing radial 
distance. The field extension is large. Therefore, it can be said that the fie/ds are 
basically unguided by the sheath helix. 

To conclude the discussion of the radial dependence graphs of the normalized 
fields, attention is directed to the field behavior at the sheath helix surface. Figure B.7 
makes it clear that E pol Bigg 4 and Es ene ot 8 are continuous at r= a. This 
is simply a statement of the boundary condition that the electric field tangential to an 
interface is continuous. Indeed, the continuity of the region 1 and region 2 angular 
electric fields, and of the region 1 and region 2 axial electric fields, at r= a, can easily 
be shown from equations 1.6 — 1.8 to be a necessary consequence of the sheath helix 
surface boundary conditions. 

Figure B.7 shows that the normalized radial electric field is discontinuous at 

r = a. The physical explanation for this behavior is that the discontinuity results from 
the presence of free electric charge located at the sheath helix surface. 

Directing attention to the normalized magnetic fields, Figure B.8 makes it apparent 
that the radial electric field is continuous at the sheath helix surface. From physical 
considerations, this must be true because free magnetic charge does not exist at 
rea. tis also apparent from the figure that H tt a and H Sa are 
discontinuous at r= a. This is because there is an electrical surface current present on 
the sheath helix “windings”. At an interface which possesses an electrical surface 


current, the tangential magnetic fields must be discontinuous. 
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C. Appendix C. Sheath Helix Surrounding a Perfectly Conducting Coaxial Rod 

The configuration of concern in this appendix consists of a perfectly conducting 
circular cylindrical rod, having a radius b, which is centered inside a sheath helix. It is 
always assumed that 0 < b < a < @, where, of course, a_ is the radius of 
the sheath helix. (See Figure 1.5b. It displays the developed sheath helix.) This 
configuration can be regarded as a limiting case of the sheath helix surrounding a lossy 
coaxial rod, when the conductivity of the lossy rod becomes very large. 

Bryant (19), and Mathers and Kino (20), previously investigated this structure. 
Bryant only briefly examined it. He obtained the dispersion equation and made a single 
graph of the quantity ka cotanw/h<a versus hoa ,» where hoa is the radial 
wave number, and ka cotanp = w \fig & 4 cotanyp. b/a, the rod 
radius normalized with respect to the sheath helix radius, was a parameter of the graphs. 

Mathers and Kino performed a more detailed study. All field components in terms 
of a single undetermined constant were listed. In addition to obtaining the dispersion 
equation, approximations of it were given which are valid for small or large values of the 
variable ka cotany. Graphs of ka cotany/h<a versus ka cotany 
were made for different normalized rod radii. It was mentioned that these curves are 
flatter than those of the empty sheath helix, and that this is especially true when b/a_ is 


nearly unity. 


C.1 List of the Field Components and the Dispersion Equation 

To obtain the free mode field solution, it is necessary to apply boundary 
conditions. In addition to the four boundary conditions at the sheath helix surface, 
equations 1.6 — 1.9, there are also the boundary conditions that the tangential electric 
fields vanish at the perfectly conducting rod surface. (Note this will also mean that the 
normal magnetic field at the rod surface is zero.) Since the rod is a perfect conductor, all 
electromagnetic fields in the region O< r < b must be zero. The same type of 


electrical current discussed in section B.1 is assumed to be present on the sheath helix 


“windings”. A brief derivation of the following results is given by Mathers and Kino (20). 
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Summary of the Field Components 
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H 3° =u hoa siny (Ig(hoa) Kg(h%b) - Ig (hb) Ko(h&a)) 


K,(h°r) 
aad cos 8°z, and GG 2) 
Kg(h b) 


Hog) = -\yphSa cosy (1y(h°a) K,(n%b) - 1, (hb) K,(h©a)) 


K.(h°r) 
Sa cos B°z. (C.13) 
Ky (hh b) 


Summary of the Dispersion Equation 


(ka cotanyy 2 i Ky (hea) Ky (h°b) 
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(1, (h&a) K,(h°b) 2 1, (hb) K,(h“a)) 


The separation constant equation, which relates the axial wave number, ga , 


to the radial wave number, hoa ees 


hoa = #/( 85a) * - (ka)@ : (6G 1153) 


Equations C.14 and C.15 are used to calculate the radial and axial wave numbers. 
Equations C.7 - C.75 comprise the free mode frie/d solution of the sheath helix 

surrounding a perfectly conducting coaxial rod. The superscript “ec” is used on all 

the electric and magnetic field components, and on the radial and axial wave numbers, so 


it is obvious that they are associated with the perfectly conducting coaxial rod 
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configuration, and not with any of the other configurations which have been studied in 
the thesis. The operating frequency, the perfectly conducting rod geometry, and the 
sheath helix geometry, are specified by the variables Ka» COGanalicmD' fae, and 
yp. Onte kas Codt.anad Se,COnnes Osscwb/ aai< le, and O xcutvit< 
90.0° are the values of these variables which are acceptable for a free mode field 
solution. Throughout the remainder of this appendix, it will usually be assumed that the 
sheath helix is sufficiently tightly wound so that 0 < yp «< 10.0°. 

As was previously discussed in section B.1 in connection with the empty sheath 
helix, it is convenient to regard the radial and axial wave numbers solution as_ h os and 

goa » rather than as h° and naar respectively. The quantity hob in equations 
C.2 — C.14 is now thought of as h Cc. enh frat In addition, the spatial dependences 
of all field components are considered as normalized with respect to the sheath helix 
radius, so that nor and g°z become hoa - r/a and g°a *0tZ/\a 
respectively. 

To complete this section, it is mentioned that Boe ’ a » H fol as 
given in equations 14 by Mathers and Kino (20) are incorrect. These field components do 
not satisfy the boundary conditions at the sheath helix surface, equations 1.6 — 1.9. 
Otherwise, equations C.1 —- C.13 agree with their results. Equation C.14, the dispersion 


equation, is the same as equation 15 of Mathers and Kino, and equation 5 of Bryant (19). 


C.2 Investigation of the Dispersion Equation and Graphs of the Radial Wave Number 
Solution 

As was true of the empty sheath helix, the dispersion equation and the separation 
constant equation, equations C.14 and C.15, respectively, are even functions of both the 
angular frequency, w, and the pitch angle, W- Therefore, the comments made at 
the beginning of section B.2 also apply here. 

Two limiting cases of the perfectly conducting rod geometry are when its radius 
decreases until it approaches zero, and when its radius increases until it approaches that 
of the sheath helix. Assuming that the variables ka cotany and a = are held 
constant and taking the limit as b > ee of equation C.14, making use of the small 


argument Bessel function representations, equations A.26 — A.29, it can be shown that 
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equation B.13 is obtained. As expected, in the limit when the rod radius approaches zero, 
the dispersion equation is transformed into the empty sheath helix dispersion equation. 
Since the separation constant equations for the sheath helix surrounding a perfectly 
conducting coaxial rod and for the empty sheath helix, equations C.15 and B.14, 


respectively, have an identical form, the previous sentence means that 


lim hoa = h2a and lim (g°a)* = (g%a)?, (Gaaie) 


where hoa and gta are the radial and axial wave numbers of the empty sheath 
helix, respectively. In addition, taking this same limit of equations C.2 -— C.13, assuming 
that the variables ka cotany, yp, a, and Si are held constant, and 
making use of relations A.26 - A.29 and C.16, it can be demonstrated that equations 
B.1 — B.12 are obtained. Taking the limit as the rod radius approaches zero of each field 
component in region 2 and in region 3 gives the corresponding empty sheath helix field 
component, as one would expect. In summary, /7 the /imit as the rod radius approaches 
zero, the free mode fie/d solution associated with the sheath helix surrounding a 
perfectly conducting coaxial rod is correctly transformed into that associated with the 
empty sheath he/ix. 

Attention is now directed toward investigating the limit when the radius of the 
perfectly conducting rod increases so that the rod surface touches the sheath helix 
surface. The limitas Db + qa of the dispersion equation is calculated, assuming that 
the variables ka cotany and a= are held constant. L’ Hopital’s rule (47, pp. 651) is 
needed to evaluate the resulting indeterminate form, and the Bessel function recurrence 


relations A.5 — A.8 are used. It can be demonstrated that 


ka cotany 9 ka cotany 9 
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If this same limit is taken of the field components, it is discovered that they all become 
zero intheregions O < r < a andea qurce ye <ocyy 

When the rod completely fills the sheath helix interior region so that its surface 
touches the sheath helix surface, there is infinite conductivity in all directions on the 
surface at r= a. This means that all properties of the sheath helix have been lost. (See 
part 1.3.2 for a discussion of the sheath helix.) In fact, there is actually a perfectly 
conducting rod in an unbounded air-filled region. It is known that the only nontrivial field 
solution, so that at least one of the field components is nonzero, results when 

h° = 0 (357 pps. 927). Oniy Baa and ae do not vanish. These are 
characterized by a 1/r type of radial dependence, anda Sing p Onvncos g°z 
axial dependence, respectively, where (ee a) a5 (Ka)* = we Ug £9 a? ‘ 
Stratton (35, pp. 527) has said that a perfectly conducting rod in space only has an 
unguided wave associated with it. 

For a sheath helix surrounding a perfectly conducting coaxial rod, the problem of 
determining the values of h°a and Boa which may possibly result in a free mode 
field solution is more difficult than was true of the empty sheath helix. If negative rea! or 
purely imaginary values of h°a are substituted into the right hand side of 
equation C.14, and the Bessel function relations, equations A.14 —- A.21 are used, a very 
lengthy expression occurs. It appears to be necessary to use the small and large 
argument approximations of the Bessel functions, equations A.26 —- A.29 and A.32 —- 
A.43, to see if the two sides of the dispersion equation can possibly be equated. A 
relatively thorough investigation of this was carried out. In addition, the special case of 

ho ="0 was considered. (h°a complex valued with nonzero real and 
imaginary parts cannot possibly result in a free mode field solution. The previous 
statement is known to be true by applying the same reasoning as was previously 
discussed at the beginning of section B.2.) Just the conclusion of this investigation will 


be mentioned. It is believed that only rea/ wave numbers such that 
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are acceptable for a free mode field solution. Note that when }©q __ is real positive, the 
Bessel function inequalities A.49 and A.50 can be used to demonstrate that the right hand 
side of equation C.14 is real and positive. Of course, the left hand side is also positive 
real, and so it is possible to equate the two sides. Therefore, a solution to the dispersion 
equation does exist for the values of the wave numbers given in equations C. 18. 

It is clear from equations C.14 and C.15 what variables the radial and axial wave 


numbers depend on. 


hoa = f(ka cotany, b/a) and (C.19) 


(ga) igi ke cotant, Dfas a). GGe20n) 


As was true of the empty sheath helix, it is highly desirable to develop 
approximations of the dispersion equation, in order that the radial and axial wave 
numbers solution is more easily calculated, and so that their behavior for different 
frequencies of operation, perfectly conducting rod geometries, and sheath helix 
geometries, is more easily understood. First, the approximation which is valid when the 
radial wave number is small will be considered. Substituting equations A.26 - A.29, the 
small argument Bessel function representations, into the right hand side of equation C.14, 


and performing a small amount of algebra, yields 


ka cotany ieee 1og(0.891 h°a) (-2 log(b/a)) 
Seg ee he) SG ETC A ee aR TASS: (C.21) 
h-a Tog 05891 h=b;) (Cleese fide) 


Equation C.21 jis the accurate sma/l/ argument approximation of the dispersion 
equation. Of course,  ( gla ) 2 is calculated from equation C.21 by making use of the 
separation constant equation, equation C.15. Reassuringly, calculating the limit of 
equation C.21 as b > on assuming that the variables ka cotanp and a 
are held constant, correctly results in equation B.21, which is the small argument 


approximation of the empty sheath helix dispersion equation. 
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Assuming that the variable b/a_ is fixed and taking the limit of equation C.21 as 
ka cotany approaches zero, realizing this also means that }°a approaches 


zero, yields 


ka cotany 9 ka cotany 9 
lim arr we = Faaeckaay 
a a 


ka cotany+0~ 
; cea og Wb/-a)9) ees 
eileeaeel @ YAW ean 


where lim hoa = hid 


ka cotany+0" 


el A 


The result given by equation C.22 was previously mentioned by Mathers and Kino (20). It 


is actually an approximation of equation C.21 which is valid when hoa << b/a; 


since 
1og(0.891 h‘a) 1og(0.891 h°a) Pee 
1og(0.891 h°b) (10g(0.891 h°a) + log(b/a)) 
Sy de, Geist onl bog GO) 89h the aldw>sal log (bsald: 
kar cotany 5 7. (-2 log(b/a)) 
eee) 2 ace hbia) = <iks Sa e (Cz) 
hoa (Aaa by aie) 


Equation C.24 is the crude smal/l/ argument approximation of the dispersion 
equation. |It is much more convenient than equation C.21 because it is possible to 
express h°a explicitly as a function of the operating frequency, the sheath helix 
geometry, and the perfectly conducting rod geometry. o(b/a) is a_ strictly 
decreasing positive function. It has a large value and a large negative slope for b/a 


close to zero, and it approaches unity form the upperside as b/a becomes close to 
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For the empty sheath helix, the small argument representation of the dispersion 


equation, equation B.21, shows that 


ka cotany 2 


ean ( : ) 3 100°}. GGie25)) 
ka cotany>0 ue 


Comparsion of equations C.22 and C.25 makes it clear that when the variable 

ka cotany becomes sufficiently small, the radial and axial wave numbers solution 
associated with the sheath helix surrounding a perfectly conducting coaxial rod is very 
different than that associated with the empty sheath helix. 

A data table, which will not be presented here, was prepared which compared the 
right hand side of equations C.21 and C.24, with that of equation C.14, for a wide range 
of values of the variables ka cotany and b/a. It was discovered that the error 
associated with equation C.21 is about one percent or less for ka cotany < 

0.100, and that it is about ten percent or less for ka cotany < 0.500. 
The error associated with equation C.24 is small when b/a_ is nearly unity, but it may 
be very large when b/a_ is small. For example, it is about two percent or less when 

b/a = 0.900, for ka cotany < 0.100. However, when b/a = 0.100, it is 
as high as thirty five percent over the same range of ka cotany _ values. Equations 
C.21 and C.24 both have the property that for a fixed value of b/a, the error 
decreases as the value of ka cotany becomes smaller. Furthermore, for a fixed 
value of ka cotany, the error increases as the value of b/a becomes smaller. 

In summary, equation C.21 will be sufficiently accurate for most applications so 
that it can be used to calculate the radial and axial wave numbers when 

kamcotand <-20)21.0: This is true for any value of b/a, which, of course, 
must be in the range Q < b/a < 1. Equation C.24 can be used with little error 
to approximate the wave numbers solution over the previously mentioned range of 

ka cotany values, when the value of b/a_ is close to unity. However, when 


b/a_ is much smaller than unity, this approximation is significantly in error, except when 
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the value of ka cotany is very, very small. 
To obtain the approximations of the dispersion equation, which are justified when 


the radial wave number is large, it is helpful to rewrite equation C.14 in the form 


ka cotany ane I) (hea) Ky (hea) 
hoa 1,(hva) K, (ha) 
(CCa2-6;) 
I) (h“b) K eu Ul a) 
Ea bie ; ] 

Iy(hva) K ahr b) 

ttn lala Ky(h h°a) 

Ll ¥e roth a) K (h°b) 

1 


Keeping three terms of equations A.36 - A.39, the large argument Bessel function 
representations, and substituting into the unbracketed expression on the right hand side 
of equation C.26, while only using the first two terms and substituting into the pair of 


bracketed expressions, gives 


(ka cotanyy2 = (ye 0.50 
(e CeiZ 
ha (ha) 
(Cec) 
ieee eae h°a(1-b/a), [h©b + 0.125(1-b/a)]) 
[hob - 0.125(1-b/a)] 
pawon, 2 h°a(1-b/a). [h°b - 0.375(1-b/a)], 
[hob + 0.375(1-b/a) ] 
Equation C.27 is the accurate /arge argument approximation of the dispersion equation. 
Of course, for a particular approximate solution hoa of equation C.27, the 
corresponding approximate value of + g°a is calculated by making use of 


equation C.15, the separation constant equation. 
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If it is assumed that hos is sufficiently large so that h°a ; 


(1-b/a) >> 1, equation C.27 becomes considerably simplified to 


cos ae oe ie (C.28) 
a 


Equation C.28 is the crude /arge argument approximation of the dispersion equation. 
Mathers and Kino (20) previously mentioned this result. Equation C.28 is very convenient 
because the radial wave number is explicitly given as a function of the operating 
frequency and the sheath helix geometry. It is important to realize that this equation is the 
same as equation B.20. Since the separation constant equations, equations C.15 and 
B.14, are identical, it is true for large values of ka cotany_ that the radial and axial 
wave numbers solution for the sheath helix surrounding a perfectly conducting coaxial 
rod is similar to that associated with the empty sheath helix. 

In all the numerical calculations of the radial wave number that the author 


performed, which were based on equation C.14, it was discovered that 


ka cotanyp ka cotany 
[Yh yee Se a oe (G22) 


hoa hea 


(A discussion of this numerical solution will be given shortly.) This is a statement of the 
fact that the dispersion curve associated with the sheath helix surrounding a perfectly 
conducting coaxial rod is flatter than that of the empty sheath helix. Therefore, the 


rT 


approximation hoa & ka cotany is always better than the approximation 
h2a = ka cotany. From the discussion given in section B.2 concerning 
equation B.20, it must be true that equation C.28 is an approximation of equation C.14, 
which is accurate to less than twenty percent error for ka cotanyp > 1, and to 
less than one percent error for a cotany >-5, for all values of b/a, 
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In fact, the previously mentioned error limitations are correct but they cannot be 
justified on the basis of developing large argument approximations of the dispersion 
equation. For some fixed value of ka cotanw, where ka cotany > 1, 
using hoa = ka co tanyp means that if b/a_ is sufficiently small, it will be true 
that hoa Ss With ee al The large argument asymptotic representations of the 
Bessel functions are not valid for arguments much less than unity, and so equation C.28 
cannot be justified. (See Table A.2. This shows the error involved in using the large 
argument Bessel function representations.) In order to support the usage of hoa £ 
ka cotany for ka cotanyp Sy and b/a << ], _ it is necessary to 
say that this approximation must be a better one than that of the empty sheath helix, and 
then examine the error involved with it for the empty sheath helix configuration. 

A data table was prepared which compared the right hand sides of equations 
C.27 and C.28, with the right hand side of equation C.14, for many different values of 

ka cotanp and b/a. For the two approximations, increasing ka cotany for 
a fixed value of b/a, andincreasing b/a fora fixed valueof ka cotany, both 
tended to reduce the error. Equation C.27 was discovered to usually be much more 
accurate than equation C.28. However, as previously discussed, equation C.28 is itself 
quite accurate, and its simplicity means that it is clearly preferable to equation C.27. 


In summary, equation’ C.28 is the crude large argument representation of the 


dispersion equation. It is valid to less than twenty percent error for ka cotany > 


1 and for all values of 5/a, O < b/a < 1. Although the error is 
relatively great at ka cota nY 4h it rapidly decreases as this variable becomes 
larger. 


As was true of the empty sheath helix, the approximation of equating the absolute 
value of the axial wave number to the radial wave number, | ese | a=h Ge ) results in 
simplification because it is not necessary to have the pitch angle appearing by itself as a 
variable, in order to calculate the axial wave number. The functional dependences of both 
the axial and radial wave numbers are now given by equation C.19. Using a similar 
procedure to that previously followed in section B.2, and making use of equation C.28, it 


is clear that for a sheath helix sufficiently tightly wound so that 0 < wv < 


10.0°, the approximation is certainly correct for large values of ka cotanw 
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(ka cotany > 1). Equation C.24 shows, as a worst case, in order that the 
approximation be valid within about ten percent error for small values of 


ka cotany (ka cotanw <<1), the requirement is 


2 tany =2 Jogib/a} <te (C.30) 
iL SAU eV 


Even for b/a as small as TO oT Oe 2 and w as large as 10°, the inequality 
is satisfied. Unlike the empty sheath helix, equating the axial and radial wave numbers is 
often valid even when the variable ka cotanw approaches zero. Of course, in the 
limit when both ka cotanw and b/a_ become very small, inequality C.30 will not 
be satisfied. The wave number solutions are now similar to those of the empty sheath 
helix. 

In summary, the approximation ie at’= hoa is justified to about ten 
percent error or less, assuming that the pitch angle satisfies 0 < pp < 10.0°, 
over the entire range 0 < ka cotany <OO , for most b/a_ values. The 
single exception occurs for small values of ka cotany, when the rod radius is 
much less than the sheath helix radius, so that, for the particular pitch angle of concern, 
inequality C.30 is not satisfied. 

Attention is now directed to the numerical solution of equation C.14, the 
dispersion equation, in order to calculate the radial wave number. The variable 
ka cotan y only appears in the left hand side of the equation. In a similar fashion to 
that mentioned near the end of section B.2, the quantity ka cotanw/h<a is 
calculated. However, it is now necessary to specify the variable b/a, in addition to 
specifying the value of ka cotany. 

The following three figures were obtained from direct calculation of equation 
C.14, making use of the IMSL (43) software program routines to evaluate the Bessel 
functions. Figure C.1 is a linear graph _ of ka cotany/h*a versus 

ka cotany. Each curve is associated with one particular value of b/a. b/a = 0, 


0.100, 0.300, 0.500, 0.700, and 0.900 are used. The curve representing b/a=0 is 


copia @«¢ oe Sr area. ae. mz 
cows yo ies Aer ageinage oeiieet vikaana Weqrme sect walle 

a ee es aD yy 

‘ we j cw ye See =e bow. onsIo9 By todd Arty 

lei wert arg O08 torre T. avaw ert 

a | E 

1a | ; weperoigs ety Acsoremuit, 

> het kok, oot Mt priemacan eset ao. soba 

tee ynetay bh 0, Sarg), orttne sar 

+t MS ancl Name vat ance notieeoke 

wt @@ Ge ope whet Anearte ert part ae 

calteites Jon 2 O80 ei 

iezrierady et of beboeis Wyre ai. nena 

hen at chien of EO wolieups 4 

“i +p aoe Lert Hal rt i NINO 

yiliraun, we sa eoicoa to bee am mor 

‘ sicker att yin at ranean 9a at oni ll 

nesses af 1 te | a 
a aniwetiot # i 

j of siecle @) eens soy emwation (A). oh er ht 

sew keds an a a 

p= ea cid” 1¢ auld a a 4 

ai O eat “gyivskeign ftie-aet ma 


ie 


336 


PLOT OF KA COTANP/HA VS, KA COTANP 
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Figure C.1 Graph of ka cotany/h<a versus ka cotany 


Daseq-oneequationec.14. Curves: tor b/a = 0231005 (0.300. 
0.5005. 0.700 5 and=0 .900' ‘are given. The curve for b/a = 0 
is based on the dispersion equation for the empty sheath 


helix, equation B.13. Several lines of constant h°a are 
Shown, and so is the asymptote ka cotanw/h°a = 1.0. (Note 
that HA=h°a, KA COTANP=KA CP=ka cotany, and B/A=b/a.) 
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based on the dispersion equation for the empty sheath helix, equation B.13. Several 
different lines of constant hoa are displayed, and so is the asymptote 

ka icotan w/h°a at alg) 2 Note that this figure is in agreement with 
equation C.29. The dispersion curve for the sheath helix surrounding a perfectly 
conducting coaxial rod is flatter than that for the empty sheath helix, especially when the 
value of b/a_ is nearly unity. 

Figure C.2 is a semilogarithmic graph, with the same abscissa and ordinate as the 
previous figure. b/a = 0.100, 0.300, 0.500, 0.700, and 0.900 are used. Many decade 
ranges of ka cotany values are displayed. The asymptote ka cotany/h ra 

1.0. Its given. 
Figures C.1 and C.2 both demonstrate that the large argument representations of 
the dispersion equation, equations C.27 and C.28, are approximately correct when 
Karcotcany > ©) is true. Furthermore, Figure C.2 is in good agreement with the 
accurate small argument representation of the dispersion equation, equation C.21, when 
ka cotan yp << ]. However, in order that little error is involved with the usage 
of the crude small argument representation of the dispersion equation, equation C.24, 
for the case when’ b/a = 0.100, it is seen to be necessary that the value of 
ka cotany is very, very small. More specifically, so that less than 10% _ error 
occurs, itis necessary that ka cotany < 1. 00x10°° : 

It is informative to compare Figures C.2 and B.2. The latter mentioned figure is a 
semilogarithmic graph of the dispersion curve for the empty sheath helix. Clearly, for 
large values of ka cotany (ka cotanyp > ae the radial wave number 
solution associated with the sheath helix surrounding a perfectly conducting coaxial rod 
is very similar to that for the empty sheath helix. However, when the variable 
ka cotany _ is small (ka cotanp << 1), the radial wave number solution 
is certainly different for the two configurations. It is clear that the value of b/a hasa 
great effect on the solution Tee for small values of ka cotany. 

The final computer generated graph included in section C.2 is Figure C.3. This is a 
three dimensional plot of the quantity ka cotany/h°a asa function of both the 
variable ka cotany and the variable b/a. It indicates in a qualitative manner the 


functional dependences of ka co tanw/h<a on its two variables. When the rod 
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10-4 
KA COTANP 
PLOT OF KA COTANP/HA VS, KA COTANP 


10-5 
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Figure. Caz Gyno T aka cotany/h<a versus ka cotany 
based onweqrativon 0.14. Curves for b/a = 0.100, 0.300, 
Or5007 0.700, "and 0.900 are shown, and so is the 


asymptote ka cotany/h°a = 1.0. (Note that HA = hea. 
KA COTANP = KA CP = ka cotany, and B/A = b/a.) 
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Figure’ @.3 Three dimensional graph of ka cotany/h°a 
versus both ka cotany and b/a. The graph is based on 
equation C.14. (Note that HA = h°a, KA COTANP = ka cotany, 
and B/A = b/a.) 


a” i 


re be 6c 4 “eye ve ot ~6\d bas ont sbi 33 
6699299 ad = GATOD AX yatte Ate tana th ia, no 


yy", sal AY ‘ 
POA ‘ Ay By ue 


{ J Wh ¥ A x ‘ aS, / 
wh A i. | 
\ A A ¥ ; he igh ‘ CNY : 4 j 
SANE COU ALN uA 
War h i wits 4 
wigs " ‘ f ‘ j y . 
CURES kU 


f 


Sa 


KO COLMAR AY 


i ‘ | 


O0bIG2 64 To. toeny Tenebenonts oan tt: 


a eae 


340 


radius is much smaller than that of the sheath helix, the dependence on ka cotany 
is similar to that of the empty sheath helix. On the other hand, when b/a_ approaches 
unity, it is seen that ka cotany/h°a © 1. For a fixed value of 

ka cotany, increasing b/a tends to make ka cotan v/h<a smaller, or 
equivalently, h cs larger. This effect is more pronounced for small values of 


ka cotanp. 


C.3 Discussion and Graphs of the Field Components 
The final section of this appendix consists of an investigation of equations C.1 —- 
C.13. Replacing g “A by - Ba in the field components results in no change. This 
property is also true of equation C.15. Since the dispersion equation, the separation 
constant equation, and the field components are not affected when the algebraic sign of 
the axial wave number is reversed, no loss in generality results from restricting 
Bia eae 
The pitch angle appears by itself in the angular field components as siny, 
while in the radial and axial field components, it appears by itself as COS). It is 
assumed that the sheath helix is sufficiently tightly wound so that Cosy = ] and 
Bias hicralt (As was previously mentioned in section C.2, equation C.30 states 
the requirement which must be satisfied for a relatively tightly wound sheath helix, in 
order that the axial wave number can be equated with the radial wave number.) Since 
aca > h eA is assumed, equation C.19 lists the variables on which both the radial 
and axial wave numbers are dependent. Decreasing the pitch angle in such a fashion that 
the variable ka cotany remains constant, keeping in mind equation C.19, the 
magnitudes of the angular fields are seen to be greatly reduced, but no significant change 
occurs to the radial and axial fields. 


fT 


Making use of equation C.19 and of the assumptions COSy = ] and 


e°a = h°a, it is a simple matter to state the approximate functional 


dependences of the region 2 and region 3 field components on the operating frequency, 
the perfectly conducting coaxial rod geometry, the sheath helix geometry, and the sheath 
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helix ““windings’” current. 
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eae = LS wekoecotanwa b/a, ¥). CORD, 
Bees = SQ» ka cotany, b/a, yw), (Gres) 
Sanat = Qn Mi» ka cotany, b/a), HEr38) 
Ene i = Ui ka cotany, b/a), (C.34) 
ees = AG Te ka cotany, b/a), and Gens 5)) 
epee = Wahine ka cotany, b/a); (C.36) 


where n=2, 3. 


Region 3 fields have a radial dependence described by either Ky(h“r) or 
Ky (h i). while the radial dependence of region 2 fields is a linear combination of 
either Then and Ky(h“r) 4 (le eh I, (h“r) and Ky (hor) Asawas 
previously mentioned in section C.2, it is believed that the radial wave number must be 
real positive in order to obtain a free mode field solution, and so all the arguments of 
these Bessel functions are real positive. For one particular operating frequency, 
perfectly conducting coaxial rod geometry, and sheath helix geometry (which means that 
h°a has one particular value), as the normalized radial distance r/a_ increases, it 
must be true that the magnitude of a region 3 field always decreases, while the 
magnitude of a region 2 field may either increase or decrease. (See Figure A.1. This is a 
graph of Ty > I ibe Ko , and Ky for real positive arguments.) 
For small values of ka cotany, so that O < ka cotany < 
0.100, equation C.29 and Figure C.2 show that Q < h Cree Oe C0 occurs. 
Furthermore, the discussion previously given in section B.2 for the empty sheath helix 
makes it apparent that for this range of ka cotany values, Oh ae 
0.100 occurs. The small argument Bessel function representations are therefore well 


justified to approximate the fields for the sheath helix surrounding a perfectly 
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conducting coaxial rod, equations C.1 — C.13, and to approximate the empty sheath helix 
fields, equations B.1 — B.12. (See Table A.1. Note that in order to use the small argument 
Bessel function representations for the fields in the region exterior to the sheath helix, 
the radial distance must be limited in extent so that approximately hoa yy) an 
0.100 and has r/an< 02 100 is true.) 

The author made use of equations A.26 - A.29 to develop small argument 
approximations of equations C.2 — C.13, and of equations B.1 - B.12. A comparison of 
edits Cas while the other 


corresponding interior and exterior region sheath helix fields are quite different, for 


the two sets of equations shows that 


b/a_ clearly distinct from zero. Therefore, for small values of ka cotanyw, most 
of the fields of the sheath helix surrounding a perfectly conducting coaxial rod are 
usually very different from the corresponding fields of the empty sheath helix. 

For large values of ka cotany, sothatatleast ka cotany > 1, 
equation C.28 and Figures C.1, C.2 show that h c. > ka cotany. In addition, it 
was previously discussed in section B.2 that for this range of ka cotanyw values, 
the radial wave number for the empty sheath helix is 43 2 ka cotany. The 
author made use of equations A.36 — A.39, keeping just the first term, to develop large 
argument Bessel function representations of equations B.1 — B.12 and C.2 - C.13. (See 
Table A.2. Note it is approximately required that the radial distance associated with the 
empty sheath helix and the radius of the perfectly conducting coaxial rod are both 
sufficiently large so that pta . v/a > 1 and how bats al. in 
order that usage of the large argument representations of the Bessel functions to 
approximate the field components is justified.) Comparison of the field components in 
the two sets shows that if the value of ka cotany is sufficiently large so that 

ka cotany + (1-b/a) > 1 and “Ka cotanwee b/a > Ir then, 
near r= a, the corresponding fields in the two sets are very similar. Since ail field 
components are rapidly exponentially attenuated about the sheath helix surface according 


to 
e Ka cotany(1-r/a) for interior region fields, and 


F 2 CGS) 
@ ka cotany(r/a-1) for exterior region fields, 
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the field magnitudes near r= a_ are certainly the largest. (For the empty sheath helix, 
this behavior of the fields was previously discussed in section B.3.) Therefore, for 
sufficiently large values of ka cotany, the dominant fields of the sheath helix 
surrounding a perfectly conducting coaxial rod are similar to the corresponding ones of 
the empty sheath helix. 

A crude summary of the previous two paragraphs is now presented. For /arge 
va/ues of ka cotany (which could be considered to mean high frequencies since 

ka cotany = 2nf VHo EO a cotanyp), the field components associated 
with the sheath helix surrounding a perfectly conducting coaxial rod do not “see” the 
rod. However, when the va/ue of ka cotany /S smal// (which could be considered 
to mean low frequencies), the field components do "see" the rod. 

Equations C.2 - C.13 are lengthy and complicated expressions. In order to help 
understand how the field components behave at different points in space, several graphs 
of their radial dependence have been prepared. The electric field components were 
normalized from dividing them by an electric normalizing coefficient, Eee » and the 
magnetic field components were normalized from dividing them by a magnetic 


normalizing coefficient, H 60 . These normalizing coefficients are defined as 
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When the radial dependence graphs were prepared, it was assumed that the axial 

coordinate is held constant. These transverse planes were chosen so _ that 

cos( ane - z2fa) = +] for the angular and axial fields, and so _ that 
Saini( aca - z/a) = +1 for the radial fields. 

Three different types of graphs are presented. These represent the “high 
frequency”, “mid frequency”, and “low frequency” cases. (The meanings of the terms in 
quotation marks is the same as it was when these expressions were previously used in 
section B.3.) 

The radial dependence graphs are only concerned with the three region 
configuration (b < a). The special case of the two region configuration 

(b = a) is not considered. This is because the latter mentioned configuration has a free 
mode field solution completely different from that of the three region configuration. As 
was previously mentioned in section C.2, in the special case of b=a,_ all properties of 
the sheath helix are lost. Therefore, this special case is not of interest and will not be 
considered here. 

In order to obtain the radial dependence graphs, the following procedure was 
used. For the specified values of the variables ka cotanyp and b/a, 
equation C.14 is solved to obtain the radial wave number, ha. (Actually, as was 
previously mentioned in section C.2, the method used to solve the dispersion equation is 
to first specify the quantities hoa and b/a, and then to directly calculate the 
corresponding value of ka cotany.) Noting the value of the sheath helix pitch 
angle and the value of ka cotany, equation C.15 is solved to obtain the axial wave 
number, a°a . Next, equations C.38 and C.39 are calculated to obtain the electric and 
magnetic normalizing coefficients. Finally, the normalized field components are evaluated 
for several different values of the radial distance normalized with respect to the sheath 
helix radius, r/a. The IMSL (43) software program library was used to evaluate the 
Bessel functions. All twelve graphs of the normalized fields’ radial dependence presented 
here are “exact” — no approximations have been made to the dispersion equation, the 
separation constant equation, the normalizing coefficients, and the normalized fields. 

Figures C.4 and C.5 show the absolute value of the normalized electric and 


magnetic field components, respectively, as a function of r/a. The two vertical lines 
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with the normalized electric fields. The variables used 
are Kapcotan¥ = 10.0, b/au-_0.100, and, yen 1.00 sethey 


determine the wave numbers, h°a=10.0 and B°a=10.0, and 
the electric normaljzing coefficient, Beet = iDu 188 
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Figure C.5 Curves of the radial dependence associated 
with the normalized magnetic fields. The variables used 
are ka cotany = 10.0, b/a = 0.100, and py = 1.00°. They 


determine the wave numbers, h°a=10.0 and g°a=10.0, and 


the magnetic normalizing coefficient, Hearth it 0.525 
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represent the surface of the perfectly conducting coaxial rod and the sheath helix 
surface. In region 2 and in region 3, the algebraic sign of each {real valued) normalized 
field component is indicated. The operating frequency, the rod geometry, and the sheath 
helix geometry, are specified by the variables ka cotany = 10.0, b/a = 
0.100, and » = 1.00°. This is an example of the “high frequency” case. 
n°a = Oe) and gla = 10.0 are the calculated values of the wave 


numbers. 


c . Le 
Eo = 5 Qty 188 (W/m) and HL 9° = Jy 0.525 (A/m) 


are the calculated values of the normalizing coefficients. 

Two additional graphs representing the “high frequency” case are Figures C.6 and 
C.7. ‘ka cotany = 10.0, Dyan 0.900. andy) b= 1004") carerthe 
variables associated with these graphs. Figures C.6 and C.7 are actually a variation of 
Figures C.4 and C.5, respectively, using b/a = 0.900 instead of b/a = 0.100. The 
calculated wave numbers for the first mentioned two graphs are h Manas. 0 and 


8 Cs = 10.0, and the calculated normalizing coefficients are 


Eso) = 3 Yi 163 (V/m) and HL 4° = Yl 0.589 (Asm). 


The value of h°a associated with the four previously mentioned figures is in 
good agreement with the large argument approximations of the dispersion equation, 
equations C.27 and C.28, as one expects. These graphs show that all field components 
are rapidly attenuated at increasing radial distances away from the sheath helix surface. In 
fact, comparison of them with Figures B.3 and B.4, keeping in mind the values of all 
normalizing coefficients and that the same ka cotanw and wy _ values are used, 
shows that near r= a, the “high frequency” fields for the configuration studied in this 
appendix are similar to the corresponding fields of the empty sheath helix configuration. 


This is expected behavior and it was discussed earlier in section C.3. 
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Figure C.6 Curves of the radial dependence associated 


with the normalized electric fields. The variables used 
are Ka cotany = 10.0, b/a = 0.900, and y = 1.00°. They 


determine the wave numbers, h°a = 10.0 and g@a => (Oe. O01; 
and the electric normalizing coefficient, beni = FY 163 


(V/m). (Note that ER/EZO = ERE Oe E0/EZO = EAMES a 
EZ/EZO = By Wie vs and R/A = r/a.) 
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Figure: .C-.17, Curves of the radial dependence associated 


with the normalized magnetic fields, The variables used 
are ka cotany = 10.0, b/a = 0.900, and » = 1.00". They 


determine the wave numbers, h°a = 10.0 and g°a = 10.0, 


and the magnetic normalizing coefficient, Hey. = i) 0.589 


= Cc C = Cc C 
(A/m). (Note that HR/HZO = ie [Ho9 ~ HO/HZO = H, /H6o , 


_ ’s re a 
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Figures C.8 and C.9 display the radial dependence of the normalized electric and 
magnetic fields, respectively, for the “mid frequency” case. ka cotany = 
1.00, b/a = 0.100, and w = 1.00° are the variables which are used. 
The wave numbers are calculated tobe h°a = 0. 830 and g°a =O O3U8 


while the computed normalizing coefficients are 


Eo = SY 137 (W/m) and ae Ni 0.799 (Asm). 


Cc 
z0 


The final two examples of the electric and magnetic fields’ radial dependence for 

the "mid frequency” case are Figures C.10 and C.11, respectively. The variables used are 
ka cotany = 1.00, b/a = 0.900, and w= 1.09°. Since the 
same values of ka cotan py and wy are used, these graphs can be considered as a 
variation of Figures C.8 and C.9, using b/a = 0.900 instead of b/a = 0.100. For 
Figures C.10 and C.11, h°a = 0.985 and g°a ="05955 are the 


computed values of the wave numbers. 


Eg° = JM 33-5 (V/m) and HL 4° = Yip 0.939 (A/m) 


(3 
z0 


are the calculated values of the normalizing coefficients. 
Figures C.12 and C.13 illustrate the radial dependence of the normalized electric 
and magnetic fields, respectively, for the “low frequency” case. ka cotany = 
5s 00x10~¢ > b/a = 0.100, and w = 171.00° are used. These variables 
determine the wave numbers paren More 95x] 072 and Ba = 


a ébelleyl 0) , and the normalizing coefficients 


AyifinG 5S 9.29 (W/m) and H,,° Ty 0.998 (A/m) . 
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Figure C.8 Curves of the radial dependence associated 
with the normalized electric fields. The variables used 
are ka cotany =1.00, b/a = 0.100, and y = 1.00°. They 
determine the wave numbers, h°a = 0.830 and g°a = 0.830, 


and the electric normalizing coefficient, ER ay = 


(V/m). (Note that ER/EZO = EGF ak E0/EZO = ENE 


5 Cc re e 
EZ/EZ0O = E /E Qo » and R/A r/a.) 
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Figure C.9 Curyes of the radial dependence associated 
with the normalized magnetic fields. The variables used 
are ka cotany = 1.00, b/a = 0.100, and y = 1.00°. They 


determine the wave numbers, h°a = 0.830 and g°a = 0.830, 
and the magnetic normalizing coefficient, Hoo = DU 0.799 


C 


(A/m). (Note that HR/HZO = Ra /txe eROVHZO = Ha yHee + 


=I C Cc = 
HZ/HZO = H /H6o » and R/A = r/a.) 
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Curves of the radial dependence associated 
The variables used 


Figure C.10 
with the normalized electric fields. 
= fa00'=. b/a = O900" and w = 200°. They 


are ka cotanyp = 
determine the wave numbers, hoa 
and the electric normalizing coefficient, Ear = 5D is pails 
(V/m). (Note that ER/EZO = Eee (Era E0/EZO = Ea (Etre 
EZ/EZ0O = Bla: /Ebays and R/A = r/a.) 


= 0.985 and goa = 0.985, 
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Biguge G. 1] Curves of the radial dependence associated 
with the normalized magnetic fields. The variables used 
ane ska cotany 7=) 1.00, .b/a = 0.900, and w= 100° - They 


determine the wave numbers, h°a = 0.985 and g°a = 0.985, 
and the magnetic normalizing coefficient, nea =D 0.939 


(A/m). (Note that HR/HZO = Ha dbiaee § HO/HZO = ae /He a. > 
HZ/HZO = ein & and R/A = r/a.) 


, qQqdo 
‘ } = mvt 
— = 7) Je oe 
a © PFA 
a »owi 
| +: ae 
se | 
ms ac 
y eo 8 
. ogc 
+ oe ey, 
: ott 
rs ,- - i 
i ao Gl 
i . a 
ad oe =z phage 
Ti 7 e7 2 A iad 
y —_ 4 & 
A = ad 3 5 
ha _ — anid 


bald HET HE NAS0 | 


boteisoces sonsbaageh (alhey, eft Yo aavag? | 
tego 2eldatray aff . > aitengen bent fsa 
voaT .°00.) © g Soe ORG = 5 00.1 * . 


(008.0 57h bes 288-0 * 97k eedmwa ai: wats 
eee 0 ui “e ‘ 4h hein pager " sagen 
sath? A = ORUNOH 4 ‘a a) 


aon 
4 = ] - 


i, ie 


(oe) 
5 <4 iy 
a a © 
8 4 © 
a a e = 
3) < © ty 
C00 8 a © a oa 
MIN A =) : a 
LW LW a < © ate 
On : < : = 
{t+ 8 < 3) a 
Hod 3] 4 C3) 
Hod 5 = A 
6 a4 6 fav 
a < © A eC) 
i} 4 (3) hare LL} 
3] < © avi 
B a © Li 
B < i) 
= : e gE 
B < © Gy 
5 < © ® 
[3] a 2) oO Li 
ra] a © C) 
5 a 3) qa ER 
8 < 3) mS Li} 
'3] 4 © 04 (i 
3} <4 © a 
Soc 8 < © do) ea) 
NAN 
ee : ° hy ore 
SN Ly | 
com ra] a (3) er 
Li WJ Lid rs] < © 
th B < © 
Hed ‘oReKe) se 
33] q aoc) 13) et 
a < NNN © om 2 
at CE 
3} < CON © © 
a < Wayepea. 3) 
B < © 
3} Pr 
S 
a) 
nw nm 4 (ina in oN Tena in oN 
ra) raw —_ oO | | ; 
cS (=) & c=) es =) {es} 
—_ rc too | bee | oe | cc re 
als OS 
(eV 4S 0 Sra 
Figure C.12 Curves of the radia] dependence associated 


with the normalized electric fields. The yariables used 
are ka cotany=5.00x10~¢, b/a=0.100, and y=1.00°. They 
determine the wave numbers, h°a = 2.95x10°* and e°a = 
2.95x107, and the electric normalizing coefficient, 
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Fagures C13 Curves of the radial dependence associated 


with the normalized magnetic fields. The variables used 
are ka cotany=5.00x10~°, b/a=0.100, and y=1.00°. They 
determine the wave numbers, h°a = 2.95x10°* and g°a = 
2.95x1072, and the magnetic normalizing coefficient, 
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Figures C.14 and C.15 are the final two examples of the electric and magnetic 
fields’ radial dependence, respectively, associated with the “low frequency” case. The 
Parieplecremplovediare. okacCOtanwM=achO0x101°, Bb/a i=" 0+900 9 fang 

W = 1.00°. Since the same values of ka cotanw and w_ are used in 
Figures C.12 - C.15, Figures C.14 and C.15 can be considered as a special case of 
Figures C.12 and C.13, respectively, using b/a = 0.900 instead of b/a = 0.100. For 
Figures C.14 and C.15, 7o, = 4.82x10 ¢ and g°a = 4.82x107¢ are 


the calculated values of the wave numbers, while 


Eg = SS 1-79 (W/m) and H,4° = Yqy 0-999 (A/m) 
are the calculated values of the normalizing coefficients. 

As expected, the value of hoa associated with the previously mentioned four 
figures is approximately given by equations C.21 and C.24, the small argument 
representations of the dispersion equation. More specifically, there is less than one 
percent error involved in using equation C.21. There is two percent error involved with 
using equation C.24 when b/a = 0.900, and twenty one percent error when b/a = 
0.100. For the case when b/a = 0.100, it is necessary that the value of 

ka cotany 's much less than 5, 00x107¢ : in order that only a small 
percentage error occurs with using equation C.24 to approximate h Ca : 

Comparing Figures C.14 and C.15 with Figures B.7 and B.8, respectively, keeping 
in mind the values of all normalizing coefficients and the fact that the same values of 
ka cotany and ware used, it is clear that the “low frequency” fields associated 


with the configuration studied in this appendix are usually different from the 
ce 

H 2 

Hee in the region Dies fr dt. This behavior is expected and it was 


corresponding empty sheath helix fields. The single exception is that 


discussed earlier in section C.3. 
Figures C.14 and C.15 provide a good illustration of how the electric and 
magnetic fields behave at the sheath helix surface. However, this behavior was previously 


discussed in section B.3 and so it will not be mentioned further here. Figures C.12 and 
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Figure C.14 Curves of the radial dependence associated 
with the normalized electric fields. The variables used 


are ka cotany=5.00x10"*, b/a=0.900, and y=1.00°. They 
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C.13 illustrate the behavior of the fields at the surface of the perfectly conducting 
coaxial rod. Figure C.12 shows that Bais A tae and Beenie become 
zero at r=b. This is simply a statement of the fact that the electric fields tangential to 
a perfectly conducting interface are zero. However, the radial electric field is nonzero at 
r= b. This is because free electric charge is present at the perfectly conducting rod 
surface. 
Directing attention to the magnetic fields, Figure C.13 shows __ that 
H r2 ike C is zero at r=b. The radial magnetic field cannot be discontinuous at 
the surface of the perfectly conducting rod because free magnetic charge does not exist 
at this surface. Finally, the figure makes it clear that the angular and axial mangetic fields 
are nonzero at r= b. This is because an electrical surface current is present on the 
perfectly conducting rod surface, and so the magnetic fields tangential to this surface 


are discontinuous. 
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D. Appendix D. Sheath Helix Surrounding an Ideal Dielectric Coaxial Rod 

Inside the sheath helix is a coaxial rod made of an ideal dielectric material, which 
means that it has a zero conductivity. The rod radius, b, is restricted so that 0 < 

b <¢ a<o0_ is always true, where, of course, a_ is the radius of the sheath helix. 
This configuration can be considered as a limiting case of the sheath helix surrounding a 
lossy Coaxial rod, when the rod conductivity becomes very small. 

Past research on configurations related to the sheath helix surrounding an ideal 
dielectric coaxial rod was conducted by Olving (21) and Swift-Hook (22). As Figure 1.3a 
shows, Olving considered the mirror-image of the geometry investigated in this 
appendix, when the dielectric material fills the entire exterior region and comes inside the 
sheath helix. The angularly independent field components in terms of a single 
undetermined constant were obtained, and so was the dispersion equation. An 
approximate equation was derived from the original dispersion equation by equating the 
two radial wave numbers with the axial wave number. The two region configuration, 
where the dielectric is only present at a<sr <«O, was Studied as a limiting 
case of the previous results. 

Swift-Hook actually studied a four region geometry. However, when the radius 

c approaches infinity, Figure 1.4b reduces to what Olving studied. It was assumed that 
the field components do not possess an angular dependence. The radial wave numbers in 
all four regions were equated to the axial wave number, in order to obtain the dispersion 
equation. From the limitas b > a and c > O, the dispersion equation for 
the two region configuration was obtained. (See Figure 1.4b.) For this geometry, the 
quantity ka cotany/ha was plotted versus ka cotany, where h@a is 
the (single) wave number which determines the radial and axial spatial dependences of the 
field components, and where ka cotany = w yo €o a cotany. These 
graphs were given using several different values of the dielectric material relative 
permittivity, €),> where Beg e/ Eq: The phenomenon of negative dispersion 
was discussed for the geometry where the dielectric material does not touch the sheath 
helix surface. (Negative dispersion refers to the behavior when the phase velocity 


associated with traveling waves increases as the frequency of operation increases.) 
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D.1 List of the Exact Field Components and the Exact Dispersion Equation 

A brief derivation of the field components and the dispersion equation for the 
previously mentioned mirror-image geometry to that of concern in this appendix is given 
by Olving (21). However, a better understanding of how the equations listed in this 
section are derived can be obtained from Chapter 2 of the thesis. If the (real) relative 
permittivity €, is used in place of the quantity ©, ~ j o/ We » the free mode 
field solution previously given in part 2.1.1 is exactly the same as that for the sheath 
helix surrounding an ideal dielectric coaxial rod. In order that the field expressions 
associated with the ideal dielectric coaxial rod configuration are all located in this 
appendix, justification is provided for repeating the appropriate form of the previously 
mentioned equations here. (Note that the term “exact” is used to distinguish this free 


mode field solution from the one which will later be discussed in section D.2.) 


Summary of the Exact Field Components 
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The exact separation constant equation provides a relation between the two radial 


wave numbers, h, ue and ate , and the axial wave number, gta Pitas 
fence) nea Ghee acme ical) emg ca) ota kale abn Die) 
(Note that (ka)? = oe Wg EQ ae = (2nf)¢ Ug €g a°.) Equations 


D.19 and D.20, the exact dispersion equation and the exact separation constant equation, 
respectively, are used to solve for the wave numbers hy qa , hy oa » and aca ; 

Equations D.7 - D.20 comprise the exact free mode field solution for the sheath 
helix surrounding an ideal dielectric coaxial rod. Both radial wave numbers, the axial 
wave number, and all the electric and magnetic field components are given the 
superscript “ d ” so it is clear that they are associated with the sheath helix 
surrounding an ideal dielectric coaxial rod, and not with any of the other configurations 
which have been studied in the thesis. 

As has been previously mentioned in part 2.1.2, the dispersion equation and the 
separation constant equation cannot determine the algebraic sign of the axial wave 
number. Furthermore, if silly is used in place of g%a in the field components, 
te 


equations D.1 - D.18, no change results. Replacing ha af by -h in equations 


D.1 - D.20, making use of the Bessel function relations A.14 and A. 4 it is discovered 

that no change has taken place. These properties of the radial and axial wave numbers 

mean that if spe and g¢ are assumed to be real and nonzero, restricting 
hy a = ee eand gta > Q results in no loss in generality. 

A special case of the configuration studied in this appendix occurs when the rod 

radius increases so that the surface of the rod touches the sheath helix “windings”. 

Since the conductivity of the rod is zero, the usual four boundary conditions given by 


equations 1.6 — 1.9 apply at the sheath helix surface. The proper dispersion equation for 


this geometry can be obtained by taking Jim b + oe of equation D.19, assuming 
that the variables ka cotany, vw, € oc are all held constant. This yields 
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Pedi rk ne ay ene cis (D.21) 

- 27 4 te J ; (continued) 
d* d* d* n nue 

I, (h, a) Ky (ho a) ho a 

d* d* d* d* d* d* 
(hy a Iy(hy a) Ky (ho a) + ho a I, (hy a) Kg (ho aye) 

d* d* d* d* d* d* 
(hy a Ip(hy a) Ky (h, ay) ere hs a I, (hy a) Kg (ho a) ) 

where lim hoa = a Wa POV Hs te 
b>a_ 


Here the subscript “1” refers to the sheath helix interior region, OK Yr < 4a; 
while “2 refers to the exterior region, a < r <(oO. Equation D.20 is the 
correct form of the separation constant equation for this two region geometry. If 
modifications are made to equation D.21 so that it refers to the dielectric material 
completely filling the exterior sheath helix region with air in the interior region, it is 
exactly the same as the two region dispersion equation given by Olving (21). Equation 
D.19 was modified in a similar manner and an attempt was made to transform it into the 
three region dispersion equation which Olving obtained. Unfortunately, Olving’s equation 
was expressed in such an unusual manner that, despite performing a large amount of 
algebra, the author was not able to demonstrate that it is the same as the modified form 
of equation D.19. 

In summary, by suitably changing equations D.19 and D.21 so that they are valid 
for the geometries studied by Olving, it was possible to show that the two region 
configuration (b = a) dispersion equation exactly agreed with his corresponding 
equation, but it is not clear if the three region configuration (b < a) dispersion 
equation agrees with his corresponding result. To reassure the reader, equations D.1 —- 
D.20 do satisfy all the conditions associated with free mode fields, as was previously 
discussed in part 1.3.1, including the boundary conditions at the two interfaces, r=b 
and r=a. Equations D.1 — D.20 are claimed to be the correct free mode field solution 


for the three region configuration sheath helix surrounding an ideal dielectric coaxial rod. 
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D.2 The Approximate Field Components and the Approximate Dispersion Equation 
The exact field components and the exact dispersion equation, which are given by 
equations D.1 - D.19, are very lengthy and complicated. One intuitively expects that it 
will be very difficult to numerically or graphically solve equations D.19 and D.20, the 
exact dispersion equation and the exact separation constant equation, respectively, in 
order to determine the wave numbers newas h we and Ph What is 


sometimes done in multi-dielectric geometries is to make an approximation which 


provides simplification. This is done by equating the radial wave number associated with 


regional. (V0..</ << ob), ae and the axial wave number, eta, with the 
radial wave number associated with region 2. (b =, Wed) and with region 3 

amet </O0)) ey (For example, see (22).) 
hy {a = ha, and gta ZT ta, where hy a = ha. C2 2%) 


The subscript ” 2” will no longer be used on the wave number solution since 
it is not necessary to distinguish between two different radial wave numbers. (Note that 


d 


if just the exact separation constant equation was_ considered, hetaie ss 

2S. hy oa o + eta would have to be used. However, no loss in generality 
results from only using the positive algebraic signs, as was previously mentioned in 
section D.1.) Obviously, equation D.20 shows in order that the approximations given in 
equations D.22 are justified, it is necessary that nda >> om ka. Amore detailed 
discussion of the requirements necessary to justify using the approximation will be 
presented later in part D.2.1. 

The following field components and dispersion equation are obtained from 
substituting equations D.22 into equations D.1 -— D.19, and making use of the Bessel 
function property, relation A.25, to provide simplification. Strictly speaking, this should 
be called the approximate free mode fie/d so/ution for the sheath helix surrounding an 
ideal dielectric coaxial rod. However, throughout the remainder of this appendix, only 
this approximate solution will be considered. Therefore, it is convenient to refer to these 


equations simply as the fie/d components and the dispersion equation. 
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Equations D.23 - D.41 comprise the free mode fie/d solution of the sheath 
helix surrounding an ideal dielectric coaxial rod. The operating frequency, the ideal 
dielectric rod geometry, the dielectric rod material permittivity, and the sheath helix 
geometry are specified by the variables ka cotany, bD/a, Ep? and \- 

UM-e kd COLAN < OOmn Ol-<iDyam< 1, Ce le and Os tie 
90.0° are the values of these variables which are acceptable for a free mode field 
solution. Throughout the remainder of this appendix, it will usually be assumed that the 
sheath helix is sufficiently wound so that the pitch angle is restricted to O < wv < 
HOMO ce 

Equation D.41, the dispersion equation, is solved in order to obtain nda tne 
(single) wave number which determines the radial and axial spatial dependences of the 
field components. (As was previously discussed in section B.1 in connection with the 
empty sheath helix, it is convenient to consider the wave number solution as nda 
rather than as },4 The quantity ;,4, | appearing in equations D.23 - D.41 is 
considered as nda by ae Furthermore, the radial and axial spatial dependences of 
the field components are considered to be normalized with respect to the sheath helix 
radius so that nd, and hoz become nce - r/a and poe 17 as 
respectively.) Modifying equation D.41 so that it is valid when dielectric material fills the 
region b «< r < OO and air fills the region 0 < r <¢ b, it is discovered to 
be identical with what Swift-Hook (22) gave for the previously mentioned geometry. 

The free mode field solution for the two region configuration (which is 
characterized by the dielectric rod filling the interior sheath helix region, 0 < r < 


a, with air filling the exterior region. a « r « © ) can be obtained by taking 


— 
the limit as b approaches a of equations D.23 - D.28, and D.35 - D.41. In 
particular, the dispersion equation for this geometry is obtained from equation D.41, and 


it is discovered to be 


ka cotany ka cotany 2 
i (D.42) 
- h-a Died 
b>a 


* 
My he me 
ens eet) to oothaleh REE 
hari vt ycornagett ¢ 
vie (Sart or She Ae og a 
ot ew ‘_" she ia os 
> Se é¥ *" hd 
tilt @hors eeoh ad wt melat ON 7 Aairtoy sovdainv 
4 fot barnes ef “eum iw FW xorg: sith io? 


' at Seon @ mana. rite ort? tw o¢ bavey 
Es ; 


_ > 
<—/_ 7 7 
a 
= a 


pei gu uhh OF YOO% WM heeter «a stapes nolnegaty wit .F.0ne a 
ul?  eaereerecee Stese xe Sve Maibe ot aeninrital ‘tht sn on rs 


~ aty ; 

writ tin molizatnes ot (2 sebgas @ Bemeueel viauoWanng ay 2A) TANGOMAS > bieit 
fas _ - 

et oateine tammy: wR ae WIDIEIOD Oh UNelA@unOS wi I. Sethe etme 

ae 7 

a* 2rarmaté® rh Pin ie i a> 4 yitnaup eT By ws nartt 48 


io 2eiiot worsen INitece: fais bow: Le Or leer anit ary .6\d 4 ea. — : 
imute et? O) PDer}e hetero ed oF erienahss aM vrereenee mr 
a im Pa andoed = « oa one 4d att oa ba 

ue ON Loman weeseh morw they a4 feos 100 dolteuse pniytibom (ye oa 


- 


or Se weve uv * is » 0 rege ant 204 ve bre 00> + pd 
wy ett sot wvcgp 2S) Aocole= thw snrtir itien laa e 

IniMuaniign ole ove ent wel. maituice inet abo ont = 
\Sihe> xiiael Lorie Tolan writ araitt tor ohretels ertt yd b 
pit. plryaticwer (Bea gt sian sage a 
Oe x ‘fj oe BS - ChH sieQeepe to. 2 setonoree. * om 1% vt 
bits 1.0] eetieugne attend @ataeae ayia wit 107 aolisupe niaegall ait al 
| ee 


at 


ek oe 
rsh. 5 tseiae ra, 8209. 83 4) i _ 
af. U) re. Pa i 


. yr cal 


374 


(D.42) 
(continued) 


hy Ge 
el leene WKN aie ee 


where lim ar = faean 


b>a 


The Bessel function property, relation A.25, was used to simplify this limit. (Note that 


* 
equation D.42 can be directly obtained from equation D.21 by using ne a= 


* 
ho d a= qe hae and relation A.25.) Modifying equation D.42 so that it describes the 
geometry with dielectric in the region 2 € r <M and air in the region 0 < 
r < a, it agrees with the dispersion equation for the corresponding geometry given 


by Swift-Hook (22). 


D.2.1 Discussion of the Dispersion Equation and Graphs of the Wave Number 
Solution 
Equation D.41, the dispersion equation for the three region geometry (b < 
a)» is not altered if ~ is replaced by -¥>, or if w is replaced by -w. 
Therefore, the same comments made at the beginning of section B.2 are valid here. 

Two special limiting cases of the three region geometry are of interest. First, the 
ideal dielectric rod radius is made to approach zero. Assuming that the variables 
ka cotany, €,» and a are held constant and calculating lim b + oe 
of equation D.41, making use of the small argument Bessel function representations, 
equations A.26 — A.29, it is discovered that equation B.13 is obtained. In the limit as the 


rod radius decreases until it approaches zero, the dispersion equation becomes that of 


the empty sheath helix, as one expects. Therefore, it is true that 
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where %4_ is the radial wave number associated with the empty sheath helix. It is 
now assumed that the variables ka cotany, Sos ie Fas and iT are 
held constant. Taking this same limit of equations D.29 - D.40, which represent the field 
components inregion2 (b < r < a) andinregion3 (a < r <@O), __ itis 
discovered that the corresponding fields for the empty sheath helix, equations B.1 - 
B.12, are obtained. In the course of calculating this limit, equations A.26 -— A.29 and 
equation D.43 were used. Furthermore, the approximation associated with the empty 
sheath helix of equating the axial wave number with the radial wave number was used. 
(This was previously discussed in section B.2.) Finally, equation B.13 was used to simplify 
some of the limiting expressions of the field components. In summary, /n the /imit as 
the rod radius approaches zero, the free mode field so/ution associated with the sheath 
helix surrounding an ideal dielectric coaxial rod is correctly transformed into that 
associated with the empty sheath helix. 
The second special limiting case occurs when the relative permittivity of the ideal 
dielectric coaxial rod decreases until it approaches unity. Assuming that the variables 
ka cotany and b/a are held constant, and evaluating [im epee mt of 
equation D.41, it is readily apparent that equation B.13 is obtained. As one expects, in the 
limit as the rod relative permittivity decreases until it approaches unity, the dispersion 


equation for the empty sheath helix results. This means that 


ii Wey Sia (D.44) 


In addition, if this limit is taken of the field components in regions 1 and 2, 
equations D.23 — D.34, it is discovered that the corresponding fields in the two regions 
are the same, and that these equal the corresponding interior sheath helix region field 


components associated with the empty sheath helix, equations B.1 — B.6. Evaluating this 
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same limit of the region 3 fields, equations D.35 - D.40, the corresponding exterior 
sheath helix region field components associated with the empty sheath helix, equations 
B.7 — B.12, are obtained. In the course of carrying out these calculations, equations B.13 
and D.44, and the Bessel function property, relation A.25, were all used for 
simplification. Furthermore, for the empty sheath helix field components, the 
approximation of equating the axial wave number with the radial wave number was made. 
In summary, /n the /imit as the relative permittivity characterizing the dielectric rod 
approaches unity, the free mode field solution associated with the sheath helix 
surrounding an ideal dielectric coaxial rod is correctly transformed into that 
associated with the empty sheath helix. 

Attention is now directed to the values of h d. which may possibly satisfy the 
dispersion equation. Since the angular frequency only appears in equation D.41 in the 
form (ka cotany)¢ sar Wg €g ae cotan‘y, it is obvious that reversing 
the algebraic sign of w will not produce any change in the dispersion equation. As was 


previously explained at the beginning of section B.2, the fact that (no =i) a)? ~ 


( nd (+w) a) means that hta is not allowed to be generally complex with 
nonzero real and imaginary parts. This information was easily obtained. However, a 
lengthy investigation was performed to see if negative real or purely imaginary values of 

hoa are allowed. The details of this investigation will only briefly be mentioned here. 
It was necessary to make use of equations A.13 -— A.21, A.24, A.26 -— A.29, and A.32 - 
A.43 to see if the two sides of equation D.41 could possibly be equated. Since the small 
and large argument approximations of the Bessel functions are used, which are not valid 
for all possible arguments, this analysis cannot claim to be rigorous. The conclusion 
reached was that it is not believed to be possible to satisfy the dispersion equation using 


these values of nota 


Finally, nda was assumed to be real positive. This possibility will now be 
discussed in detail. Examine the part of equation D.41 within the square brackets. Making 
use of the fact that I(x) is a strictly increasing positive function, while K 5 (x) 


is a strictly decreasing positive function, where 0 < x < @, means that 
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(See Figure A.1. This is a graph of Ip; I, , Kg: and Ky for real positive 
arguments.) Relations A.49 and A.50, and Figure A.1 make it clear that I, (x) and 


Ky ( x) are also positive functions. It follows that 


1 (hb) 
OS teem eree sre 
Ig (h a) 
(D. 46) 
(e,-1) 1,(h°b) K (ha) 
Cee ela uc oe een a 
0 ] Year il 0 


which means that the right hand side of equation D.41 is real positive. Obviously, the left 
hand side is also real positive. Therefore, a solution for nda will exist because it is 
possible to equate the two sides of the dispersion equation. 

In summary, it is believed that only g < nda <00 may satisfy the 
dispersion equation. On/y rea/ positive values of the wave number piles are 
acceptable for a free mode field so/ution. 

Equation D.41 makes apparent the functional dependence of the wave number 


solution on variables describing the operating frequency, the geometry of the sheath 


helix, the geometry of the ideal dielectric coaxial rod, and the type of dielectric material. 
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It is highly desirable to obtain approximations of the dispersion equation, in order 
that the wave number solution hp d a is more easily calculated, and so that the behavior 
of nda for different operating frequencies, ideal dielectric rod geometries, rod 
permittivies, and sheath helix geometries, is more easily understood. These 
approximations are valid when the Bessel function arguments which appear in the 
dispersion equation are either small or large. First, the small argument approximations will 
be examined. Substituting equations A.26 - A.29, the small argument Bessel function 


representations, into the right hand side of equation D.41, yields 


(Ra cotanyy2 2-2 109(0.891 h%a) 
h-a 


(D. 48) 
(e-1) (nb)? 109(0.891 h%a) 


[1 + 2 


(2 - e, (h°b)* 10g(0.891 n“b)) 


Equation D.48 is the accurate sma// argument approximation of the dispersion 
equation. Reassuringly, calculating the limit of equation D.48 as b > oe , assuming 
that the variables ka cotany, e — and a_ are held constant, correctly results in 
equation B.21, which is the small argument approximation of the empty sheath helix 
dispersion equation. The result given in the previous sentence is also obtained if the limit 
as the dielectric rod relative permittivity approaches unity is calculated. Note that the 
correct form for the two region configuration (b = a) is found simply by calculating 

lim b + a of equation D.48. 
If the value of hea becomes sufficiently small for the specified values of 


b/a and €&,> so that (nob) -- Gee.) ae. occurs, equation D.48 


approximately reduces to 


ka cotany ~~ 
Bs) oh KR (CDGEE Adc), (D.49) 
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Equation D.49 is the crude sma// argument approximation of the dispersion 
equation. \t is valid for both the three region (b < a) and the two region (b = a) 
configurations. Note that this is the same equation as the small argument representation 
of the empty sheath helix dispersion equation, equation B.21! This has the important 
meaning that when noe becomes sufficiently small, to a good approximation it will 
have the same value as the radial wave number of the empty sheath helix, for the 
corresponding value of ka cotany. Here the presence of the ideal dielectric 
Coaxial rod has an insignificant effect on the wave number solution. 

A data table was prepared which compared the right hand sides of the 
approximations D.48 and D.49, to the right hand side of the actual dispersion equation, 
equation D.41. A wide range of values of the variables given by equation D.47 was used. 
The important results of these calculations will be mentioned but the data table itself will 
not be presented. Equation D.49 tends to be least accurate when b/a = 1 and 

E, >> 1. Both equations D.48 and D.49 became less accurate as ka cotanw 
became large. Equation D.48 was accurate to less than 10% error for | < Ee, < 
] .0x10°, 0 < b/a < 1, andvaluesof ka cotany aslargeas 0.10, 
while the error associated with equation D.49 was sometimes much greater than this. 
Even for values of ©, aslargeas 1.0 x] 03 and values of b/a as large as 1, 
equation D.49 had a maximum error of about 1% if ka cotanw was restricted so 
that ka cotany < 1.0x107¢. 

In short, equation D.48 has a higher accuracy than equation D.49, for values of 

ka cotanw near 0.10, when Ey, and b/a_ are both large. However, even for 
the worst case error, which occurs for b/a oe ] and e¢ sone 1, equation D.49 
will have a maximum error of only a few percent if ka cotany _ is restricted so that 

ka cotany < 1.0x107* or ka cotany < 1.0x1973, Under these 
circumstances, the wave number solution, h "5 B is, to a good approximation, for the 
same value of ka cotany, equal to h a a , the radial wave number of the empty 
sheath helix. 

Attention is now directed to the approximations of the dispersion equation which 


are valid when the Bessel function arguments are large. Substituting equations A.36 — 


A.39, the large argument Bessel function representations, into the right hand side of 
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equation D.41, using three terms of the Bessel function representations in the quantity 
next to the ” =” but just the first term for the quantity within the square brackets, 


yields 


ka A on O OF5.0 
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ems 


Equation D.50 is the accurate /arge argument approximation of the dispersion equation. 
c £ ov hes ie 
Sinecomal me (om yet ctl Be] or r LF it is clear that 


when ye is sufficiently large for the specified value of b/a_ so that na : 


(1-b/a) > i 


Bee h’a (1-b/a) , Si ie (D.51) 
Cael) 


will be true. Of course, the preceding inequality at least means that nda sm 1k and 


so it is true that 
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Equations D.51 and D.52 mean that equation D.50 can be approximated as 
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Equation D.53 is the crude /arge argument approximation of the dispersion 
equation, which is valid for the three region (b < a)  contiguration. \t is the same 
as equation B.20, the large argument representation of the dispersion equation 
associated with the empty sheath helix! Therefore, for the three region sheath helix 
surrounding an ideal dielectric coaxial rod configuration, when nda is sufficiently 
large its value is, to a good approximation, the same as the radial wave number solution 
associated with the empty sheath helix, and is in fact approximately the same as the 
variable ka cotany. Once again, the presence of the ideal dielectric coaxial rod has 
no significant effect on the wave number solution. 

Taking the limit of equation D.50 as the rod radius increases so that the rod 


d 


surface touches the sheath helix surface, assuming that h a > 1, _ yields 


ka cotanyp kKa®cotany ™ © 9 
lim La reas aia ie in ade aie tale? (USE 
b>a_ ee Pike iii 
d ad* 


where lim ha=h a. 
bora 


Equation D.54 is the two region (b= a) configuration /arge argument approximation 
of the dispersion equation. \t was given by Olving (21) as the large argument 
approximation of the dispersion equation for the configuration with dielectric material 
filling the region a < r <H and air filling the region 0 CP Sec It was 
also mentioned: by Swift-Hook (22) whenever the dielectric tube came in contact with 
the sheath helix surface. This occurs for a= b_ in Figure 1.4a and for a=c_ in 
Figure 1.4b. Equations D.53 and D.54 make it clear that there is a major difference in the 
solution of the wave number when its value becomes large, for the configuration where 
the ideal dielectric rod completely fills the region 0 heal Ni St: i compared to the 
configuration where a gap exists between the rod surface and the sheath helix surface. 
Numerical calculations were performed to compare the right hand sides of 


equations D.50 and D.53, with that of the the actual dispersion equation, equation D.41. 
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A wide range of different values of the variables ka cotanws b/a, and oy, 
were used. It was found that equation D.53 tended to have the greatest error for large 
values of b/a, when €, >> 1. (Of course, b/a < ]_ is always assumed.) 
Both equations D.50 and D.53 became more accurate as the value of ka cotany 
increased. If the restriction ka cotany - (l-b/a) > 1 was imposed, it was 
discovered that equation D.53 had a maximum error of about 10% _ for large values of 
b/a. Just restricting ka cotany > 1, for awiderange of b/a and ©, 
values, gave about 10% maximum error for equation D.50. 
It was previously shown in part D.2.1 that as a limiting case, when the value of 
b/a becomes sufficiently small, the wave number solution becomes that of the empty 
sheath helix, regardless of the value of ©,- This reasoning gives an unexpected 
bonus to the validity of equation D.53. Numerical calculations showed that when 
b/a << 1, the equation resulted in about 20% maximum error for values of 
ka cotanyp as small as unity, and the error rapidly decreased as ka cotany 
became larger. This is similar to the error which was previously found in section B.2, 
using equation B.20 to approximate the radial wave number for the empty sheath helix. 
When b/a << ] occurs and ka cotanyp = 1, equation D.53 predicts that 


d 


h-a - b/a << 1 will occur. The large argument representations of the Bessel 
functions of argument nt - b/a, | which were used in equation D.41 to obtain 
equation D.53, are not expected to be valid. (See Table A.2.) In fact, equation D.53 can 
be used when b/a << 1, as aresult of the knowledge that the value of h oF is 
similar to the radial wave number of the empty sheath helix. 

In summary, restricting ka cotany - (1-b/a) > 1 means that the 
error involved in equation D.53 is about 20% maximum for b/a > 1 , and about 
10% maximum for b/a << ] for values of ka cotany as small as 1. 
Equation D.50 is accurate to a maximum error of about 10% for values of 
ka cotany assmallas 1. For both equations, increasing ka cotany tends to 
rapidly reduce the error. Since in equation D.53 the wave number solution is explicitly 


expressed in terms of the operating frequency and the sheath helix geometry, 


equation D.53 is is much more convenient than equation D.50. 
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A sufficient understanding has now been obtained to show when the 


approximations 
a = ha ((D5.,5,5,) 


made on the exact fie/d so/ution, which is given in section D.1, in order to obtain the 
solution given in section D.2, are justified. From the separation constant equation, 
equation D.20, and from the discussion previously given in section B.2, it is known that 


the approximations are valid to within about 10% _ error if 


d 
bay > eee Vey ka. (Dies5.6,) 


For the three region configuration, when na is sufficiently large so that 


equation D.53 is valid, inequality D.56 becomes 


2 Vey Gd Na inv See (02.5.7) 


If the sheath helix is tightly wound, this inequality will be satisified, unless the value of 
the is very large. 
Considering the two region configuration, when ade is sufficiently large so 


that equation D.54 is valid, inequality D.56 will be satisfied if 


Paoetanye onl (D.58) 


is true. For a sheath helix sufficiently tightly wound so that Q < y m1) OP Oceaee tls 


inequality will certainly be satisfied. 
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On the other hand, assuming that nts is sufficiently small so that 


equation D.49 is valid, inequality D.56 becomes 


tany\/-8 «, 10g(0.891 h’a) < 1. (D.59) 


Inequality D.59 is valid for both the two and three region configurations. It is a more 
severe restriction than that specified by the two preceding inequalities. In order that 
inequality D.59 is satisfied, it is necessary that % must be quite small, if the value of 
Ey is large, or if the value of nda is small. For example, if it is desired to have 
hla as small as 1.0 x] 073 (which, from equation D.49, corresponds to 
Karecotanapee Bis 8x1 Oo) peandfinE. oF ] .0x103, the largest acceptable 
value of the pitch angle is yp = 0.25°., However, if the relative permittivity is 
smaller, it is permissible to use larger values of ww and much smaller values of nota : 
As an example, if €, = 10.0 and wb = 1.0°, _ inequality D.59 is still satisfied 
for values of nts as small as 1.6x197/8 (corresponding to ka cotany = 
1.5x1 07! 7) . Note that for a fixed value of ©, and for a fixed value of jy, 
regardless of how small this pitch angle is, in the limit as ka cotany approaches 
zero, equation D.49 shows that nda must also approach zero, which means that 
inequality D.59 cannot be satisfied. 

In summary, a discussion has been given of the approximations listed in 
equation D.55, which were applied to the exact free mode field solution, equations D.1 — 
D.20, in order to obtain the solution given by equations D.23 — D.41. For large values of 

ka cotanyw, the approximations are always valid for the two region configuration if 
the pitch angle satisfies 0 < » < 10.0°, and they are valid for the three region 
configuration if is small and En is not extremely large. When ka cotany is 
small, the approximations are valid for both the two and three region configurations, if 


~ is small and E, is not extremely large. However, in the limitas ka cotany 


approaches zero, the approximations are certainly not correct. 
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Numerical solutions to the wave number Ace have been calculated from 
equation D.41. As was true of the empty sheath helix, the variable ka cotany only 
appears on the left hand side of the dispersion equation. The same procedure for 
calculating the quantity ka cotany yhta versus ka cotany as was previously 
discussed in section B.2 is used, except that it is now necessary to specify the variables 


b/a and € in addition to specifying the variable ka cotanw. 


r? 
The following eight figures were obtained from direct calculation of 
equation D.41, making use of the IMSL (43) software program routines to evaluate the 
Bessel functions appearing in the dispersion equation. Figure D.1 is a linear plot of 
ka cotan w/h oa versus ka cotany. The variables used are b/a = 0, 0.500, 
0.900; Ge: 520.07, and 10.0. Each curve is associated with one particular value 
Of ther par (bia. ee) . (Note that the curve for b/a = 0 is based on the 
dispersion equation for the empty sheath helix, equation B.13.) Several different lines of 


constant nda are displayed, and so is the asymptote fa cotany/h@a = 


107. 
Figure D.1 exhibits a behavior which never occurred for the empty sheath helix, 
or for the sheath helix surrounding a perfectly conducting coaxial rod. For some curves, 
a minimum value of ka co tany/hoa less than unity occurs in the mid-region of 


ka cotany values. Since 


ka cotany ,., ka cotany W 
=a) ea ae € cotany 
na ee nee Ss 
GDEG.0)) 
V 
a cotany, 
e 


graphing the quantity ka cotany/h@a versus ka COtany_ is proportional to 
eee tes . 

graphing the phase velocity associated with traveling waves having e J 8 Z axial 

dependence, normalized with respect to the velocity of light in air, as a function of 


frequency. Whenever the phase velocity increases with increasing frequency, which 
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Figure D.1] Graph of ka cotany/h%a versus ka cotany 


Based=on equation D.41. Curves’ for b/a =-0,70.500, 0.900; 
and ee 6.00 wl 0 Oare 6d] Ven. 1 he .cunvestor b/a = Oimis 


based on the dispersion equation for the empty sheath 
helix, equation B.13. Several lines of constant ha are 
shown, and so is the asymptote ka cotany/h@a =iailite OU 
(Note that HA = h¢a and KA COTANP = ka cotany. £5.0B.90 


means that the curve represents oy 5.00; and b/a = 0.900. 


a7 coe = eu | eh 
a) @ i) vase 
pepe: abe 4 a 


mie 


ir 


ee | Md ie i in ed 


ht 


er ~ 3 
[ po) Ry 
7 ‘ i 
. ie 
| 7 { 
s F " a 
Wa ° 1 
P. 3 ee 
; ‘" “a, 
| i y 
a ; a . 
} : aj hs 
bo gan 
a ul 
3 
= ani 


—— ——— es 


a ae ee ae oe oe. So | 
KY COME Hod _ 


grate; od eugt8v 5 © i \ onelos 6? To ae 
/008.0 .008.0 .0 = e\d vot Savas . femora 
ef a « #\¢ 507. ov200 @AT ety srs. oa My: 


Hieen2 u ne. on 3 Wa! 
$0 ans. sdf vo Ra beep 

548 oa Sneteno2 Yo eentt 
-00.f = o°’t\enstos oa 


02.90.22 .ensios 62 = WHAT OS b 
{.00@.0 = 6\d bos 00.2 = +7. ts 4 


i‘ ania 


387 


means that the curves have a positive slope, negative dispersion is said to occur. 

Equation D.50 can be used to understand the phenomenon of negative dispersion. 
The first bracketed quantity on the right hand side is always greater than unity, while the 
second bracketed quantity is always less than unity. If it happens that this second quantity 
is sufficiently small, it will be true that ka cotan v/hta << ] occurs. However, 
as nda becomes large, which occurs when ka cotany_ is large, the exponential 
term rapidly becomes small and so the first bracketed quantity dominates the behavior. 
Therefore, it is always true for sufficiently large values of ka cotany, that the 
quantity ka cotanw/h d. approaches unity from above. This means that the region 
of negative dispersion has a finite extent. Swift-Hook (22) has previously discussed the 
phenomenon of negative dispersion for the configurations shown in Figures 1.4. 

It is apparent from Figure D.1 that negative dispersion is most pronounced when 
the values of b/a_= and Ee, are both large. If at least one of b/a, Ey is 
sufficiently small, this behavior does not occur. 

Figure D.2 is a semilogarithmic graph of fa cotanyw/ nda versus 

ka cotanyw, for the fixed value b/a = 0.100, and for many different relative 
permittivities. , = 1.00, 5.00, 10.0, 1.00x10%, and 1.00x103 
are used. (The curve based on Be 1.00 is the same as the solution associated 
with the empty sheath helix, based on equation B.13.) Many different decade ranges of 
ka cotany values are shown. Note that for the small value of b/a_ which is used, 
negative dispersion does not occur. In addition, it is clear that the value of the relative 
permittivity has little effect on ue : As an example, the graphs for ©) 
es O05), 00) and 10.0 are on top of each other. For large or small values of 
ka cotany, all the curves are in good agreement with the empty sheath helix 
dispersion curve. As a final remark, in order that the approximations given in 
equations D.55 are justified for all values of nda given in the figure, it is necessary 
that inequalities D.57 and D.59 are satisfied. This is the most difficult to accomplish 
when ea 1.00x102 and ka cotany = 1.00x107°. It can be 
demonstrated that the largest acceptable value of the pitch angle is y = Q.25°, in 
order that the wave number solution j d. given in Figure D.2 is always justified as an 


approximation of the exact solution given in section D.1. 
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PLgure eb. 2 Graph of ka cotany/hoa versus ka cotany 
based.on,.equation .D.4i1.. Curvesfor- b/a = 0100<and 

cp = 1.00, 5.00, 10.0, 1.00x10%, and 1.00x10° are shown. 
The asymptote ka cotany/h{a = 1200s Saqdiven- aw (hneecinve 
for evi 1.00 is the same as the solution associated with 


the empty sheath helix, based on equation B.13. Note that 
HA = nia and KA COTANP = ka cotany. EIE3B.10 means that 
the curve represents Cay 1.00x10° and b/a = 0.100.) 
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Figure D.3 is a semilogarithmic graph with the same abscissa and ordinate as the 
previous figure. b/a = 0.900 with the same values of the relative permittivity given in 
Figure D.2 are used. For the large value of b/a_ which is employed, the negative 
dispersion is very apparent, except for the curve based on ah 1.00.  Itis more 
pronounced for large values of ©,- However, for sufficiently large or small values of 

ka cotany, all the curves are in good agreement with the dispersion curve for the 
empty sheath helix. 

Figure D.4 is a semilogarithmic graph of ka cotan w/h d. versus 

ka cotany, based on the two region configuration. b/a = 1.00 with the same 
values of ©, used in Figures D.2 and D.3 are employed. The asymptotes based on 
equation D.54, which are valid for large values of ka cotany, are plotted. Note 
that negative dispersion does not occur for the two region configuration. Clearly, for 
large values of ka cotan py, the behavior of the curves is very different from that 
of the configuration where a gap exists between the dielectric rod surface and the 
surface of the sheath helix. However, for small values of ka cotanp, the wave 
number solution h d. is similar for both the two and three region geometries. In fact, 
it is similar to the radial wave number solution associated with the empty sheath helix. 

A rather small value of the relative permittivity, €), ~ DUO: and a wide 
range of different b/a_ values, is illustrated by the semilogarithmic graph of 

ka cotany/h?a versus ka cotany, whichis presented in Figure D.5. b/a = 
0, 0.100, 0.300, 0.500, 0.700, 0.900, and 1.00 are used. Note that when the rod radius 
is much smaller than the sheath helix radius, varying the value of b/a_ has an 
insignificant effect on nta For example, the graphs for b/a = O-— and 
b/a = 0.100 are on top of each other. 

In Figure D.6, the same set of b/a_ values just considered is employed, but now 

the ideal dielectric rod is characterized by a much larger relative permittivity, Cea 
io0x] 03 _ Clearly, the effect of varying b/a on nda is greater than was true 
of the preceding figure. In addition, for the three region configuration, the negative 

dispersion is more pronounced compared to Figure D.5. 
A qualitative description of the behavior shown in Figures D.2 — D.6 will now be 


given. For the three region configuration, when the rod radius is much smaller than the 
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The asymptote ka cotany/h@a = 1.00 is given. (The curve 


for Senki 1.00 is the same as the solution associated with 
the empty sheath helix, based on equation B.13. Note that 
HA = n@a and KA COTANP = ka cotany. E1E3B.90 means that 
the curve represents Bae Ps 1.00x10? and b/a = 0.900.) 
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Figure D.4 Graph of ka cotany/h@a versus ka cotany 
based on equation D.41. Curves for b/a = 1.00 and ante 


1.00, 5.00, 10.0, 1.00x10°, and 1.00x10° are shown. The 
two region configuration asymptotes based on equation D.5 4 


are shown for each particular value of e,. (Note that HA = 
nda and KA COTANP = ka cotany. EIE3B1.0 means that the curve 
represents SG 1.00x10° and«b/ aet=" 19,00." *AS**E100 Meo Ds 
that the asymptote was calculated using ee a TO a Oar) 
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Figure D.o Graph of ka cotany/hia versus ka cotany 
based on equation D.41. Curves for ee 5 0 0ssanida.b / ass 


Oe 100%. 02 300%. 025005 0:70.00, 0.900% andgsle 00. are 
Shown. The curve for b/a = 0 is based on the dispersion 
equation for the empty sheath helix, equation B.13. The 


asymptote ka cotany/h@a = 1.00 is presented. (Note that 


HA = n@a and KA COTANP = ka cotany. E5.0B.90 means that 


the curve represents ce, = 5.00 and b/a = 0.900.) 
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Figure D.6 Graph of ka cotany/hoa versus ka cotany 


based on equation D.41. Curves for arin 1.00x102 and 


Dy/sa psy 90.050. 1.0.04 eOius 00. 0.500 047 00. 206900. Panda. 00 
are shown. The curve for b/a = 0 is based on the 
dispersion equation for the empty sheath helix, equation 


B.13. The asymptote ka cotany/hia = 1.00 is presented. 
(Note that HA = h¢a and KA COTANP = ka cotany. E1E3B.70 


means that the curve represents Sen a 1.00x10° and b/a = 
Ons7 00.5) 
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sheath helix radius, the value of €, has a negligible effect on hone and the 
dispersion curves are similar to the dispersion curve associated with the empty sheath 
helix. In addition, when the ideal dielectric rod permittivity is nearly unity, for both the 
two and three region configurations, the value of b/a_ has little effect on h qd. , and 
the dispersion curves are approximately that of the empty sheath helix. However, when 

ep is large, the value of b/a_ definitely affects nda in the mid-region of 

ka cotany values. Similarly, when the value of b/a_ is large, varying the value of 

€, has a great effecton h d. inthe mid ka cotany region. The phenomenon 
of negative dispersion is associated with the three region configuration and it is most 
pronounced when both b/a and €, are large. Even in this situation, however, for 
very small or very large values of ka cotany, the dispersion curves associated 
with the three region configuration are to a good approximation the same as that 
associated with the empty sheath helix. This is also true of the two region configuration 
for any value of Ens when ka cotany becomes sufficiently small. However, for 
the two region configuration when ka cotany_ Ss large, the dispersion curves will be 
different from the empty sheath helix dispersion curve. 

Figure D.7 is a three dimensional plot of the quantity ka cotany/ nda as a 
function of both the variables ka cotany and b/a, 2 ee 10 Ss the 
relative permittivity characterizing the ideal dielectric rod. For this small value of the 
relative permittivity, the variable b/a has an insignificant effect. For some specified 
value of ka cotany, the quantity ka cotan p/hta is similar to the quantity 

ka cotany/h%a, which is associated with the empty sheath helix. 

Figure D.8 is a similar type of graph as the preceding figure, except that now a 
large relative permittivity, €, = 1.00x1 03 , is used. When b/a_ is very small, 
the dependence of ka cotany/h a on ka cotany is approximately that of 
the empty sheath helix. Increasing b/a tends to emphasize the occurrence of negative 
dispersion. For the three region configuration, when b/a_ is large, this effect is great, 
but even here it clearly decreases as ka cotanwp becomes large. For any fixed value 
of ka cotany, increasing b/a_ clearly makes the quantity ka co tany/h@a 


smaller, or, equivalently, }4, larger. 
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igure Three dimensional graph of ka cotany/h@a 
versus both ka cotany and b/a. a 1.10 is the relative 


permittivity which is used. The graph is based on equation 


D.41. (Note that HA = nta, KA COTANP = ka cotany, and 


B/A*="b/ay) 
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Figure D.8 Three dimensional graph of ka cotany/hia 


versus Doth kamcotany and b/a. «= 1.00x10° 


. is the 
relative permittivity which is used. The graph is based 


on equation D.41. (Note that HA = Aah KA COTANP = 
ka cotany, and B/A = b/a.) 
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D.2.2 Discussion and Graphs of the Field Components 
An investigation of the field components, equations D.23 - D.40, will be 


conducted in this part of the appendix. The pitch angle appears by itself in E d and 


6n 

ae d (n= 1, 2,3) as siny, while for all other field components, it appears by 

itself as COSy. Decreasing the pitch angle in such a manner that the variable 

ka cotanw remains constant, keeping in mind that the functional dependence of 

nda is given by equation D.47, the magnitudes of the angular fields are seen to be 

greatly reduced but the magnitudes of the radial and axial field components are 
approximately unchanged. 

Assuming that the sheath helix is sufficiently tightly wound so that cosy = 

1, and making use of equation D.47, it is apparent what the approximate functional 

dependences of the field components are on the operating frequency, the ideal dielectric 

coaxial rod geometry, the dielectric material permittivity, the sheath helix geometry, and 


the sheath helix “‘windings’” current. 


Ea = a) Vie ka cotany, b/a, om v)> (eDesoi ly) 
ar = su ka cotany, b/a, Ep? v)> ((Dii6 2s) 
Ean = Qn( us ka cotany, b/a, ey), (D.63) 
Eon = Uq( Sis ka cotany, b/a, c,), (D.64) 
Hen = VA CQul > ka cotanyp, b/a, eat )e and (D.65) 
Hf = EO ie kane covanwy eb fa En) 5 (D.66) 
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Region 1 (O< r <TD} fields have a radial dependence described by 
either I, ( hor) for the axial fields, or by I, (hor) for the radial and angular 
fields. Region 3. (a St OO) fields have a radial dependence described by 
either Ky (hor) for the axial fields, or by K, (nor) for the radial and angular 


fields. The radial dependence of region 2 (b ree ere fields is more 
~~ 
complicated. It is characterized by I hor) for the axial magnetic field, and by 


o | 
I, (nop) for the angular electric field and for the radial magnetic field. The radial 


dependence of the region 2 radial electric field and angular magnetic field is a linear 


combination of I, ( nr) and Ky ( ny) . Finally, the region 2 axial electric field 


hon) and 


has its radial dependence characterized by a linear combination of I 


Ky (hor). 


It was previously mentioned in part D.2.1 it is believed that the wave number 


o | 


aa must be real positive for a free mode field solution to exist. Therefore, all the 
arguments of the Bessel functions mentioned in the previous paragraph are real positive. 
For one particular operating frequency, dielectric rod geometry, dielectric rod 
permittivity, and sheath helix geometry (which means that nda has one particular 
value), as the radial distance normalized with respect to the sheath helix radius, r/a, 
increases, it must be true that the magnitude of any region 1 field always increases, while 
the magnitude of any region 3 field always decreases. (See Figure A.1. This is a graph of 
Ip; I, ’ Ko? and Ky for real positive arguments.) The behavior of the 
region 2 fields is more complicated. When r/a_ increases, the region 2 angular electric, 
radial magnetic, and axial magnetic fields always increase in magnitude. However, the 
region 2 radial electric, axial electric, and angular magnetic fields may either increase or 
decrease in magnitude, as the value of r/a_ increases. 

A better understanding of the field components can be obtained by comparing 
them with the fields associated with the empty sheath helix, equations B.1 — B.12, for the 
special cases when nda and )%,4 are either both large or are both small. First, 
assume that the two wave numbers are much smaller than unity, so that the small 
argument Bessel function representations can be used. Equations A.26 —- A.29 were 
employed to approximate both the three region (b < a) and the two region 


(b = a) form of equations D.23 - D.40. The small argument Bessel function 
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representations were also employed to approximate equations B.1 - B.12. Use was 
made of the fact that nd a = hea , _ since the small argument approximations of the 
two dispersion equations, equations D.49 and B.21, are identical. It was discovered that 
the fields associated with both the three region and two region forms of the sheath helix 
surrounding an ideal dielectric coaxial rod configuration are usually similar to the 
corresponding empty sheath helix fields. The only exceptions occurred for eae 

fen and Ep They differred from the corresponding empty sheath helix 
fields, H 0] A and E rl ‘ » by an amount which is proportional to ©,y° 

Values of male and hea greater than unity are now considered, in order 
that the large argument Bessel function representations can be used. Just the first term 
of equations A.36 — A.39 was employed to approximate equations B.1 — B.12, and the 
three region form of equations D.23 - D.40. The approximations ce = Hoa = 

ka cotanw, which are simply statements of equations D.53 and B.20, are used. 
Comparison of the two sets of equations shows that the corresponding fields near 
r=a_ are the same. As was previously explained in section B.3, the field components 
are now rapidly exponentially attenuated for increasing radial distances away from the 
sheath helix surface. Therefore, the dominant fields for the three region ideal dielectric 
coaxial rod configuration are the same as the corresponding ones associated with the 
empty sheath helix. 

The procedure explained in the preceding paragraph was followed for the special 
case of the two region ideal dielectric coaxial rod configuration. Equations D.54 and 
B.20, the large argument approximations of the two dispersion equations, demonstrate 
that nda . h@a ; Making use of this fact and employing just the first term of 
equations A.36 — A.39 to approximate the two sets of field components, it is apparent 
that the dominant fields associated with the two region dielectric rod configuration are 
clearly different from the corresponding fields associated with the empty sheath helix. 

A crude summary of the three previous paragraphs is now presented. For sma// 


values of ka cotany (which could be considered to mean low frequencies since 


ka cotany = 2nf Ho Eg a cotany), the wave number solution and 


most of the field components for both the two and three region ideal dielectric coaxial 
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rod configurations are similar to the corresponding quantities associated with the 
empty sheath helix. Therefore, it can be said that the fie/ds do not see” the dielectric 
rod. When ka cotan y s large (which could be considered to mean high 
frequencies), the wave number solution and the dominant field components associated 
with the three region dielectric rod configuration are similar to the corresponding 
quantities of the empty sheath helix. Once again, the fields do not "see" the dielectric 
rod. However, for large values of ka cotanwp, the wave number solution and the 
field components associated with the two region dielectric rod configuration are 
clearly different from the corresponding quantities associated with the empty sheath 
helix. /n this case, the fields do “see” the dielectric rod. 

Equations D.23 - D.40 are lengthy and complicated expressions. In order to help 
understand how the field components behave at different points in space, graphs of their 
radial dependence have been prepared. All the electric fields were normalized from 
dividing them by an electric normalizing coefficient, E50 d . Furthermore, all the 


magnetic fields were normalized from dividing them by a magnetic normalizing 


coefficient, H qd The electric and magnetic normalizing coefficients are defined as 


z0 


z=0 
1207 

2 iu —————— cosy (nta)? Ky( hoa) 

a 


r= ka cotanyp 


(e,-1) 1g (nob) 1, (h°b) K (hoa) 


(1)(h"b) K,(h°b) te, 1,(h“b) K (hob) ) 


[Ig(h®a) 


CDisGi7) 
omy? 


= 5 Jy) 1207 ka cotany cosy 1,(h%a) K,(h%a), and 


z=0 
Ny cosy nota 1)(h“a) K,(h%a) . (D.68) 


(The dispersion equation, equation D.41, was used for simplification in the derivation of 
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equations D.67.) 

It is assumed for the radial dependence graphs that the axial coordinate is held 
constant. The transverse planes were chosen so that COS ( nia -z/a) = +1 for 
the angular and axial fields, and so that = sin(h qs -z/a) = +1. for the radial fields. 

Three different types of graphs are presented. These represent the “high 
frequency”, “mid frequency”, and “low frequency” cases. (The meanings of the terms in 
quotation marks is the same as it was when these expressions were previously used in 
section B.3.) For each of the three previously mentioned cases, both the three region and 
the two region ideal dielectric rod configurations are considered. 

The procedure which was used to numerically evaluate the normalized fields is 
now explained. For the specified set of variables ka cotanys b/a, and En? 
equation D.41 is solved to obtain the wave number nog . (In fact, as was previously 
explained in part D.2.1, the method used to solve the dispersion equation is to first 
specify the quantities nda seb /as En? and then directly calculate the 
corresponding value of ka cotany.). Next, equations D.67 and D.68 are computed 
to obtain the normalizing coefficients. Finally, the normalized field components are 
evaluated for several different values of the radial distance normalized with respect to 
the sheath helix radius, r/a. In order to directly evaluate the Bessel functions, the 
IMSL (43) software program library was used. It will be emphasized that all eighteen 
graphs of the normalized fields’ radial dependence presented here are “exact” —- no 
approximations have been made to the dispersion equation, equation D.41, the field 
components, equations D.23 — D.40, and the normalizing coefficients, equations D.67 
and D.68. Furthermore, it was ensured that the requirement mentioned in equation D.56 
is always satisfied. This provides justification for using the approximations given in 
equations D.55, which is how equations D.23 - D.41 were obtained from 
equations D.1 — D.19. 

Figures D.9 and D.10 show the absolute value of the (real valued) normalized 
electric and magnetic fields, respectively, as a function of fr/a. The two vertical lines 
represent the surface of the ideal dielectric coaxial rod and the sheath helix surface. In all 


three regions, the algebraic sign of each normalized field component is indicated. The 


operating frequency, the ideal dielectric coaxial rod geometry, the rod permittivity, and 
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Figure D.9 Curves of the radial dependence associated 


with the normalized electric fields. The variables used 
are ka cotany = 10.0, b/a = 0.100, 2 1.00x10°, and 

y = 1.00°. They determine the wave number ha 10.0 

and the electric normalizing coefficient Hao = i} 188 
(V/m). (Note that ER/EZO = E,9/E,,%, E0/EZ0 = E,°/E, 4%, 
EZ/EZ0 = E,“/E,)°, and R/A = r/a.) 
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Figure D.10 Curves of the radial dependence associated 
with the normalized magnetic fields. The variables used 


are ka cotany = 10.0, b/a = 0.100, e, = 1.00x10", and 

vy = 1.00°. They determine the wave number ha = 10.0 

and the magnetic normalizing coefficient H_, Diy 0.525 
(A/m). (Note that HR/HZO = H.°/H, 5°, HO/HZO = H,°/H)%, 


4 d d Z 
HZ/HZO = 2 [459 » and R/A r/a.) 


oO o~ 
! AT Lt et aT 
+. aie. View Oa 
Pat , 
<> 
bn ies age 
rere © 
| ee 3 
7 eos : 
o } 
. “=a 
m vi 
) o 


hes ML AA NAG 


of 
pace 


a 


isteeaen aff To aay 
swratt atesngem bestls 


“ahei ee pee 
padmud ave ait? Satoriatet 
bus = "48 tm ‘yao patstfsaron 
gli” OtW\Gn an J pswine sole 
(0 AMA Dony mo 


a 7 


404 


the sheath helix geometry are specified by the variables ka cotany = 10.0, 

Dyan 0-100, Bay 100, and yw = 1.00°._ This is an example of the 
three region “high frequency” case. nda =. Se is the calculated value of the 
wave number. 


d 
Bonen iM 188 (V/m) and Hoo. yi Ona 5 aCA Am) 


are the computed values of the normalizing coefficients. 


Figures D.11 and D.12 are two additional graphs representing the three region 


“high frequency” case. The variables used are ka cotany = LOMO. bia 
Om900% Seg 100, and wp = 1.00°. The calculated wave number is 


h~a = 10.5, and the calculated normalizing coefficients are 


E20 = 3 Qu 176 (v/m) and Hiei = Mi 0.524 (A/m). 


Two graphs representing the two region “high frequency” case are Figures D.13 
and D.14.° ka cotany = 10.0, b/a = 1.00, ee 10.0%, and w = 
1.00° are the variables which are used. nda = 71.1 Is the computed value of 


the wave number. 


d : 
E50 = idn 26.6 (V/m) and Hoo =i Om 503 CAYim)) 


are the computed values of the normalizing coefficients. 

As expected, the wave number solution associated with Figures D.9 — D.12 
approximately agrees with the large argument, three region, representation of the 
dispersion equation, equation D.53. Furthermore, the value of nda associated with 
Figures D.13 and D.14 is in good agreement with the large argument, two region, 


approximation of the dispersion equation, equation D.54. 
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Figure D.1] Curves of the radial dependence associated 
with the normalized electric fields. The variables used 


are ka cotany = 10.0, b/a = 0.900, e, = 1.00x10", and 

y = 1.00°. They determine the wave number ha = 10.5 

and the electric normalizing coefficient Eg = iS 176 
(V/m). (Note that ER/EZO = E,°/E,,%, EO/EZO = E,°/E,)%, 


tive Raton? 4 
EZ/EZ0 = E,“/E,9°, and R/A = r/a.) 
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Figure D.12 Curves of the radial dependence associated 
with the normalized magnetic fields. The variables used 


are ka cotany = 10.0, b/a = 0.900, Se 1.00x10°, and 

y = 1.00°. They determine the wave number ha = 10.5 

and the magnetic normalizing coefficient Hop = mil o0.524 
(A/m). (Note that HR/HZO = H.9/H,)°, HO/HZO = H,°/H, 94, 
HZ/HZO = H,°/H 9%, and R/A = r/a.) 
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Figure D.13 Curves of the radial dependence associated 
with the normalized electric fields. The variables used 


are ka cotany = 10.0, b/a = 1.00, Chis 1.00x10°, and 

y = 1.00°. They determine the wave number h a = 71.1 

and the electric normalizing coefficient Eee = i 9n 26.6 
(¥/m). (Note that ER/EZO = hl a EO/EZO = E,°/E 9°. 
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Figure D.14 Curves of the radial dependence associated 
with the normalized magnetic fields. The variables used 


are ka cotany = 10.0, b/a = 1.00, e, = 1.00x10°, and 

y = 1.00°. They determine the wave number nda =A 

and the magnetic normalizing coefficient Hae 94) 0.503 
(A/m). (Note that HR/HZO = H,°/H,9°, HO/HZO = H,°/H, 09, 


; d d i 
HZ/HZO = H, /H 59 » and R/A Chas) 
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It is informative to compare Figures D.9 - D.14 with the “high frequency” case 
of the empty sheath helix, Figures B.3 and B.4. Examination of Figures D.9 - D.12 and 
Figures B.3 and B.4, keeping in mind the values of the normalizing coefficients and the 
fact that the same values of ka cotanw and y _ are used, shows that near the 
sheath helix surface, the fields are similar. This agrees with the statement made earlier in 
part D.2.2 that for “high frequencies” the fields associated with the three region ideal 
dielectric coaxial rod configuration do not see” the dielectric rod. However, comparing 
Figures D.13 and D.14 with Figures B.3 and B.4, it is clear that the fields for the two 
region dielectric rod configuration are quite different than the corresponding fields 
associated with the empty sheath helix. This provides support for the statement made 
previously in part D.2.2 that for “high frequencies” the fields associated with the two 
region ideal dielectric coaxial rod configuration do “see” the die/ectric rod. 

Figures D.15 and D.16 display the radial dependence of the normalized electric 
and magnetic fields, respectively, for the three region “mid frequency” case. 


ka cotany = 1.00, b/a = 0.100, e¢, = 100, and ¥ = 1.00° 


are the variables which are used. The wave number is calculated to be nda = 


O00. 


Ey ee iy 143 Gym) and He,” = Mi 0.804 (A/m) 


are the calculated values of the normalizing coefficients. 

Two additional graphs associated with the three region “mid frequency” case are 
Figures D.17 and D.18. These illustrate the radial dependence of the normalized electric 
and magnetic fields, respectively. The variables employed are Ka cotany = 1.00, 

b/a = 0.900, ©, = 100, and p=1.00°, hta = 1.65 _ is 
the computed value of the wave number. The calculated values of the normalizing 


coefficients are 


; d 
ahs = iy 95.9 (V/m) and H 60 >I 0.668 (A/m). 
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Curves of the radia] dependence associated 
The variables used 


= 1.00x10°, and 


Figure, D.15 
with the normalized electric fields. 


are ka cotany = 1.00, b/a = 0.100, en 
y = 1.00°. They determine the wave number h ; 
and the electric normalizing coefficient Ej) = hy Tees 
(V/m). (Note that ER/EZO = am [E66 (7 E0/EZ0S= E. /E 69 : 


way oer i 
EZ/EZO = ES /E, » and R/A are 
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Figure D.16 Curves of the radial dependence associated 
with the normalized magnetic fields. The variables used 


are ka cotany = 1.00, b/a = 0.100, aes 1.00x10", and 

y = 1.00°. They determine the wave number ha 0.80 

and the magnetic normalizing coefficient Hoo du 0.804 
(Aym). (Note that HR/HZO = H.°/H,)%, HO/HZO = H,°/H, 9%, 
HZ/HZO = HO“/H 9%, and R/A = r/a.) 
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Figure D.17 Curves of the radial dependence associated 
with the normalized electric fields. The variables used 


are ka cotany = 1.00, b/a = 0.900, e, = 1.00x10", and 

y = 1.00°. They determine the wave number ha = 1.65 

and the electric normalizing coefficient Boa = j yu 95.9 
(V/m). (Note that ER/EZO = E,°/E,,, EO/EZO = E,°/E, 9%, 
EZ/EZO = £,°/E 9%, and R/A = r/a.) 
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Figure D.18 Curves of the radial dependence associated 
with the normalized magnetic fields. The variables used 


are ka cotany = 1.00, b/a = 0.900, Ca 1.00x10%, and 

y = 1.00°. They determine the wave number ha = 1.65 

and the magnetic normalizing coefficient ives = Du 0.668 
(A/m). (Note that HR/HZO = H.°/H,9°, HO/HZO = H ete 
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Figures D.19 and D.20 display the radial dependence of the normalized electric 
and magnetic fields, respectively, for the two region “mid frequency” case. 
Komcotanvan 1.00, .@b/ancul-00.9 ce @- 100!) and) WWE coor 
are used. The calculated value of the wave number is Cita and the 
fis a=) 7230 9 
calculated values of the normalizing coefficients are 


Et = QU 27-4 (V/m) and Hood = gil 0-534 (A/m). 


It is informative to compare Figures D.15 - D.18 with Figures D.19 and D.20. 


Note that the same values of ka cotany, ¢e and w _ are used in all these 


r? 
graphs. For the two region configuration it is apparent that the fields are rapidly 
attenuated at increasing radial distances away from the sheath helix surface. However, 
the three region configuration shows that the fields change much more gradually as the 
radial distance is varied. 

Figures D.21 and D.22 display the radial dependence of the normalized electric 
and magnetic fields, respectively, for the three region “low fequency” case. The 
variables used are ka cotany = 5.00x10-°, bja = 0 sL003 er 

100, and wv = 1.00°. These variables determine the wave number solution 


hva= 1. 70x 072 , and the normalizing coefficients 


2 = id 9.52 (V/m) and He 1 - Hi TOO (A /m)s 


Next, Figures D.23 and D.24 are two additional graphs illustrating the normalized 


electric and magnetic fields’ radial dependence, respectively, for the three region “low 
2 


frequency” case. ka cotany = 5.00x10 “, b/a = 0.900, ah Bn 
100, and HESay .00° are used. The calculated wave number solution is 
na = 1.80x1 072 _ The calculated values of the normalizing coefficients are 


Eo) = JM 9-51 (W/m) and HL, Mi 1.00 (A/m). 
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Figure D.19 Curves of the radial dependence associated 
with the normalized electric fields. The variables used 


are ka cotany = 1.00, b/a = 1.00, ev ire 1-00x10°, and 

w = 1.00°. They determine the wave number ha = 7.30 

and the electric normalizing coefficient ae = Du 27.4 
(W/m). (Note that ER/EZO = E,“/E,)°, E0/EZ0 = E,°/E, 9°. 
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Figure D.20 Curves of the radial dependence associated 
with the normalized magnetic fields. The variables used 


are ka cotany = 1.00,.b/a,= 1,00, ete 1.00x10¢, and 

y = 1.00°. They determine the wave number nta Tes) 

and the magnetic normalizing coefficient ees = 
d d 

(A/m). (Note aa HR/HZO = we. /Ho0 » HO/HZO = H, /H69 : 


= ed _ 
HZ/HZ0-= ales /H.9 » and R/A r/a4 
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Figure D.21 Curves of the radial dependence associated 
with the normalized electric fields. The variables used 


are ka cotany = 5.00x10°*, b/a = 0.100, e, = 1.00x10¢, 


and y= 1.00°. They determine the wave number ha 
1.70x1072 and the electric normalizing coefficient 
d 


; d 
= DT 9.52 (V/m). (Note that ER/EZO = E.. [E09 r) 


Pgs = 6 ye 2 ez/ezo = B.9/E..". and R/A = r/a-) 
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Figune Di22 Curves of the radial dependence associated 
With the normalized magnetic fields. The variables used 
are ka cotany = 5.00x107°, bj doa 0 100, tere 1.00x10%, 


and y = 1.00°. They determine the wave number ha = 
1.70x107°, and the magnetic normalizing coefficient 

d d 
Hoo) = Su 1-00 (A/m). (Note that HR/HZ0 = HL9/H_ 9%, 


. Zl d d 
HO/HZO = H, /Ho9 CALL, = HS [Ho9 ,» and R/A = r/a.) 
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Figure D.23 Curves of the radial dependence associated 


with the normalized electric fields. The variables used 
are ka cotany = §.00x10"°, b/a = 0.900, e, = 1.00x10°, 


and p = 1.00°. They determine the wave number nta = 
1.80x10-* and the electric normalizing coefficient 

. d d 
Eo = JM 9-51 (W/m). (Note that ER/EZO = E,°/E, 4%, 
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Figure D.24 Curves of the radial dependence associated 
with the normalized magnetic fields. The variables bee 
are ka cotany = 5.00x10"*, b/a = 0.900, ec, = 1.00x10°, 
and y = 1.00°. They determine the wave number h a = 


1.80x10"* and the magnetic normalizing coefficient 


dj, d 
Hoot = Ql 1.00 (A/m). (Note that HR/HZO = H,“/H, 9°, 


dq. had i 
HO/HZO = He t/a ae HZ/HZO = H,“/H 9%, and R/A = r/a.) 
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Figures D.25 and D.26 are the final two graphs included in this appendix. They 
display the radial dependence of the normalized electric and magnetic fields, respectively, 
for the two region “low frequency” case. The variables used are ka cotany = 


5.00x10*, b/a= 1.00, e, = 100, and y= 1.008, 


nce = Perel. 2 is the computed wave number solution. 


Ci biaer 
E 0 = ii 945. CV/M)eeand Hut > Tt TOO AY mn) 


are the computed normalizing coefficients. 

As expected, the value of hoa associated with the six previously mentioned 
figures approximately agrees with equation D.49, the small argument representation of 
the dispersion equation, which is valid for both the two and three region configurations. 
A better understanding of the “low frequency” case can be obtained by comparing 
Figures D.21 - D.26 with Figures B.7 and B.8, which are associated with the empty 
sheath helix. It should be noted that the same values of ka cotany and y= are 
used in all these graphs. Keeping in mind the values of the normalizing coefficients, it can 
be seen that with the exception of Hy cf Hak and eet the fields 
associated with both the two and three region dielectric rod configuations are similar to 
the corresponding fields of the empty sheath helix. This is in agreement with the 
discussion given earlier in part D.2.2. It provides support for the statement that at “low 
frequencies”, the fields for both the two and three region ideal dielectric coaxial rod 
configurations do not “see” the dielectric rod. 

Figures D.23 and D.24 provide a good illustration of the behavior of the fields at 
the sheath helix surface and at the surface of ideal dielectric coaxial rod. Since the field 
behavior at the sheath helix surface was previously discussed in section B.3, it will not be 
mentioned further here. Figure D.23 shows that the radial electric field is discontinuous 
at the rod surface. Indeed, evaluating equations D.23 and D.29 at r=, it is easily 


shown that 
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Bigune 0725 Curves of the radial dependence associated 


with the normalized electric fields. The variables used 
are ka cotany = 5.00x10°°, b/a = 1.00, e, = 1.00x10°, 


and y = 1.00°. They determine the wave number hoa = 
1.80x107* and the electric normalizing cosficient F 
Eo) = Jf 9-45 (V/m). (Note that ER/EZO = E.°/E,)°, 


7 bg : 
EO/EZO = E,, WE EZ/EZ0 = E,°/E,)°» and R/A = v/a.) 


od 
2 9 
i ge 
a ' 
- mentees 
“ u 
(— 
—_ 
- J oh f 
‘LP 
_ ne oe \ 
*if 


4 +o 


veverervver re ©Ot® 


! : = 4.c¢ { : fn, iben ang vo eby 


6 ~ 
a » a fi 


ell q2 * OS2\83 208 ation) <(m\¥ ya 


* oe2 


t.e\7. * A\S bane . & s\". 3 Ce ' 


deladeel 


‘ea 
a 
— 
~ 


_ 
- 


T 


es ~~ 


. nea ae 
Lory Betdetvay oat .auhel® gpaasets bashiem eat 


ao.r = ald oO Otxooe = ynero 
inoue evew one qutmistsb 
Saatattteos cate Tamron ataaate 8 


° 


ah? t 


a 


423 


5 5 ee | 
ra) 
3) 
3 2 
2 iat 
6 a 13] 
a) o 4 a wn Lu 
Beg tani © « a : ral 
See: ~ iis 
SS SS © 4 6 
rest Sas = 0) 
= e a ra) 
‘ato 
Hog o <4 s] }— 
2 < e a Li} 
© a 3) ‘ we 
© < a _ (eS) 
© < a Gis 
oe < ‘a Die 
© 4 3] 
z e Mi 
; < ° wi 
B 4 © O) 
ay < © ro 1 
3) < © & 
3) a (3) Ge ea 
8 < © ~~ Li 
5 Ce] © (a &) 
: ; 2 a 
3 : . oO Lu 
Doors < © , AL 
MNmNMmN 8 < © O C1 
te) a ahaeg RG Bs 2 5 
SSX 
qle@yea 3 < 2) 
ae seam 71 d (3) 
+/+ oa : 6 = 
Ho qd 5 4 © 
5Boa ee} i 
3) < 3) 
5 a © : ee) 
© Ge 
1) <q (3) “a 
5 < 3) 
5 a [3) 
3) q © 
B 4d (3) Oo 
38) <a 6 . 
=, [=3) 
nm ow mw (ie Ow nA inn 
= (oN) m as wn 
_ ron) | | | | 
(Ss @&) eS S & i) @S 
Seen | toe | — ci boon | co _ 
OZH/ZH‘'OH"YH 


Figure D.26 Curves of the radial dependence associated 
with the normalized magnetic fields. The variables used 
are ka cotany = 5.00x107*, Beg 00 ere 1.00x10°, 


and y = 1.00°. They determine the wave number hte = 
1.80x107¢ and the magnetic normalizing coefficient 
Hoot = iy 1-00 (A/m). (Note that HR/HZO = H,°/H, 9°, 
z0 d d q r z0 
HO/HZO = H, /H66 Sen Z/HZO = up /H50 » and R/A = r/a.) 
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This is the correct statement of the discontinuity of the normal electric field at an 
interface associated with two regions having permittivities “r ©Q and €g> when 
no free electric charge is present on the interface. In addition, the angular and axial 
electric fields are seen to be continuous at r= b. This is simply a statement of the 
fact that the electric fields tangential to an interface are continuous. 

Figure D.24 clearly displays the behavior of the magnetic fields at the surface of 
the ideal dielectric coaxial rod. The angular and axial magnetic fields are seen to be 
continuous. Since the ideal dielectric rod is not perfectly conducting {in fact, it has a zero 
conductivity), it cannot possess an electrical surface current. Therefore, the magnetic 
fields tangential to the rod surface must be continuous. Furthermore, the radial magnetic 
field is shown to be continuous at r = b. This behavior is expected because free 


magnetic charge does not exist at the surface of the ideal dielectric rod. 
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E. Appendix E. Electrical Properties of Douglas Beech Wood, Steak Meat, 
Muscle Tissue, and Oil Sand 
Four data tables are presented in this appendix. The electrical properties of 
Douglas Beech wood, steak meat, muscle tissue, and oil sand, all of which were 
previously used in part 3.2.3 of the thesis to make graphs of win Vee versus 
frequency, are listed. Each table shows the relative permittivity, Dae the conductivity, 
O»s and the loss tangent, o/weg » asa function of frequency. The numerical values 


were obtained from reference 45 (pp. 268-27 1) and from reference 46 (Figure 2). 
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Electrical Properties of Douglas Beech 
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Electrical Properties of Steak as a 
Function of Frequency at T=259C. 
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Electrical Properties of Muscle Tissue 


asta Function off Frequency .at ele 252. 
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Table E.4 Electrical Properties of Oi1 Sand as a 
Function of Frequency (46, Figure 2). 


The oil sand has 5.8% water content by weight and is 
a temperature of 25°C. 
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Table E.4 (continued) 
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Table £.4 (continued) 
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Table £.4 (continued) 
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